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Summarv 

Centre linee may be designed from a knowledge of the 
quantity gi introduced in Part IIa, ogn.(gq), 4gi may be loosely 
said to give the approxmats chordwise distribution of the normal 
force coefficient (p, - pu)/(+-pP)(but loadmgs should, in fact, 
be calculated by Approximation III). 

1 by 
In terms of gi, the centre line ordinate y, is given 

Y, = 
x( 1-1 p’ Q(E) - ZGi( 1) 

en x + (1-x) In (l-x)),* 

where the principal value of the integral is to be taken, 

ana 

With 

1 t-1 
A0 = - 

7i I 

Gi(5) - 5Gi( I ) 

0 
f;(l - f;) 

ah 

%-A, = a<, 
dX 

where again the prinoipel velue of the integral is to be taken, 
Also 



1 
CCopt = A,, -f- - A 1? 

2 

.’ .x 1 

CM0 = - 
s 

(4x - 3,. I! g&4 dx, 
0 

. . . 
@ = -$A, -A,,, 

E&v = s-G.(X) --AA,6 
1-l A 1 cosec 8 -A,, 

it(o) = -&A, -Aor 

E;(EJ) = gi - (A, + Ed) cot t3 -Q Al cosec a. 

It is shown how explicit formulaa may be easily built up Nhen 
is a polynomial m x m each of any number of segments of the 

gi 

chord. Explicit forrculse are set out for the folloKing cP.YeS 
(with occasiorial remarks 03 their use and suggestions for experi- 
ment): 
two seg3its 

guadratic in each of three segments, or in each of 
or over the whole chord; 

segments (Figs, I, 2, 3, 4) 
linear in each of three 

or m each% two segmenta (Fig. 5) 
or over the whole chord (Fig. 6); gi constant over the whole 
chord (Fig. 7)s gi oonstant for o 6 x < X and decreasing 
linearly to zero for X 4 x 4 i (Fig. 8); gi constant for 
s<x<X endparabolicfor X6x61, with ~(1) = g;(l) = 0 

t 
Fig. lo ; 
Fig, j 1~ . 

gi dieoontinuous and constant in each of tvjo segmnts 

It is shown how, when the graph of gi ngnmst s i~ 
composed of straight lmes, the solution may nlwnys be built up 
from certain 'basic solutions, of which the most important cm 
those of Figs. 7 md 0, and, when gi is discontinuous, of Pig. 14. 

Vie hove occasion to mention n few trite nnd obvious 
Principles underlying the choice of a particular design of centre 
line in connection aith Figs, 8 nnd IO and (for 'suction' zerofoils) 
Fig. ii. 

Extensive tobleo arc given for the centre lines designed 
according to Figs. 7 nnd 0. 

Introduction/ 



I. Introduction: 

In Part.IIl?we rema&ed that-ifbe know Approximation. I_ 
to the velocity q on both the upper and lower surfaces of an 
aerofoil in a uniform unlimited stream U, 
g, + gIl separately, 

then we know* g, and 
and that we can design the fniring from 0 

B2owledg.5 of g, and the centre line from a knowledge of gc + g,; 
the ability to design the aerofoil shape from Approximation I to the 
velocity is sufficient for many purposes. In Part III we also 
considered briefly the problem of obtaining values of gs and 
e + gL 
nfid we 

when the exnct pressure or velocity distribution is specified, 
then considered in detail the design of the fnirlng from a 

knowledge of In this report we shrill be concerned with the 
design of the %&tre line; this design LB actually worked out from 
n knowledge of the quantity gi introduced in Part II, eqn. (54), 
and related to gc + QL by the equation 1 1 

ec + %I 
E gi+-. ( ) ', -+- 

2 a0 27l 
(CT, - cLopt) cot 483 

1 1 1 -- trin 
2 
( S-B &+, 

a, 271 
) CL *..(l) 

where 7 

CL = a,@ + a> 

and 

I 

,..(2) 

X = &(l - CO8 e) = sirI $6+. 
2 

It is therefore ndvisnble to consider, by way of preface, the 
determination of gi. Since the pressure distribution is specified, 

52 is known; we require also %0*-t and OO' A rounded trailing 
edge is n stagnation point when so = 27~ (mom nccurntely 2m co ), 

0na/ 

*We use the s(ulle notation ns in Parts I, II and III.1?af3 
+nbre generally, if the (Cjy) curva is not a straight line, we 

replace (CL - CLoPt)/oo in (1) by Cc -CloPt, ond Cl/a0 by 
o!+p, where %opt ma cc opt 

nre to be found ns the coordinates 
of the Point on the (CL, Cc) curve whore 

Al 
for 

the coefficient of co8 f3 in the cosine Fourier series? 
dx (a8 o function of 0) in the rnnge o 5 0 6 x. 



rind the leaSing edge is a stagnation point when CL = %opt 
approximately. When the trailing and leading edges are not 
stagnation points the values of the velocity at those points determine 
a end c Lopt. (We must suppcse either that a0 is sr;ecrfied, or 
t&t we are given the correct theoretical pressure for the relevant 
Q 0 right up to,:and including, the ~ralling edge,) If CL fs 
small we may consider the given velocity distribution as . 1 
Approximation II; for large values of cL it is necessary, and 
in any case it is more accurate, 
eGn.(G7)). 

to use Approximation III. (Part II, 
The velocities at the leading and trailing edges are 

briefly considered in Appendix I, where it is shown that they may 
be expressed in terms of CL, g,, a nna CLopt' so nn estmnte 
of Approximation I carries with it knowledge not only of gs and of 
gc + gL9 but olso of a0 end CLopt, nnd therefore of gi. 

It should be noted that the final value of gi must be 
free from singularities at the leading and trailing edges. In fact 

00 
6Q = c Ansun 

n=l 

where . ..(J) 

dy 63 
c= 

dX 
C AncosnC, 

n=o 

*O gi is zero nt the leading nnd trailing edges-if ayc/ax is 

free from singularities. 

On the irnenr theory the non-dimensionnl normnl force 
distribution is given by 

*;py2p” = (i$ - ($ = 4cgc + gl;L . ..(4) . 

where the suffzes u and. d refer to the upper nnd lower 
surfncea, respectively. For CL = CLoEt rind s = ZTC, this 
ncrmnl force distribution is therefore given by 

pj-pu c 
+pua 

4gis . ..(5) 

so may be loosely srid to g,ive the npprorimnte chordwise 
loadfzk distsib~ntion at the optmun or design CL. But lon3ings 
should, in fact, be cr,Iculntcd by Approximation III. 

2. The Quantities to be Cnj-culnted 

From n knowledge of gi wo now wish to calculnte ths 
centre-line ordinate also the no-lift angle -3 and the 
moment coefficient nt zero lift. in terms of the coefficients 
A nP P( whxh is the vllue of &c at 0 - x) r.nd &JO) nre 
given by 

P/ ,' 
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B c + Ai - do, E&I) = -&A, -do, . ..(6) 

nna cMo by 
1 
- ~0s. - A,.), %o = Q . . * (7) 

.r 
so we shrill cnlculnte do, Al, a. A The ~optimum' lift coefficient 
is given by 

Lopt = TC AI, 

and the '0ptimLlnl' incidence by 

d opt 
'= A0 i- : A 1. 

2 

. ..(8) 

. ..(9) 

When yile havo completed our approximate design of a 
cnmbered ~erofoi3, we shall. probnbly wish to cnlculnte the velocity 
distribution for severnl vrlluss of C on Approximation III. In 
some crises, for rough guidnnce, Approkmntion II or pven 
Approximntion I mny be useful. We therefore repeat here the relevnnt 
formulne, in suitfible forms. 

Approximation I: 

Q ' 
- = 1-t 
U 

63, -t e, -I- &L? . ..(lO) 

where g, WO-s settled fn designing the fairing rind * 

cos 8 -&A,(1 + cos e) . . ..(12) 

I 

Approxkwtion/ 
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-- Apgroximetion III: 

a 20 5 - 3 ,a sin (e -I- E - p) + - co3 (e + E - p: 
U ($2 + sina e)" a 

0 

+ (3 e 
. ..(lY) 

'n 

If the suffix u refers to the upper surface and & to the lower 
surface, then 

$, = $3 + ‘#,P +t = 3, - 9,9 . ..(14) 

E u = EC f Es? Et = E 
C 

--E 8’ . ..(15) 

E; = “A -I- E’ 
c? 

&I = CA - c;, . . . (16) 

and it must be rcluembered that B is positive on the upper snd 
negntive on the lower e-face. We showed has to calculate Co, $s, 

we must here consider the calculation of 
at once from 

YC9 
since 

Ji, = 2y, cosec 8; . ..(I71 

but it is more convenient to find cc, "4 from gi by means of 
the equation 

E'+(E - c c 

3. General Form&se 

The analysis 

p) cot 8 = gc = gi -+A, cot -a . ..(?a) 

is most conveniently carried out, in the msin, 
Part I, and not in term8 of OS as ti In terms of 

Psrts II and :!I 
as In 

as a function of' x, 
Canoeyuently lt is most convenient to regard gi 

and to consider that 
we wish to write gi as a function of 6 
and not gJe>. 
writegi. 

When it is clear what is intended we shall merely 

From (3) we see that the Fouries cosine series for 
,(dyddx)- Ao9 considered as a function of O9 is conjugate to the 
Fourier sine series for 
of Part I (Appendix) ] 

gj( sina c from 

ayc --A0 zz J-P 5’ 
gi( 3ina Qt ) sin t 

at 
dx 76 COB 8 - co3 t 

0 

. ..(I91 

cf. Ref. 3r/ 

(6) 
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[cf. Ref. 4 and Ref. 81, where P denotes, as usual, that the 
principal value of the integral is to be taken, and we have made 
the substitution 

6 = Q(1 - COB t) = sina &t. 

The Fouriir series in (3) terminate if, and only if, gi is 
aaLl& to x(1 -xl" -5 multiplied by a polynomial in x over the 
whole range 06x61. The Fourier series may be used with advnntnge 
if they terminnte; numerical methods mny be used to evnlunte the 
integral in (lg), or use nay be made of the onolyticnl results of the 
following sectiona. The lnst method is recommended if it is applicable 
nnd the Fourier series do not terminate. 

When (dyc/dx)- A, hns been found, the vnlue of y, -Aox 
nt x mny be obtained by direct integration between the limits 
0 nnd x; and since Y, = 0 nt x = I, -A, is the value of 

YC - pox nt x = 1. 

In nctunl examales yo and A, mny be calculated in this 
way, but it is desirable to have available explicit formulae for them. 
We shall find such formulne after considering the cnlculrtion of 
AI, Aa, cc) ";. 

WC write 
(ls r x 

Gib) = Gi(+- sin%) 3 
"1 gi sin 8 88 = gi dx. 

Co 
, . . . (21) 

Tt follow8 immediately from (3) that 

. ..(22) 

and TI s 8 -1 
gi sin 20 88 = - 

71. TL ( \ 
gi(' - zx)dx, . ..(23) 

0 0 

so from (7) and (8) 

1 ( ) " -I-- 
F 

c 

*o 2 Itopt = 4 3 
gi dx? 

0 

cMo = - _ eib)(4x - 1) dx. . ..(24j 
0 

From/ 
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From (18) and (6) the equatmn for cc is 

sin 8) = gi sin 0 + p co8 B - $A.,(1 +-COB 8) 

= gi sin 8 -A,, co8 6 - 8 A,. . ..(25) 

Hence 

and 
EC 

sme = 2Gi-$A1 O-AA, sin8, . ..(26 ) 

EC 
cosec 0 -A,. . ..(27 1 

The limits of this eLxp_oresslon for Ed as x -> 0 and x -> 1 yield 
the values of ~~(0) and p given by eqn.(6). 

From (?a), or by differentiatum of (27), we fmd thnt 

oh = gi - (A, + Ed) cot B - Q A, cosec 9 

1 

= gi - 2 cosec% COB 0 - - A,0 COB 13 + IA, sin 4 4 8 1 
. ..(28) 

The limits of (28) a8 0 -> o and 8 -> TL am given by 

E;(o) = BgiC”)r EpTI) = Qei(l). . . . (29) 

These results refer to o < ~3 < 7~; cc is even rind E: is odd; 

"A is discontinuous nt 8 = 0 if gi(o) ipi not zero and at 
8 = 71. if gi(l) is not zero. In practxe it 1s probably best to 
fairoffE~(~)tooatCl=oandQ=7L. , 

We new return to the calculatron of A, and 7,. From 
Part II, ems. (18) end (19), if 

c3 
3, = c Dnsi.nm3 

n=l 

then 

E = 
C 

-7 Dn co8 ne. 
n=i 

. ..(?@) 

Hence, in the first place 
71 

v 
cc(e) de = 0, . ..(32) 

‘3 
so / 
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so from (271, 

2 
A, = - 

7c Gi(sina $t) - $y Alt 

c 

at. . ..(33) 

71 'c 
em t 

Prom Lemma 1, Appendix II, 

n 

1 
-&II Al(l - toe t) --A, t 

at = cl, . ..(34) 
sin t 

0 \ 

SO 

2 ? G@n" +t) -&T A,(1 - cos t) 
A, = - 

? 
at 

76 - sin t 
0 

. . . (35) 

Secondly, it follows from (TO) and (31) (by Lemma 6 of Psrt I) that 

sin 0 R 

Il,(W = P 1 
s 

&o(t) 
- - dt. 

x co9 8 - co!3 t 0 

Hence, from (27)? 

2 sin B 
4ge) = 

p F Gb(sLna &) -t A, t 

x 3 0 
sin t(c,os 0 - co9 t) 

since 

n 
P iit 

P 
I 

= 0. 
COB e - CO6 t 

0 

Therefore 

dt, 

. ..(36) 

From Lemma 2, Appendix II, 

Bin28 ~+-nAA,(l -cost)--AA,t 
P‘ - ' A,{(? = -- - co9 e) h$(l - CO8 e) 

TI s sin t(cos 0 - 008 t) a *. 
0 

+ (1 + coo Q) h -g( 1 + co9 @)?*. . . (39) 

Hence/ 
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Hence 

sin2 0 p 
P 

s 

Gi(sin2+t) -&t A,(1 - co3 t) 
Y, = at 

R ein t(COs 0 - co5 t) 
0 

-:A.;(, - COB 8) En %(: 'I - co6 8) t (1 t cos 8) Rn -$(I + co8 0)~ 
8 '- 1 

4 1-x) 
I P 

lT s 

Gi(E) - wiw 

o <Cl - <ICE - 9) 
cl6 -+A+ h x c (I-X) Rn (I -x)1). 

,..(40) 

Equations (35) and (40) are In a suitable form for the direct 
computstlon of A0 and y,. 

4. Bssis for Exulicit Formulae wheui is a Polvnomiel ti x in 
Bach of any Nmber of Sep>ents. 

We have completed our investigation of the general equr.tions, 
and proceed to show how the various quantities requlrea may be 
calculated analytically m special examples. It is clear from the 
form of our general equations that the whole mathematical apparaius 
of the Appendix to Part I LS ot our disposal, so results msy be 
obtained azCytlcally for a wide verlety of algebraical Pormulatlons 
of gi; it is probably sufflclel?t for the present, however, to 
consider that, with the chord dlvded into any number of segments, in 
each segment gi is represented by a polynomiril in x, Then we can 

build up the complete expressions for any such onse from eppgop;inaF-ke 
multiples of the contributrons corresponding to a term in x 
expression for gi ln the interval x?, < x < xr. For such a term 
the contribution to 

Gi(x) = 0 for 0 6 x < XI"< 

1 
n+7 ( 

,n+l n+ 1 =- 
- xz-l > 

for xy_, < x < x- . ..(41) .L c 

I 1 n+ 'I I- ( 
.p+ 1 

n+l r - xl-l > 
for xr 6 x 6 1 

i 

The contribution to 

4 
A1 = 

7L(n + 1) 

It follows from (41) and Lemma 12 OP Part I (Appendix) that the 
contribution to 



1 
A, = 

n(n+1) 
en (7 - x~,) - (1 - xz+')In (1 - 51 

m a n x -x 
?' 

1 

9 *.. (43) 
m 

the last term being omittea if n = 0. The contribution to p then 
follows from (6), and to CLogt 'r.nd tiopj,. f&n1(8)'&3~(9)t the 
contribution to 

4 
-'M =- 

0 II+2 

Prom (40) and Lemma (9) 
contribution to 

xn-kz 1 
-A 

F 
- xn+2 

X-1 
g-d1 

n+1 r 
- .p+l 

P-1 . ..(44) 

Part I (Apperd5.x) we find that,the 

1 
Y, = 

I p-1 
7c(nfl) i 

- xz"“ Ln x - xr\ - [xn+' - xg: En x - xF,I 

-x[(lL ) 

j I ) I 

- ,n+l 
I: Pn (1 - xr) - (1 - xnz:> en b -x?, 

\ . )I 

+ (1 - xl xF+' i?n x r - xny kn Xr, 1 n-2 n-s-l x: -- xm 
-x(1-x) c xa c I--l 

i 
. ..(45) 

s=o m=l ill 

Par n = 0 and n = 1 the last term Lnside the {] 3.3 to be 
omitted; for other values of n it may be expressed in the 
aIternati-02 form 

n xn-sf 1 
c 2 r . ..(46) 

5=2 n-s+1 . b-1 Ill 

The contribution to EC(g) is given by (27) and to 

+4 by (6); the contrLbution to c;(g) is similarly given 
(28) with the contribution'to 

\ 7 ' 
@ii = 0 for 0 6 x 6 Xr, 

= x n for xr--, 6 x 6 xr 

I 

. . I 

= 0 for xr 6 x 6 I. 
J 

We may note that, from (19) acd Lemma 12 of Past I (Appendix), 
contrLbui.lon to 

ay 2-A 0 
ax 

xn en 

‘a’ 

(47) 

the 

,...(48) 

the last term balng omitted if n = op and this result may be 
verifzad by Glrcct dlfferentlztL3 cr (~5). , 

5./ 
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5. &$licit F,esults when pi 10 QuadTatic in x in Each of Three 
Sements. 

We now set out explicit results when, with the chord 
divided mto three segments, gi xe expressible as a quadratic in 
x in each of them, viz. 

7 
gi z ‘0 f a1 x + a2 xa for 0 6 x 6 x1 

= bO f bl x + ba x2 for X1 < x < Xa 

1 

, . . , (49) 
= Cg f Cl X + Ca X2 for x2 6 x 6 1 

wrrits 

ar-br = kr, b-c r r = 8 r (I- = 0, 1, 2). 

. ..(50) 

Then \ 

Gi(x) = 80X f &1x a + +ajeax3 for 0 6 x 6 x1 

= b,x + +bIx2 + +b2x3 f k,X, + +k%X: + +-k2a for X1 6 X 6 Xa J 

= cox + &lx” + +cax” f k,X, + +kr,X$ + +k$iYj + jOXa + -51,X2 

+ s-J&Z for xa<xd 1. J 
. ..(51) 

+ Jo& + %-LX8 + ?5ea.x3 , ; -l . ..(52) 

A0 a -' 
kl 

- Xl) + - (I - Xf) + f%(l - Xl) 
IL 2 

+ io(l 
c 

11 
-X2)+-(l-X~)+2(1-Xj;B) .&x(1-XX,) 

2 3 1 kl kz 
+ t-XX,z +-Xz in Xi 

2 3 
- . 

i 

41 
+ .eox, + - x2 + h X2 

2 

kz -ea 
x1 + - xz + Xa + - x2 + - 

6 6 

. ..(53) 

yd 



1 

yc = ii 

+ 

+ 

+ 

+ 

+ 

ay 
C-A 0 
ax 

With the 
given by 

- 13 - 
ir- 1 k,(x -XI) + +kl(x2 - X2) + *k2(x3 - X31) 
L. I 

en Ix - %I 

C -fo(x - x,) + &l(xa - Xg) + +12(x3 - X3) I .4n Ix - Xal 

i 
aOx + &x2 + +zT~~x~ 

1 
In x 

c Co(l -x) + +c~(I - x2) + ;sc2(1 -x3) 1 dn (1 - x) 

’ I 
,j 

I - 
II 1 

(kO + k,x + ksx") In IX-XII + (Ro+l~x+J,x~) In(x-XaI 

- (a0 + alx + azxa) tn x + (co + cIx + c8xz) .In (1 - x) 

+ x(kaX, + RzXa + Ca) + klX% + %kzXf + ~LXZ 

. ..(55) 

+ Xz(zkO - -$k,) f X$j(2to - &) - k,XI - J,X, 

+ 00 + %l -t *a. . ..(56) 

values of gi, Gi, AL and A0 above, p 

(611 

and ~~(0) are 
and d by (8) ana (91, c,(e) by (27), sna 

, -\ %opt opt 

YO 
is zero at x = 0 an8 x = I, but ayJax is 

logarithmically infl ite at x = 0 if g(d) # 0, 
P 

and at 
X = 1 if g(l) 0; as we have already remarked, E:(O) is 
discontinuous at 0 = c 
g(1) # b, 

if g(oj $ 0, and at 0 = 7c ff 
though m pm&ice it 18 probably best to fair off 

E;(B) to 0 at 8 = 0 and 8 = z. 

At/' 
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At X1 and X2, Gi , YCGC are continuous whether gi 
is continuous or not; but if gi is not continuous, ayc/dx is 
logarithmically infinite and &A finitely discontinuous (so that 
the velocity g is finItaly dlscontlnuous on Approximation III); 
similarly, if gi is continuous but gi discontinuous, a2yJdX2 
and the curvature of the aerofoil centre line are logarithmically 
infinite, with E;@), and therefore the velocity gradient along 
the aerofoil surface, finitely discontinuous. 

The results for many special oases may be written down at 
once from the results of this section. 

6. Quadratic in Each of Two Segments. or Quadratic 
%iole Chord 

over the 

If 

we put 

cr = br, Jr = 0 (r = 0, 7, 2) 

in egns. (49) - (56) above. 

If 

6i = a0 + REX + a2x2 for 0 6 x 6 1, . ..(58) 

we put 

cr = br = ar, .Er = k, = 0 (:r - 0, 1, 2) 

in egns. (49) - (56). 

7. Linear in Each of Three Segments. or Linear in Each of Iwo 
32amente 

Explicit results have been worked out when gi is linear 
in each of three 
Figs. 1, 2, 3, 4) 

segments (with or without discontinuities: 
or in each of two segments (Fig. 5). Since the 

algebra is complicated, it ha8 been thought worth while to put the 
results on record; but since they are likely to be used only rarely 
they have been relegated to Appendix III. 

Figures/ 
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a. gi Unear Over the Whole Chor& 

If gi is linear Lhroughout O<X<l) Gi(@) = 
tSi(l) = b (Fig. 6), 

then 
i 

gi(X) = a(1 - X) + bx (o<x\<1); 

c,(x) = a x - -- 
3 x 2 . :  )  

+- (oc 
bXa 2 

x< 1); 

A, = % a + b); 
x 

A, = i!m.. (a - b); I 
27-b 

y, = -” 
271 is ‘(1 1 - x)z .fn(l -x) 4 (2x -x”) en x 1 

2-J 2~ 1.” -*x2) h (1 -x) f x2 .t?n. X] ; 

aY 
C-A 0 = ” 
dX l-l ; 

(, -x) .ln 1-x-1J ++nl-x+J 
X ! 7C X “J 

--cTf = .!- ia + 5bi 
0 G '- .: 

; 

f3E-L (a + 3b 
2% 

); 
?c 

-- 

a 
0 i 



--- 



-lG- , 

LOJd = 2(a f b); 

EC(O) = -b (sa + b). 

FOG Ed and E;(B) see (27) ana (28). 

3. gi Constant. Over the V/hole Chord 

If m the last section we put n = b = k (Pig. 7), 
we obtain ' 

!=I*5 7 -- 

a~----- 
ti 

1T Ik 
i ‘- -- - - -- 1-t p.+----- ----_-- I ----f&j 

~~;aresults for a constant approxmate distrlbutlon of nbrrnal 
; these results have b&-en given by a number of authors67e,7~s 

Y, = -; {(l - x) dn (1 - x) -I- x la x ? J 

-; -0'732g356o k J -x) 
P 

logio( 1 - x) + x lcg,,x 
> 

; 

ay k 
2 = -jn 

1-x 
i 

dX R x 

so if a0 = 27t, 

%a, 1 
z -. 

%c pt 4 

RlSO/ 
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ci 
opt 

ia zero for Q. = 27c, sC( 0) =, -zk/x, ma c,(e), ~;(0) 

nre given by (27) rind (28) with gi = k, Gi. = kx, A, = qk/sr, 
A0 = c, i.e. 

cosec 8, 

s;(O) = k - sc cot 8 - - cosec 8. 
ll 

10. Cnnstnnt for o g x ( X, nn=ecreasmg Lmenrlg to Zera 

For low-drag nerofoils it ~9 customnry to use centre lmes 
such that gi is constnnt from the lending cage to some value x of 
X9 usually chosen to comcide w1t.h the design position of mximua 
suction on the fnming. It my be shown thnt such centre lmes lend 
to larger CL-mngee thm any others. An importnnt set of such 
centre lines is obtainedate if gi decrenses linenrly to zero between 
X = x ma x = I; but over the rear portlon of the nerofoil it 
is probr.ble that gi may sometunes be v?rLed with rtdvnntnge, 
pnrt’iculnrly with re@rd to the resultant value of Cl4 , nnd other 
eh;i;s of the gmph of gi between X rind 1 will be0 considered 

For the shape of gxnph here to be considered (F’-ig. 81 

gi/ 
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% = k (0(x(X), 

7 
= k -x (X(x< 1). ' ' 

1 -X 

We put' fl = b = k, b - c = 0, d = o in the formulae of 
the second sectmn of Ap,pem¶ix III, and we find that 

Gi(x) = kx (0 4 x 4 X), 

(X2 - 2x + x8) 
= -k (X4 x-i 1); 

2(1 - X), 

A, = 'k ( 1 +x); 
5I 

r 

A,=: ---t 
i 

1 X2 1 -x 
Ln x - Rn(l-XX) j 

7t 2 2(1 - xl 2 I 
k (x - X)z 

y"=; 1-x C 
en [x-XI - (' - x)a Rn (I-- x) - 2x In x 

1 -X 

X2 
- x(1 - X) Rn (1 - X) - (1 - x) In X 

1 -X 3 
dY B x-x 7 -x 
c = - 
ax : Tl 1-x 

Rn Ix-XI + Ln(1 -x)-inx-* 
I-X 

X2 1 -x 
+ en X - In (1 -X) 

2(7 - Xl 2 3 
where 

R 1 

( ) 
-+- c = 2k(l + X). 
a 2 I;opt 

0 
Also 

/ 
5 (4X2 *MO = 6 + x + l), 

60 that, for a0 = 2x, 

4x2 + x + 1 
= 

%"pt 
12(1 + x) ' 

while 

5:s x 

1. 

x2 1 -X 
B = -I- - Rn X + 7 

2(1 - x) 
ik(l--XX) . 

n 2 J * 
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With the values of Al, A 09 gi9 G i above,' ci is then 
given by (g), ~~(0) by (6), ~~(0)) s;(e) by (27) azit(28) 
respectively. 

For the purposes of computation the equation for y, is 
written in the form 

9, = Ho j(x 
L 

-X)2 log,olx - XI - (1 -x)” lO&o(l 

-KKI x log,, x + Kax + KS. 

For a fixed X, the quantities k, Ao, Ai, p, CMo, Clopt (if ao is 
fixed), Y,r gig Gi, 3,~ EC' "E are all proportional to 

cLopt. 

In Table I, the coefficieints Kb, K,, Kz, KS in the 
-t,ogether with k, A,,, J3, CM0 and ~~(0) are expression for yC9 

tabulated for F+ 
0 

for 

L 
2 ) 

%opt = ' 
and various-values of X; 

1 
= 1, A, = -. 

71 

Table II contains values of the ordinates y, for 
x = 0*35(0~05)1~0 and a fairly long list of values of x; 
Table III contains values of $,, EC, EL, required for the 
oaloulation of q/U on Approxmtion III, for the same values of X 
and a shorter set of values of x. 

We shall show later how these !Cables may bo used to build 
up values fornore complicated forms of gi. 

The Tables were prepared at the >Jational Physical Laboratory, 
under the supervision of Mrs. Moore, while I was working there. 

Some numerical values of the no-lift angle and comparisons 
with experiment have been given by Jacobs and AbbottlO. Further 
comparisons of theory and experiment nre to be found in Ref. 11. It 
should be noted that some disagreement between the mensured nnd 
cnlculotea values of, say, p rind 'MO is to be expected becnuse 
of the singularity in the theoretical solution nt x = o (and at 
x =l if X = I); the exnct mnnner in which the smoothinewny 
of the singulnrity in practice will nffect the results is difficult 
to predict, and will probably vary to some extent from model to 
model. These uncertninties do not seem to be objeetionnbly Urge 
in practice. 

From the vnlups given in Tnble I, it nppenrs that, for n 
given design CL (i.e. 'Lopt ' -'MO ) mny be inconveniently large, 
especinlly zf X is the position of mnximua suction on the fairing 
and this position is required to be fnirly fnr back nlong the chord. 
The rntio of -CM0 to CLopt may be decrensed by reflexing the 
centre line townrds the trnillng edge; it is nlwnys preferable to 

re-3esigqi 
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aye k (x-x)(2-x-) G 1-x 2 X 
- = a I 
dX 1 (1 - x)2 

&n Ix-x] -hx+ - c 1 In (t-x) + - 
x t-x 1-X 

: (1 - X) In ( t - X) + 
(3 - 2X)X3 3 -x _ 

-- Rn X - 
3 ( 1. - x)a 3(1 - m 3 

i 

7x ’ c c ) -+- Lopt = 2 (1 + 2x) . 
a 0 2 3 

Hence, for ao = 27c, 

%, 3xa 
z 

%opt 4(f + 2X) 

and 

k 3 I 
= 

ql;opt 4(,1 -I- 2X) ' 

For example, for X = o-5, k/CDoot = 0*375, compared with 
0'333 when gi is given by Pig. 8, while -CDilo/CLopt = 0'094 
compared with o*?sg$ for x = 0'6, k/C Lop; = 0.341 and 
+&/CLopt = 0*1?3 compared with 0.3125 and 0.158, respectively, 
There is therefore a fair reduction 3n -42 

MO 
at the expense of a 

quite small increase zn k; however, the increased negative 
pressure gradient just aft of x = X in these designs will 
certainly lead to a somewhat thicker boundary layer over the rear 
of the aerofoil, and, in spite of the decrense of the gmdient 
towards the trailing edge, freedom from danger of turbulent boundary- 
layer separntlon my reguire a somewhat thinner nerofoil for the 
smle vnlue of x; it is also possible that separation 3-t the stall 
my not.start at the trail.ing edge, so the effect on stnlling 
characteristics would have to be investigated. It my, however, be 
worth while to test an nerofoil with n centre line designed as here 
described. 

12. gi Discontinuous rind Constant in Ench of Two Segments 

On an oerofoil specially designed for suction, there would 
appear to be no objection to having gi dlsconttiuous, so long ns 
the position of the discontinuity is the same ns that in the 
velocity distribution over the fairlng (uncnmbored nerofoil), 
With such a discontinuity we any, within quite wide lmits, obtain 
any specified value of -CJJo/GLopt by ndjusting the ratlo of the 
loading in front of nnd behind the discontinuity. Negntive loaaing 

over/ 
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over the rear portion of the chord will usually be necessary to 
obtain values of -CM,/CLopt s but the danger of turbulent boundary 
layer separation certainly does not arise, since the whole point 
of the design of such aerofods is to concentrate the pressure 
recovery (fall in velocity) at one chordwLse station on each 
surface 9 where a slot is cut and boundary-layer suction applied. 
There mill, however, be a rise in the maximum value of gi, with 
a consequent rise in the maximum value of the velocity on the 
surface and decrease in the theoretical cri.tLcal speed for 
compressibility effects. Since the most important application 
of the suction prulciple 1s likely, for some time to come at any 
rate, to be to thick aerofods for aeroplanes not moving at very 
high speeds, this effect is not likely to be a serious drawback. 

The simplest of such centre Lanes to design are those 
in which gi is constant in each of the two segments 
o~x<x,x<xx5, 
Moreover, 

wLth a discontinuity at x = X (Fig,il), 
these are the designs which, for various reasons, are 

most likely to be employed in such cases as we are considering, 
where It is kequired to reduce --%~ for a suction aerofoil 
to be used at speeds where compressibility effects will not be 
important. 
obtained 

Experunental %nformation should, however, be 
for aerofoils with such centre lines as soon a8 

convenient. 

FJG II. 

With the graph of gi as m Fig. II, 

ei = k (0 < x < X), 

= *t (x< x< 1); 

Gi = kx (0 c x 4 X) 

= (k -t k’) X - k’x (X 4 x < I); 

-X) ; 
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k + k' 
A, = - XhX+ (7 -X) Rn (1 ; 

n 

k + k' 
Y, = (x-X) &n (x-XI - [(l-X) en (I-X)] x + [X in Xl(1-x) 

TI 1 
, 

k k' 
--x .4nx +- (1 -x) en (1 -x); 

n TI 

QC k t--k! k k' 
- -A, = 
dX 

k?n [x-XI --.lnx---en (1 -x); 
x n n 

*MO 
= k(2Xa - X) --'(I + X- 2Xa); 

Lopt = JI *I = 4kx - 4k'(l - X), 

@, ~~(0)~ Coopt, .cC(8), &A(e) are, aa usual, to be found from 
w-m. (6), (91, (27) and (28). 

When the value of X has been selected, appropriate values 
of k and k! may be found for the desired values of C Lopt and 
*MO' For example, with X = 0.75, if the desired values of CLoot 
end --C 

MO 
are 0.2 and 0.015, respectively, we have, assuming 

ao = 2x9 

3k -k' = 0'2, 0.375 k - 0'625 k' = 0'015, 

whence k = 0*075, kt = 0.02, I 

13, !Phe Graph of A.; Composed of Straioht Lines. Basic Solutions 

If the graph of gi is composed of straight lines, t(hen gi 
may be expressed as the sum of Q number of certain 'basic' values, and 
nil those quantities which depend linearly on gi(Gi, Al, A0, CL-opt 
and ct opt (f or * given a,), P9 CMo, Yc' J, c, dy,-+, ~~($1 
&h(e)) may be found as the sum of the corresponding values for the 

'basic' gi. Once the values for the 'baalo' %. are all tabulated, 
we have a convenient numerical process for finding these values in 
other cases. 

(0 ; Xl 
Let tho values of . be given at 

8% let the gruph zf =g. 
0, 

< x, I., 
Xx,X, ,... 4,,1, 

against x 
between 

<x&c 
any two of these values of x which are &onsecutive be a I_ 

straight line. We first assume that gi is continuous; we shall 
remove this restriction later. Let the values of gi at the 
specified values of x be VO, VI, VZ, . . . Vn, Vn.+,? respectively 
(Fig. 12). 

Fig./ 
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The Simplest case is that in which V0 = VI and Vn+, = 0. The 

1 basic’ values of 
xz, . . . xn 

gi are then those of Slo, Fig. 6, with X = XI, 
in turn. Cenote the value of gi whose graph is shown 

in Fig. 8 by gi(k; X). Then if V, = ,V1 and Vn+, = 0, the 
value of gi whose graph is shown in Fig, 12 1S given by 

n 
gi 1 C gi(ari XI‘) ’ 

S-=1 
. ..(59) 

if we make the values of the two sides of this equation agree at 
x = X,(r = 1, 2, . . . n), since they then necessarily agree at 

x = 0, are both zero at x = 1, and both vary linearly with 
x between 0 and XI, Xx and X2, and so on. We have therefore 
exactly n linear equations from which to determine the n unknowns 
a_. The simplest method of solution is to equate the changes of 

a 
slope at x = X1, x = x2 and so on. Proceeding in this way 
we fvld that 

1 - Xl 
a, = (Vl - V,) , 

&I - Xl 

( 
1 

'r - 'r+l ) 
- xr 

a r = X - s - ( 

1 

‘1-1 - ‘r 
- 'r 

ril ) xr - xr, r 
(r = 2, 3, . . . . n-i; n > 21, 

( > 

1 
a = vn - v,-, - vn - % = v ‘-s-1 -v I--% 

n 
yn - ‘n-7 n Q-Q-, --I q - xn+ 

/ 

. ..(6@) 

and/ 
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and we may easily veri.fy algebraically that with these values 
the sum on the right in eqn, (59) has the values VI at x = o 
and x = XI 9 ' va at x = X2, and so on. 

The values of p7 CfiYD, 
YC9 Sk, EC' &; for all such 

cases may therefore be found ?rom Tablea I, II and III, In those 
I?-& l\ 

tables values are gWx~ for 
n; 1 

value of 
( ) 

-++ 
a 2 %opt 

0 

l 
-4-o 

\  J 

a 2 %opt 

0 

corresponding to 

=: 

8 r 

f .  c 

i3 

Since the 

=J 1 + x,)9 

the vrlues in the& tables muet be multipl.ied by 2q1 + x,1, 
where the or have the value found above, and then added -together. 

The simplest composite case occurs when n = 2, 
(Fig. 9 wd Ref, 12). If, following the notntzon of Ref, 12, we 
put' VL = lx, Va = ks, then 

1 I IIf vn+l ’ # 09 we must introduce, as another *bEsW Q? 
the constant VyltqP which we may also denote by .gI(V,+q; t) 

where the values 

Sme formuM for r = 1, 2, r.r, n-1 rind 

n n 

= v,,& Then 

n 
gi = c 

r=l 
of a are 
Ln p&e of 

&i(“ri X,) + Vn+j’ 
given by the srlme formulae (60) as before 

V,, i,e, ar is given by exactly the 

'n - 'n-l-1 - ( Q-1 - vn > 
f- %I 

xn - %I--1 
. 

The formulae for gi constant we contxked i-n $9, rend 
nnmerz.cnl v,rllues nre shotrm XL Tables Ir 11, rind III mder X = I 

/n I\ 1 
these v,'1Lues must be multiplied by 

4vn-+ 1 and dd8ed to’ the other% 

Penally ILL VO + V1, we rtdd to the SUID 
in (59) another *bRslc’ Ev 9 shown I-II Fig, 13$ for 
for x > X%9 g. (0) = +. - VI9 rind g, 
x Par 0 4 x 4 xz. 

vane8 
, 

on the right 
WtILch gi = 0 
linearly wrth 

1 - 

. 
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The fcmmu2ae for this 'basic' gi ere contsined jn the mcond 

section of Appendix IT1 if we put b = c = d = c, 
8 = vo - VA (see Fig. 5). MO tables have been prepared sinw 
it is not clear l&at use-EuL pwpaae would be sarved by desxgnzng 
centre lzlnes wrth VO f VI, 

equal to k for o 4 z 4 X, and to u for x < x 4 I, Let 
US suppwe first that Q~ has only one dlscontinul*y, at 
II = x,, and that BS x -> X, - 0, gi -> V,, but that a3 

x -? x 3 + 0, gi -> ws* It ~1-21 be sufficient to write out 
the -SQrxtlae with TJo z v,; then 

/v -v 
> 

I 
- xr 8 

- XT 1 
3, 

\ 
- - -m I -r r+1 X 

- % 
i 

v,, - v, 
\ 

--- (s > 7, n > 2) 

?+I / xr-xr-l 
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I 
iw -v,,, 

1 

1 - x, ’ 
- 've-r - v, 

t ) 
- xs 

a8 = \B X s+1 - xs x, - x,, f 

( ) 
1 - %+1 

( 
7 

- %+2 w, - L, > 
-x, 

%I = V w-l 7 -t 
X R-k? - *,,I X 

a+1 - xs r . * 
and 

a8 before, if 8 < n-l. P 
If there are two diacontinuitles, one st x = X, and 

one R-t x = Xt' the discontinuity at Xs belngas before and 
Lhat at Xt berng given by 8 change u1 gi from Vt to Wt, 
then 

% - gi(v, - w,; xs;’ O) - giCVt - ‘ti ‘t; O> - ‘n+j , 
is continuoue, haa zero slope for o 4 x 4 X1, and is zero at 
x = '; hence it can be expressed 88 

The vakme of &a expression at x = s are 

VI- - (VP - v&) - (Irt - Wt) - vn+, 

% - (vt - wt> -* vn+, 

‘r - ‘n+l 

(El 4 r 4 t), 

(t 4 r 4 n); 

I I 

end the ar are given by the same expressions (60) 8s before, if 
these value8 be substituted for Vr, 

In the simplest composZte case9 n = 2, (Pig.l)l V, = 
V, = b, WI = c, V, = 8, Wa = e, Va = f, 

g i = ~('1; XI) -t gi(azJ X2) * gi(B*b? 0; XII 0) f gi(bJ XII 0) 

+ g&+@; x2; 0) + f, 

nhere the third term on the r1gh-t &enut-ea the function whose graph- 
is shown in Pig. 13~ and 

al/ 
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ttL = (C - a) 
1 -& 

It, - x1 ' 
tis = e- 

The solution when gi hss the fora depicted Ln Fig. 14 Is 
oontninea in $12, by putting k' = o in tho formulae there 
given. (Sot; Pig. 11). Systemtic tribulation for vnrious vnlucs 
of X hns not yat boon unaertnkon, but it is recommonaed thnt 
such tables be preprcroa es soon ns suction nerofoils ore likely 
to come into genernl use. 

1. 

2. 

3. 

4. 

5. 

6, 

7. 

8, 

9. 
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x, 

0.25 
0.3 
'?*35 
c:4 
&IL5 
3.5 
s.j5 
0.6 
C.65 
0.7 
0" -75 
'La 
3.8j 
,I 8 9 
L.95 
I 

7 
c 

i 

k 

O”~OOO ocoo 
0.3&6 15385 
3=3703 7037 
o.jj71 l&.286 
C.34@ 2759 
O-3333 3333 
0~3225 806~5 
0, 3125 0000 
o.:c30 3330 
3.29!+1 1765 
0.2857 1429 
a.2777 7778 
0.2702 7027 
2.2531 
0.2564 

57895 
is26 

0.25 

Values for - + - 

\ 1 aO 

2 %opt =' 

Some Constants 

.-__ ---2 ----- 
K. 

0.1954 4949 
0.2013 5593 
0.2088 1356 
0.2181 355y5 
0.2297 6038 
0.2443 1187 
0.2627 0093 
0.2863 0297 
C.3172 8814 
0.3592 0216 
L-4188 2034 
c.5@9 83055 
c-6603 0234 
c-9643 8895 
1.57y3 2205 
L See 

-- 
I 
I- 

----------- 
K1 

0.2931 7424 
0.2818 9831 
0.2714 5763 
0.2617 6271 
0.2527 3541 
0.2443 1187 
0.2364 3oa$ 
0.2290 Lt.2375 
0.2921 0170 
0.2155 6929 
0.2094 1017 
0.2035 9322 
0.19eo VC70 
0.1923 my 
\:.qa79 32205 1 

- - ---- - ---- -. 
K2 

o&J63 8129 
o.ooj8 ~768 
0.0048 4290 
0.0035 3274 

+o.ooly 1065 
0 

-0.0021 B&j7 
-0.OOlj.6 3672 
-0.0073 5869 
-o.olcj 6273 
-0.~136 7419 
-0.ol73 3780 
-C-O224 3135 
-0.C260 9981 
-0.0316 7~07 

.-A-- 
0.0073 5452 
0.0074 7563 
0.0116 6258, 
O.cr38 m-p3 
0.0161-3480 
0.0183 8630 
0.0206 3261 
0.0228 6574 
0.0~250 7976 
o&o272 7022 
0.2294 3387 
0.~315 68355 
0.~336 7260 
o.O357 43695 
O.Cj77 a273 

Y __ __ ---. 

0.0670 2112/ 
0.0637 8917 
0.0603 7379 
O&367 ~166 
0.0530 5165 
0.0491 5573 
0.@450 9920 
o.c&ca 7cQ95 
0.0364 4755 
0.0317 9965 
0.0268 71% 
O.C215 8350 
OA57 83C7 
0.0091 3887 

0 

o.ovu 3 
Q.0953 7 
0.09~d3 
0.1023 6 
0.1061 0 
0.1100 0 
0.11&o 6 
0.1182 8 
0.1227 I 
0.1273 6 
0.1322 8 
0.1375 7 
C.1433 7 
0.1500 2 
O.15v-l 5 
----- 

-------__---------- 
- E,(O) 

t 

3% --___, 
0.1 
0.1064 I 
0.1135 8 
0.1214 3 
0.1298 9 
0.1388 y 
0.1483 9 
0.1583 3 
0.1686 9 
0.1794 1 
O.19C4 8 
0.2018 5 
0.2135 1 
3.2254 4 
0.2376 1 
0. 25 

_-_____r_-- 

0.2292 0 
0.2261 a 
0.2229 4 
0.2195 3 
0.2159 5 
0.2122 1 
0.2083 11 
0.2c42 5 
0.2WO 25 
0.1956 0 
c.1909 5 
~-186~ 3 
0.1807 4 
2.3749 4 
0.1682 9 
3.1jY-l 5 

__----- - -  

I 

. w 

I 

Table 2// 



Table 2 

centre Line chdinates 

0.3 '0.35 lo.4 I 0.45 lo.5 '0.55 
I 

10.6 
, I ----_I -~~--~~---~----- --- 

i’ -. 
0 ;0 ;0 I0 i0 io ,O 
0.000976 ~0.CC0945~0.000915 ~0.Cc;0887/0.000859 ~0.ccc833'0.000808 
0.00q782 :0.001726~0.001672~C.0GI621'0.00~572'0.ool5~~0.CC~479 
0.002523 :0.30%45!0.002370/ G.CO229dO.CO2228 !1).C;02161;0.002097 
0.00352j 
0.003892 
o.oc4535 

,i 

0.005158 
c.oc5443 
0.~05764 
0.006j53 

0.010 ’ &CC6929 
0,012 i O.W$45 
C.0125/0.C08317 
0.014 '0.00y110 
~~16 i 0.~10156 
0.018 ~o.G11162 
0.02G ~lMiZ14~ 
~7.025 ! 2.~4~78 
O"S30 tG.o16688 
3.035 / G.Ol8790 
O.CU+ ,;.020798 
G-C5 iO>C24575 
0.06 
c.07 

j 0.028oaj 
i0.C31362 

0.075 jO.032925 
C.08 
G&J 

,~.034441 
/O.G37341 

0.10 10.~&~380 
0.12 /c.c45120 

-L ----_ 

C.OC~jc;~3~O.X!+853' O.OC47&jC,~O4568 
OoOG~299iO.OO5l4Oi 0.0C4987~0.K&S39 
o.K!5591io.oG5424; 3.3;5263/2.uz5lc6 
0.006164j0.005981 ; 0.0~5303/~.~~5632 

----w-e-- -------__---_-________ ---------------- 
a.65 lo.7 : 0.75 

I 
I ' lo-8 

--- I_ 
0 10 !o 
c.GOO734kXG761 !Q.0~738~0.c00717 
0.~~435~0.001392 /G-c~351~0.001310 
~-J~~J35~O.oGl974/~-~~Sn5/o.oO1858 
0.0~2602~0.002524~3.cm449.0.002375 
0.003144,'0.003051 :0.002959/0.002870 
0.003667j0.003558'0.003452~0.003jI+7 
0.GG.$l74~o.004050~ 0.0~3928,~.003809 
0.0C4422i0.0C4290~0.0G&16210.X!4535 
G.GC&666i~.00L528 !O.OJ4392/O.GC&259 
O.CO5147;O.G049~' 0.JC&&&O.~C4697 
c.co5616/o.G~544y~ c.os5266~~.ec5125 
0.006527:0.c06333~ 3.0~6143!':.~5955 
0.006750/0.0J6549 / 0.0~6352'~.~1~6158 jc. 
c.c074@5!:.17C7185i ~.006y6gjO.CC6755 3.Gc6543~G.OG633i, j c,.006l11jL.005~62 
0.008255;~. "> CO8OlOi L.6C7763'0.OC7530 ~G.~7293'0.~0705r,,~.006~08ii;.G~652~ 
0.009080$~cd881c/ 0.0~8545/O.C58282 ~o.~s38020~G.007757 c.0074a5/c.C07174 
0.0098s4~0.11~9590i c.ocy30s0.G~yol4 /o.c~728/0.~08440 o.o08l43,O.~C78C2 
1).~1809~0.~11458~0.~l111/C.L?1~768 ~3.~104~j0.G'0078 o.oGy718/~.~93~3 
0.013634/0.C13229j0.012828,C.C1243~ p.c12';32~C.GI1628 o.O112G3fJ.~Q722 _ 
0.015375/0.(;14918 j ~014466'" ' u.v"l4~16 J-OI3565jO*OIjI~ jo.o?z6z9b.,:s?q3 
0.017J4+xl6538;0.016036,0.~15536 
o.o2~19gd~0.G19599 / o.1n9oijr~o.c184~8 

~*cr150~4i~"014522 0.023986 ,Oljj6j 
3.0178c81 0.017195 0.016553 .035797 

O.O23I46iO.OZ?&60 ~0.021770,0.021~J91 0.0169&l+ .01&062 

c.027247/c.026&?,0.025636~0.0~26 IJ.O~!J+OO~+~O.~J~,~~~ 
0.025918/&025152 / 

/3.020399;O.OIy6yI 
0.02l+386'O.G236l6 1LO22837(CLO@O36 O.O2~1%l -020284 

0.028540~0.027698 10.02685410.026004 'l.02514110.0W52 
0.0222650.021298 

0.031c27~3.G3Ol14~0.~29196~~.~28269 ~'3.027327/0.026353 
3.02jj11)).022184 
0.0253190.024075 

0.~3339410.032413 0.03l425!0.03c426 ~0.029406/0.028351 [~.027228/3.325849 
0.~37805~C.Oj6701 ! 0.0~558j~O.O344&7 /L)-v 

/ 
"33284,"."32~74,U.030779p.029199 

---- ______ - 

Table co-hi4 

, ,‘t 

---2 
0 
0.001 
0.002 
o.co3 
0,004 
0.005 
0.006 
0.007 I 
o.cc7: 
O"C33 

jj 
/ 

O.COT 



o-24 
0.25 
0.26 
0.28 
0.30 
0.32 
0.34 
0.35 
0.36 
0.38 
0.40 
9.42 

:I,“; 
0.46 
G-48 
c-50 
c-52 
G.54 
0.55 
0.56 
G.58 
c.60 
0.62 
0.64 
0.65 

, 
-- 1. 

ho71431 lO.072034 
C.O7173j!C.O7292.!+ 
C.071754i2.07jl81 
~.071694/0.G733c'2 
O.C71352iO.O7j228 
LO7G?J8jO.G728G-~ 
LG6987</C.G72G87 
G.C6S786 /c.0711ol 
3.068162 c.07~515 
~.067&89,c.06987~ 
LG659pY c.O68L+30 
=-364333~~667X 
0.062.5C5jG.364951 
0.06~52?!0.062y:c 
~.oyx,i% s.c61 y I 6 
&.058416 &06c82-7 

0.0729~5~~.0j2L+L+~‘G.Jj1531 iS.0~0~50;0.05~~58/~.0~~~~0/0.36j66~~c.o6~8~’0.C5179~,4j0.~-59622~0.C57~6/C.C~561 j 3.r,5i,Y2 , 
O.C73429~G.o7~yp8 C.~72155~n.C71a7 r@.G69650;0.~68op~ 10.C66376~0.~6i,j0i,.10.052L~78:c.360282, C.057873~0.055144 G.W522 
:.073~G2/0.073487 L’.C72717 3.c71627 ' ~s.c53121~c.~609c3: o.~~.6j/0.G55690~~~.~519~7 2 
O.G7429O;G.Q74234 G.C73;5S 

lw.G702&~.06875~ j3.067037xO.O6j16G 

:.C7439':'C.G74731 
2.~72679 ;C.G71414~".069p17-j0.068222~0.C~66343 ;0.~64263jo.362~27 ic.C5953~,jG.C56675jC.L52845 I 

LO74344 O.O~~~~iO.0~2jjO~G.O~G8y~ /O.C692~,~.067355 !o.CS528j/G.G629p7~~.06~p/Z.~5i52G~C.O~:jj7 
~.!J74G&!iI.074899 O.O74773/G.!I74099 10." 
+C7j247$LG74723 ~L~Z74932fk. 

q73037io.~771671 0.0iWL&o.o68ly~ j!Lc66~24!0.~63815~0.061224~0.058225]~‘.i?541j6 

0.072751'~0-&481 
'-744.61 [G.O73533~0.072&7 /0.070692 0.~68871 :G.OSG8~5~0.1)~2!C.G61d55~0.~5~794~ii.~545~5 

AC74906 0.~71~55'1 ~0.0737~~/0.072&77 ~0.~~946'0,069145'".C67~t36i0.064759'0.062118~~.0590~8~ij.054763 
O-C72184/C.O741c& C.~7'4i305/0.0~.!&8~ j3.C!73814~0.0726@3 /C.C71155jG.C16p376 3 .o57j%,o.J64999: ~~~62345i~.059228'c:.~549(;4 
~.~7G855jO.073051 G.o74362,@.071+/..6 ~~*C;13874ij.O728jy 1 3.0714J5'0.069712 0.06769l10.065367'J.062693kd59528 /C.O55C95 
~-~~9~~9~0.0~16~5'0.~~73545~0.0~40~2 ~G.Oi3735!G.G72Y26 0.077529~0.069876 'c.0670?6/~.~~65586,0.~628p9i0.C59693 jc.c55159 
O.G6751OtC.~70026 .O.C72&j/G.G73jI+6 ,0.~73296/0.~72604 0.07~434;0.06y866 :.ti6793y1~.&%53 j 3.062954IO.G59724 i~.Gj5~~5 
3.065539’c.o68138 ‘:.37057P’O.O72jl3 3.072632ic.072163 0.~71144~~.06968c ~7.C67829 j /v.065568 ~c.c62a85‘0.059621 lU.35!+9~4 
3.ti6Ld&!C.O671:4 %069636$.0771642 io.o72197~O.G~l857 c.c70924’0.069519 c.~675y6!~~.065468 ,:.G627y3jo.c595~8 /2:.C%i60 
3.G63392!0.066039 
Je061088~0.C6375G 

~~.O7~6yo/c.O714y2 /c.O7G653~0.~69312 0.~67532’:..065329 ~o.G62564jO.o5y3~2 !<,.:54585 
i~.~70437tC!eO7376 IG.cC$~~~G. 068756 0.0~075 0.064933 ‘c,,Q2Fj ~.05,59~~5 I~.054136 

3.05364-q ,c.o51292 
:.c5&66 0.058683 

i? gp3~lC.069jy8 ~.~9~3c0.068006,~.~6S1+42~0.~64j7S 0.~61777iO.35849; iG.Z.j3557 . . 
(0.06665l O.C67924 ~5.067872;C.O67O53 10.065628,~. I? A3654 /~:.06$'&j*J.C57833 ~.~52&5 

3.053376 G-055938 
3.051992 0.054520 

/i\,~64133iC.O66102 ~G.066458~0.0658~~0.064625!0.~62761 /O.~60281I'.'5703' G*~jlVYi 
/0.06276~]0.@6502? !0,~65647,0.065~5j0.~64~p/0.~62248 /O.d59808\C.~56575 rO.eX522 , __--_--- 

Table cOdnw=d/ 



--_ 
X 11 x 

0.66 
0.68 
0*70 
0.72 
0.74 
0.75 
0.76 

1 C.78 
0.80 
0.82 
O&8!& 
0.85 
G.86 
s.88 
s.90 
o.y2 
0.925 
0.54 
O.Y5 
0.~6 
Jo975 
0.98 
0.987: 
1.0 

0.3 

0.04t6210 
O&3516 
O.W763 
0.037953 
0.035116 
0.033683 
0.032244 
0.029352 
O.G26453 
0.023556 
0.020674 
G.ClY243 
0.017819 
O.Ol5GC4 
0.0?2244 
G.GC9555 
0.008896 
0.~06956 
G.CO5698 
c.cc4l&71 
~~~2702 
C.GC2l33 
O.OCd3(?4 
0 

0.0352y40.0370% 
0.033795 G-035528 
~0307820.032382 
0.027757 0.029219 
o.ou;l32G.G2605l 
0.@217190*022%Y3 
G.023221 G.G.a321 
3.01%731's.c19757 
C.G15732/O.C16658 
o.m2888~0~G13613 
c.O1~065/C.Gli640 
0.009373~0.0099l0 
C.GC7334jO.'3C775Y 
0,~~6G.1cC.306362 
0.GC47~93.c~997 
0.0328~4O.GG3G25 
0.002254/G.O0239G 
O.GCl37y~O.OCl4.63 
0 10 

0.039083jc.CJt~Z7y IG.G4+3689/0.046316 
0.037452iO.O3%76 !G.C419l5~G.Ch&77 
o.034f62 0.036136 ~o.~jb~1yo.o4o7j1 
G.C3C%490.032661 lG.Oj467510.0$;914 
G.027525 0.029168/0.03099910.033047 
0.024206 G.C25671 0.027311j0.029152 
C.0225520.023927 0.025~+68,G.G27200 
c.WcyO5 C.G22l8y 0.02j628j0.02%2+9 
&G-l7639 C.Cl8737 0.Ol9970~0.02lj62 
o,c14?+25 C&l5335 O.Cl63580.Cl7515 
&at1283 CdJl200!+ C.M2815.%013733 
0.c10511 0.011185 0.011943~0.m2%01 
C.008235 O.K!8768 G.OOyj67iG.ClGGl+6 
c.OG6755O.CG7ly5 ~0.007689i3.GCtQ49 
C.G~5309C.005657 0.ca6047/0.0~6490 
c.~~32160.00342y O-OC3667/O.OO>p37 
C.CC2541 3.~02710 G.OO29oO,LOG3llj 
0.0o1556wo1660 0.0~1775~3.0o1907 
0 0 0 /o 

0.0312290.033584 
C.c29161 0.0313y5 
3.0270%9 0.0~94. 
J.022949 0.02&i’-@ 
~~18837 0.020369 
0.G-l47840.~6006 
3.c13784c.cl4927 
O.C1C823/C.Gll72y 
o.cG88yoG.~oy637 
0.0~6y960.007586 

------__-_---______ --- 
I.75 0.8 0.85' l0.y 

I 
3.0644%6 0.063422 0.~616~~~0.059294~0.@56081 10.051~2 
0.062839 0.062~09 ~.06Ch.34/O.G58138 O.C54977 0.049es5 _ 
3.060916 0.060370 0.0589%2jO.O56%08 0.053714 0.0@611 
O.G58678~O.G58486 C.G57321iG.O55294 G.G52285G.C471%6 
0.05~~59~0&56330 ~.@55436~0.053585 G.C50683 0.0~5602 
0.05l&O’O.G55139 0.054$0!$0.052653 0.049813 0.044749 
o.G52%780.053866 0.053307~0.051668 O.O@8p6 0.0!+38~ 
O.G49?49,0.051034 V.V5GY~7;7jO.G49525 C.o46y140.~4193G 
G.C4+5GT7 CA47713 L.048198~0.047137 O.G4&721 G-039821 

0.026913 0.029434 
0.022175 0.024349 
0.017456o.cn'9224 
o.ol6285 ~017946 
o.GI2807,3.014134 
0.3i05280.cm526 
G.008289 c.ooyI57 
G.GJ5G3OO.W5557 
o.GQ3977 C.SG4392 
0.0024350.1x2667 
0 0 

Tablej/ 

. . 



zable .3 Contmed 

x 

----- 
0 
0.005 
0.0075 
C.0125 
0‘025 
0.05 
O-075 
0.10 
0.15 

::g 
0.30 
o-35 
0.40 
0*45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
c.go 
6.925 
1’095 
0.975 
o.gap5 
1 .c30 

.---------I-- 
xj = 0.7 

,---- 
VC cc -----_ _------ 
EL432, 

-0.1956 
-0.1753 

0.0497: -0.1708 
0.0589: -0.1639 
O-07335 -0.1512 
0.0899: -0.1337 
0.1004+ -0.1203 
0.1080 -0.10g1 
0.1189 -0.0902 
0.1264 .0*07jg 
0.13ro -0.0591 
0.4361 ,0.04+52 
0.1392 *0.0319 
0.1413 -0.0187 
0.1426 -0.0056 
0.1431 .0.0077 
0.1426 0.0214 
0.1409 0.0359 
0.1376 0.0515 
0.1316 0.0686 
c.1202 ~.cEs52 
0.1054 0. oggo 
0.0879 0.1099 
0.~679 C.lj79 
0.0567 0.1207 
O.C4422 0.1226 
0.32949 0.1235 
O.C20@7 3.1234 
0 0.1227 
--- 

--. 

/ 
I 

3 ,= 0.75 

I- L 

!O ’ -0.1909 
~.-1402~0.04195'-3.17125 
0-138VjO.~&324I-O.l669 
0.1369,0.05717/-o.m5 
0.1336/c.07117,-0.1479 
o.l297'o.o871V!-0.1309 
0.1273 0.0973 '-0.1181 
0.1257 0.10475: -O.lO725 
0.123910.1153 j-C.0890 
0.1232jo.1226 ~-0.0734 
O.l234~C.12805!-CA593 
0.1243 0.13215/-O.c&61 
0.1258,0.1352 -A0334 
0.1281 lo.1375 i-O.0210 
0.1311 ic.1390 '9G.Co86 
0.1350'0.13975:+0.0040 
0.1400 0.1397 ' O.Ol68 
0.1464,0.1388 ' o.cjc3 
0.154glo.1367 i 0.~7 
0.166315.1329 , 3.06~1+ 
0.1316jc.1260 0.~782 
0.0987~0.1127 j LO955 
o.c677/o.oy51 ; 0.1oy5 
0.0386iC.0739 0.11y85 
0.0250~0.0618 j 0.1236 
0.0~23/0.&83I; 0.1263 
O.Ool3 0.~3222; 0.1278 
wo2a 0.02192; ;.1279 
0 0 j 0.1274 

--- - 

-_. 
E’ 

--A- 

0~1360 
G.1347 
0.1326 
0.1293 
0.1253 
0.1228 
0.1211 
0.11 yo 
0.1'180 
0.1178 
0.1183 
O.llyl+ 
0.1211 
0.1234 
0.1266 
0.1306 
C.1359 
0.1429 
0.1523 
0.1654 
0.1251 
0.0870 
o.c512 
0.0344 
O.;r85 

tO.NYJ& 
-0.0018 

0 

Yc - j 52 

0 i-O.1860 
0.04O69;-0.1669 
0.04677 
0.05543 

,-0.1627 

0.06897 
i-o.1561 
,-0.1443 

0.034&6'-0.1278 
0.0943 ,-0.1154 
O.lcnl+ ojo 
0.1116 i-o.1 -0.0874 
0.1187 1-O-0725 
0.12&O j-O.0589 
0.1279 i-o.0463 
0.1310 j-o.0343 
0.1333 l-0.0225 

-- I 
I 

------ 
E’ c 

g.1320 
0.1307 
0.1286 
0.1252 
0.1211 
0.1185 
0.1167 
0.1143 
0.1130 
0.1125 
0.1126 
0.1133 
0.1145 
0.1162 0.1348 I-o&lot15 j 

0.1358 d0.000~ ; 0.1186 
0.1361 j 0.0129 10.1218 
0.1356 j 0.0255 ' 0.1260 
0.1343 / 0.0388 0.1316 
0.1317 / 0.2532 0.1391 
0.1273 ! 0.0694 IO.1496 
0.1193 1 0.c882 ; 0.1651 
0.1031 ;0.1066 10.1163 
c.c812 , 0.1207 j 0.07c4 
C.,J681 1 0.1259 / 0.0486 
0.0533&i C.1298 10.0279 
0,03559 lo.1322 j cd090 
O,OU~CO~ 0.1326 1 O.OOlO 
0 ~0.1323 lo 

Xf, ----- 
0 
0.03944 
0.04532 
0.05369 
0.06677 
0.08171 
O.Oyll 
0.0980 
0.1078 
0.1146 
0.1196 

;‘; ;&% 
&286 
0.1302 
0.1312 
0.1316 
0.1314 
0.1305 
0.1287 
0.1256 
0.1205 
0.1lO85 
o.ogoo 
0.0761 
o.o5987 
0.03999 
0.02715 
0 

= 0.85 
_____-------_____ 

c-0 
! -t’ 

-_-__-_ r----c-- I 

-0.1807 ' x 
-0.1621 1 0.1283 
.c.l580 j 0.1269 
-%I517 j LIZ&3 
-0.14~2 
.0.1243 / I 
-0.11225 / 

0.1213~ 0.11715 
O.llf+l$ 

-0.1022 0.1125 
-0.0853 / / 0.1ogg 
d?.c709 ! 0.1083 
-0.0580 
-0.0460 
-LO345 
-0.0234 
-0.0123~ 
-0.0013 
.o.cogg 
0.~216 
0.0338 
0.047s 
c.0616 
0.0784 
0.0989 
0.1191 

0.1075 
0.1073 
0.1075 

I 

0.1082 Y 
0.1094 I 
0.1111 
0*1135 
0.1166 
0.1209 
,:.I266 
3.1345 
G.1463 
0.1655 
3.1'325 

5.1268 ' ‘A0724 
u.1328 I $.a365 
0.?367- j_- O-L?168 
0.1376 / O.m49 
0.1376 i 0 

*see ecp1.(29) and the remarks follomng that equation. 

Table 3 Continues 



Table 3 Continued 
--- 

x.j = 0.9 
-- 

% --- 
0 
0.03819~ 
0.04388' 
0.05195 
0.06455 
0.07890 
0.0879 
0.0945 
0.1038 
Oil1 03 
0.1150 
0.1186 
0.12l3 
0.1234 
0.1249 
0.1258 
0.1262 
0.1261 
0.1254 
O.l2l+O 
0.1216 
0.1178 
0.1117 
o.osss. 
o.cm5 
0.06897 
0.04629 
0.03138 
0 

----__- 

-- 
EC 

--- 
E:: 

X 

VC 
-~- 

0 
0.005 
o-0075 
0.0125 
0.025 
0.05 
0.075 
0.10 
0.15 
0.20 
3.25 
3.30 
q.35 
3.4-O 
0.45 
0.50 
3.55 
0.60 
3.65 
0.70 
0.75 
O.&J 
0.85 
0.9 
0.?25 
0.:5 
0.975 
3.9875 
3.000 _I. ._. 

-0.4749 3 
-0.2568 0.0369j 
-0.1529 o.oquec 
-0.llj.67 0.05016 
-0.1355 0.06224 
-0.1201 O-O7595 
-0.1085 0.3845 
-0.0988 0.0908 
-0.0825 0.0995 
-0.0687 0.1055 
-0.0563 0.1 oyy 
-o.a!&3 0.1132 
-0.0339 0.1156 
-0.0234 
-0.0130 %:i . k 
-0.0026 @.I1 Yk5 
+0.0079 0.1196 

0.0187 0.?194 
0.0299 0.1186 
0.0420 0.1172 
0.0551 0.1150 
0.0700 0.1118 
0.0878 0.1069 
0.1111 0.0990 
0.1237 0.0~26 
0.1338 0.08161 
0.G 08 0.05713 
0.1429 C.03882 
0.1434 0 

-- 

*See ecp(29) and the ram&s fo~~~omng that equation. 

L4.7 
0.1233 
0.1212 
0.1177 
0.1134 
0.1106 
0.1085 
0.1057 
0.1039 
0.1028 
0.1022 
0.1020 
0.1023 
0.1029 
0.1040 
0.1056 
0.4078 
0.11q 
0.1147 
0.1203 
3.1286 
0.1416 
0.1670 
0.12% 
0.0753 
0.G325 
0.012i 
0 

= 0.95 ---- ., 
Cc __-- 

-0.1683 
-0.15065 
-0.1468 
-0.14m 
-C.l299 
-0.1150 
-0.10375 
-C.O9& 
G.0787 
-0.0654 
-0.05355 
-0.0426 
-0.0322 
-0.0222 
-0.0124 
-5.x127 
+0.0070 

0.017 d 
0.0274 
0.0383 
0.0501 
0.0632 
0.0784 
0.09745 
0.1098 
0.1261 
O.ll&!Jj 
0.1477 
0.15 OJ 

* 
0.1213 
0.1199 
0.1178 
O.llf+2 
0.10985 
0.106y 
O.lQ.8 
0.137 
O.G997 
0.0983 
0.0974 
0.0968 

Eg% 

g;;g5 

0:0993 
0.1011 
0.1035 
~~1068 
0.1117 
0.1193 
0.1133 
0.1462 
0.1706 
9.0797' 
0.0362~ 
0 

1. 

I- 

i 

0 
0.035515 
o.Qt.074 
0.04813 
0.05959 
0.07m 
0.0805 
0.0862 
G.Oy42 
0.09955 
c.lo335 
O.1061 
O.lcx30 
0.1093 
O.llOl 
0.1103 
0.llG-l 
O.lO93 
0.1080 
0.1061 
O.10335 
0.09955 

z% . 
0.0805 
o.a7m 
0.05959 
O.Wl3 
0 

= 1.0 
---. 

s “C 

-0.15915 
-0.1420 
-0.1382 
-0.1324 
-C.l218 
-0.1073 
-0.0964 
-0.0874 
-0.O722 
-0.0595 
-O.O@l 
-0.0376~ 
-0.0278 

:g-gfg 
0’ 

+o.c@-l 
O&I83 
0.0278 
3.0376~ 
O.Gl& 
O.C595 
0.0722 
0.0874 
o.EJ64 
0.1073 
0.1218 
0.1324 
0.15915 

--- 
I 

i 

.I----- 

E:: 

* 
0.1181 
0.1167 
0.1146 
0.11095 
0.1065 
0.1035 
0.1012 
O.CV79 
0.095 ? 
0.0940 
0.0928 
O.wlY 
0.0913 
o.oylo 
0.0908 
o.oylo 
0.0913 
0.099 
0.0928 
0.0940 
0.0957 
0.0979 
0.10-I 2 
C.1035 
0.1~65 
0.11oy 
0.11 465 

I 
L. 
c 
I 
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Ao~endix I 

The Relation of the Velocities at the Leading and Trailing 
E&&es to 8_ ana cLopt 

From Part II, eqn.(67), the velocity at the leading edge 
is given by 

Q eco [l + &I(o)] 
- c , 
u +L 

and at the trailing edge by 

0 eco Cl + E'(A)1 - 2 - 
u +T [+$I %' ' 

CL is known. +L, % are equal to (2pL)‘, ( 2PT)+, respectively, 
where PII m2.d PT are the radLi of curvature at the leadmg end 
trailmg edges; hence +L ana lC'* are given in terms of ge by 
eqna. (13) and (14) of Part III; Co is given in terms of g, by 
egns. (18) and (29) of Part III; qo1 = &$c) = 0, so from 

em. (33) of Part III 

E’(0) = Qs,b) - so, E’(Tc) = -5$d - %b, 

and c'(o), E'(IT) are also given b terms of g,, 

Pinally ~~(0) = 0, so 

c,(o) - P = qo) - 6; 

from Part II, em.. (39), 

P = E&C) = &A, -Ao, 

and siadlarly it may be shorn that 

EJO) = - 5 A, -Aor 

80 

E(O) - @ = -AAl = - 

(from epn. i-0, Part II). Hence the velocities at the leading and 
trading edges my be-expessed In terms of Cl&, %, C 
and ao. Lopt 

Apperlaix II/ 



2t 
-It 1 

c 

- co3 t - -- 
TG 

at = 0, 

4 sin t 

Thio result 1s obvims, smce the intc~,rnnd is free from Singularitieq 
at 0 0na TG and is mtm~pmctricnl about -$Tc . 

5 1’ 7r sin 1 

- 

t(cos cos 8 t 

- - 

P 
008 7c 

-at=- 
t) sina 1 

((1 - coo 0) an-$(1 - co8 0) 
- 9 

0 

t (1 f CO8 0) en +(l + CO6 e;): 

To prove thie result WQ note thrtt 
, 

s 

1 - co3 t 
dl; = 

sin t(cca Q -- coo t) s - 

sin t 
- et 

(1 f coa t)(co3 0 - CO8 t) 

1 jc0S 0 - 00s tl 
= -- dn 9 

1 + 003 0 1 -I- co3 t 

Ed 

d-t 1 
- --- P 

cb t(cm 0 - c3s e> sin" e 
bn lcoa 8 - CO8 tl 

1 1 
-- tn I'I -k CDS ti - dn (1 - coa t) 

2(? "case) ' 
I 

2 1 ( -case) - 

= --I-- !&I 1 .3 OS a - co3 "1 -- Rn ElFa t - cca 8 bn tnn St j s-m29 !.- ’ 
? 

s t at 
ain t(cos 8 - COO t) 

t 

J 

t 

c --- fn lcoe 0 - COB tl 
sina 8 

t 
I-- - In (1 + co8 t) - ----in (1 - CO8 

2(1 + cos o} 0 - cot3 s) 
t> 

? 1 * 

-  --.a 

si..rP~ 5 

JI&nl co5 8 -- CO8 t( -,&ndnt - co8 8 In tnn Qtt B-t. 
) 

--- cc NOT/ 
*AI is used to denote loge'. 
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Now 

?T 

s 

Rnsintd% = -TLh-l2, 

0 n 
s &n -kin +-tat = 0, 

0 

and 

n 

s 

7G 

h-l 1 COB 0 -cost/ d-t, = gj- 

F 
C 
,Ln 2 -i- tnfsin +(s f t,[ 

0 0 

I- &n pin -J(t - @)I} at 

v 7L 

t= 7Ttn23. 
s 

h sin&t fit = 7~ &n 2 -t 2 
c 

6n sin t 8-t 

td 0 0 

z -7~ Rn 2, 

SO 

I; 
' {tn 1 co8 9 - co8 tl - In sin t - co3 9 6n tnn -ST\ Gt = 0. 

c -i 
<O 

Tc I 
s1 

- CO8 t - $ r 1 

,L ( 
2% 

P at = 1 - CO6 9 - - 
Sill t(cos 8 - coa t) sina 0 ) In~cos~--costj 

x 
0 

i 

t 
\ 

t 
-7-c 

1 
1 -- &n (1 + cos t) + - - en( I - COB t) 1 

1 + cos (3 Z-L / 
TL(l-cO3 s) J C 

1 1 
P - Rn (I -+ co5 0) + - - 4n 2 

1 - co9 8 1 - co3 0 

1 ' 1 
ln(l- COD 0) k -- Rn 2 

1 + cr)s 0 1 + CO8 0 

1 
= - 

c 

(1 - CO8 0 
sin2 8 

> .En ' 
- cos 0 

-- + (1 + COB 8 
2 

I I- CO8 9 
>&I-- 

1 

. 
2 

Appendix III/ 
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An~endix IIT 

% Unenr m Each of Three Segments 

If 

gi = CO + t-lxx (0 < x < X1), 

= b. f blx (X, < x < Xz), 

= co + CIX (X2 < x G 1) 

w~ put n2 = bz = ca = k3 = Rz = 0 
of s5. 

m eqns. (49) - (56) 

If gi he8 the vnlues shown m Pig. 1, then 

no = R, n, = (b - 0 m, , 

b Xa - d x1 - (b-CL a- b + (b-c) 
b. = t bl = 

'2 Y -x1 X2 - x, 

a - f X.2 - (a-4 f- a + (a-e) 
co = , cy = 

1 - x2 1 -x, * 

If b = c (Fig. 2) or d = e (Fig. 31, hns only one 
discontinuzt*y; if b = c ma a = e (Fig?4), 
contmuous. 

gi is 

For the general case of Fig. I, 
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b-c 

= -x) + 
l-X2 

Gi(x) = a (0 6 x 6 Xl), 

(Xl 6 x 6 x31, 

(X26x6 1); 

. . 

X1 b - 
= a- 

2 2GL--xi 1 t 
Xl& - 2X2x f x2 + 

II 

8 
(x - XII2 

2 (L-X, 1 

b-c 
.t 

2 (L-X, 1 
(x - X,)(x - 2x2 + Xl) (X, 6 x 6 Xz)g 

Xl X2 a - 
Z-' a-+b-- 

2 2 a(7 - X2) 1 
f 

x~+X~x1Xz-2x+xa + 
1 2(1--xa) 

(x-a z 

X2-x1 a - e 
-(b-c)-+ (2X,-Xg+x+x2) (X, 6 x 6 1); 

2 2(1--x,) 

- (b-b) ( x3 - Xl\ 1 
2 /-(a-e) 5”” ; 

( )3 
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5 Xl 
A,=-- (1 -Xl)+-,&IX,-+ 

71; 2 .I 
x,(1-2-p 

i 

(l-X3)" s XI x.Q 
+ b -- 4n 

2X1(X2-X1) 
(I-X,) - -- Rn (l-X,> -- &?n X1 

2 (;c,-XL ) 2(&-S,> 

X$ - (I-&)” 

I - 

(l-*X,)(-i-X,) 
-I- --&X2 f d------ Rn (I-Sl) + en( l-x,) 

2 (&-& > 2(X,--X,) 2 (X,--X, ) 

\ 

f 
I-xa h 

+ f---hl (1 -x,> + 
sg &h xa + -2 

1 

- L 2 2( I-Xa) 



(x-x1 1” ( ?-xl)(HL)a (l-x)Z 
Rn Iz-XII + 4 I- FX2 h( l-2 

2&-&J 2 ( 1-x, > (x2-x, > 2(4-Xa) 

i 

XF Xg(1 -a - 
-C--W en xl - __c_y-- I 

&(X2--&) 2 ( l-4, ) (X,-X1 ) 
En Xz (.:-x), 

3 

(X-&) 2 (1-%)(2X, - 1 - x) 
-- In \ x-& 1 I- c-- --- &n (1 -x) 
2(7-x2) 2( 1 - X,) 

~I-~d(~~z-&l-1> 

-iI 
1 2 (x,-x, ) 

Rn (, x,> f (-3” 
2 x,-xx! ( 6n (l-X,> x t 4 

(x-X,)(2-x,-c) ( p-X)2 
Tc;le P 

2( l-X,) 
k-l lx-x2( + --- 

2(4-x2) 

x2 b-de 1 
%n (‘1-x) 
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dY C-A 0 E a<, + b&-a + a& + f& + (h- C) 56 + la - '1 5el 
ax 

where 

x - x1 x - XI 
& = - en 1x-X~l + ihx- 1, 

Xl Xl 

Xa(~& 1 x-xa 
Q-3 = . &n IPXLI 

x1 (x2-x, 1 
--h Ix-XaI -2 kn x9 

x,-x, Xl 

(p&l 
in Ix-Xi1 + 

( l-r, 1 (x-x, 1 l--a 
7& = - 

X,-Xi ( 1-X,) (Xa-Xl ) 
en lx-Xal + - en (l-x), 

142 

x - Xa 
.h Ix - Xal * 

X - Xa 
nca - - -en (I -x) + 1, 

1 
_ x 

a 1 - xa 

x - xa X 
nf;s = -* 

xa - Xl 
.h Ix --&I + 

- xa 
.hl Ix- xal + 1, 

xa - Xl 

1 -x ,I -x 
T-l<0 = .h Jx - Xa[ - .h (1 -x) + 1; 

1 - xa 1 - x3 

and 

’ / +ivc = ‘-Q ,QX1(4X1-3) + bXa(4X1+4Xd) + d(l-x,)(4x1+4xa+7) \ 

+ f(1-xa)(4xa+5)‘-~(h)(X,-x~)(4X~+6X,-3) - (a*)(?-x,)(7+8x,) 

For p, +L cl&# Cl@’ Q-% ~diW) me ews.(6),(8),(9), 

(27) amfi (28). 
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gL I;inenr in Each orTwo Se?mzntg 

If 6J, in lme3r 1.n each of taco segmenta, 0 ,( x 6 x, 
X6X61, and has the VS~LES shown m Fig, 5, then 

rz---- ,K - *- I 

,r---------- --- i _ --- ---+A 

e,(x) 4 = a ( 7 ---: -> 1. h -, (0 F 3 ‘c X) 
x 

--& (l--x) ‘- -& b-C 
= (x--2;) - .Tx (la; (X < x 6 1). 

We obtain the recluirec? formu;ae by Im;ltt4ng d = e = f, and 
then makisg x, --> I p zy1 the resuita u;lmedxately preceding. 

We thuds obtain the Collowlng fcmulae. 

Gi(x) = a 

x = a-.- 
2 
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A, =a -' 
(l-X)2 

&n (1-X) + x dnX--$ 
Tc 2X 2 ; 

X 
In (I-X) - !n X 

2(1-X) 1 
r, 

1-x 
,* 
x- 

ta-- h (I-X) + -i RnX+. 
2 2(1-X) I 

1-x 
+ (bc) 

I 
-l?n (I-X) + 

X(2-X) 

2 2(1-X) 
inX+& ; 

I? J 

YC - ah, + bha + dhz + (b - c) hg, 

hl = ql (as given in the preceding seotiop of 

(SX)" (F-x)i X2 
nha = dn lx-x/ - dn (1-x) --.lnx 

2X(1-X) 2( I-X) 2x 

this.Appendix), 

(x-X)2 
-en lx--Xl :- 

(1 
?Lh~ - - 

- x)(2X .. 1 - x) 

2(1-x) 2(1 - X) 
en (l-x) 

(x-X)(2-X-x) 
nh4 = 

2(1 - X) 
.h Ix-Xl t 

(?-%)a 

2(1-X) 
.ln (l-x) - [y h- (,--x)1 x 

t i;-;; h j (1 -s); ’ 

dye - -A, 
dx 

= aII% +‘ bHz + dHs + (b - c) Fib,, 
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where 

Hl = CL (ae given in the precedmg section of this appendix), 

X-X 1-Z 
TLH~ = 

X(1-X) 
Bn Iffir + - &n (7-x) - " .l?h X) 

1-X X 

X-X x-x 
nHa = --.ln Ix-XI + - en (I-x) -+ I, 

1-x 1-x 

1-x 
nII, c - en Ix-XI -.F in (1-x) + I; 

I-X 1-x 

-chTo = 6 
L {aX(4X-3) + b(4X+1) + d(l-X)(4X+5) - (k-2)(1-x)(8X+1)}. 

POT p, Ed, cLopts xopt, Ed, E;(O) 60~ ems. (6), (8), (9), 

(27) and (2.8). 

AH. 
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