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Summary. A study is made of some existing analytical, numerical and experimental results for gas jets
expanding out of axi-symmetrical nozzles. Jets expanding into a vacuum and into still air at finite pressure
are considered in detail, and by introducing certain new ideas the existing results are expressed in a compact
form and thereby rendered more widely applicable. A brief examination of jets expanding into supersonic
airstreams suggests that some information about the flow fields of rocket jets at high altitudes may be deduced
from the extended results for still-air jets in which the reference pressure at the nozzle exit is much greater
than the ambient pressure; an example for a particular rocket and a specific trajectory is given.

1. Introduction. A study is made of the problem of a jet of perfect gas expanding out of an
axi-symmetrical nozzle. The ratio of the specific heats of the jet gas is assumed to be constant.
The nozzle may be divergent at the exit, and it is assumed to be surrounded by a coaxial circular
cylinder with no annular space or base in the exit plane between the cylinder and the nozzle. The
reference values of Mach number and pressure in the jet at the nozzle exit are taken to be the
values at the surface of the nozzle immediately ahead of the exit.

The paper deals with jets expanding into a vacuum, into still air at finite pressure, and into air
moving supersonically at a given Mach number and pressure. The discussion of jets expanding
into a vacuum and into still air is fairly comprehensive, but the examination of jets expanding into
supersonic airstreams is less detailed, being carried only as far as the establishment of a connection
between rocket jets at high altitudes and still-air jets in which the reference pressure is much greater
than the ambient pressure.

Concentration on expanding jets permits the assumption that the boundary layer inside the
nozzle does not separate ahead of the geometrical exit of the nozzle. In the case of a jet expanding
into still air, attention is focused on the initial portion of the jet from the nozzle exit to the
neighbourhood of the cross-section at which the jet radius just attains a local maximum, and in this
portion of the jet the influence of viscosity is small and may be neglected. Similarly, only the initial
portion of a jet expanding into a supersonic stream is considered, and then in this case the effects of
viscosity are confined to those produced by the boundary layer on the cylinder. ’

* Previously issued as R.A.E. Report No. Aero. 2626—A.R.C. 21,535, together with additional material
from R.A.E. Tech. Memo. Aero. 625,



. For theoretical purposes, the flow across the nozzle exit plane may be taken to be radial and it
f‘nay be assumed that just at the nozzle lip there is‘a Prandtl-Meyer expansion. Then the flow in a
jet can be calculated by the numerical method of characteristics, in conjunction with appropriate
boundary conditions on the jet. Several specific jet-flow fields have been calculated by this method,
mostly with the aid of an automatic computer; for example, jets expanding to vacuum have been
calculated by Clippinger!, and by Love and Grigsby?; jets expanding into still air by Love and
Grigsby, Wang and Peterson?, and Treutler?; jets expanding into supersonic airstreams by Wang
and Peterson3. Other theoretical information on partlcular aspects of expandmg jets has been given:
for jets expanding into a vacuum by Owen and Thornhill5, and SmithS; for jets expanding into
still air by Love and others® "8, and by Adamson and Nicholls?; for jets expanding into supersonic
airstreams by Love 1011,

In addition Love and Grigsby, and Adamson and Nicholls have given experimental information
on jets expanding into still air, and Ladenburg, van Voorhis and Winckler!® have determined
experimentally the detailed flow ficlds of several jets expanding into still air; some experiments
on jets expanding into supersonic airstreams have been reported by Love and Grigsby.

“This paper presents an analysis of the theoretical and experimental information contained in these
works®. . It is found that by introducing certain new ideas it is possible to express the existing
results in a compact form and thereby render them more widely applicable.

An illustration of the conditions near to the nozzle exit for an expanding jet is given in Fig. 1.
The radial flow persists from the nozzle exit to the leading characteristic from the Prandtl- -Meyer
expansion at the nozzle lip.

A sketch of the flow field of a jet expanding to a vacuum is given in Fig. 2. The streamlines
diverge and the Mach number increases along them. The contours of constant pressure, density
and temperature are the same as the contours of constant Mach number.

Jets expanding into a vacuum are discussed in Section 2. The radial flow and the expansion at
the nozzle lip can be calculated exactly and are well known, and only a few results relevant to the
subsequent analysis are quoted here; these include, however, some new approximate results for
the Prandtl-Meyer expansion which are useful for quick numerical calculations. The main property
discussed is the. distribution of Mach number along the axis downstream from ' the leading
characteristic. ,

. A sketch of the flow field of the initial portion of a jet expanding into still air is given in Fig. 3.
At the nozzle lip the flow expands from the reference pressure to the ambient pressure. The boundary
condition is that the pressure on the jet boundary is everywhere equal to the ambient pressure, and
the necessity of achieving a boundary pressure much greater than that attained naturally in the
expansion to a vacuum leads to the occurrence of shock waves within the jet. The shock-wave
pattern shown in Fig. 3 is typical, although exceptions to it may occur when the reference pressure
is not much greater than the ambient pressure; for instance, the shocks within the jet may be so
near the nozzle exit that the leading characteristic does not reach the axis and, with nozzles of small
divergence angle, the normal shock may not be present and the curved shock then extends to the
axis. The shock waves may be regarded as dividing the jét into two regions. The outer region
represents the total effect produced on the jet by the imposition of the finite ambient pressure.
The inner region is unaffected by the ambient pressure and is a portion of the corresponding jet

* Ladenburg, van Voorhis and Winckler, and Love and Gr1gsby g1ve extensive lists of references to other
papers on jets Wthh are not referred to spec1ﬁcally here.
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which expands to a vacuum. Hence, flow fields of jets -expanding into still air can be used to provide
information about the flow near to the nozzle in jets expanding into a vacuum. As the reference
pressure in the jet becomes very much greater than the ambient pressure the extent of the outer
region dwindles and the inner region becomes the predominant portion of a still-air jet.

~ Jets expanding into still air are discussed in Section 3. The properties described. are the shapes
of the jet boundary and the shock waves. The shape of the jet boundary is taken to be determined
by the initial direction angle at the nozzle lip.and the location and value of the first maximum
radius of the jet. The results for the initial direction angle follow directly from the conditions at
the nozzle lip, and it is noted that the initial direction angle may be expressed very conveniently
in terms of a particular parameter. Another parameter is found which enables formulae for the
co-ordinates of the first jet maximum to be deduced from a vast number of jet boundaries calculated .
by the method of characteristics. A rough guide is given to the initial shape of the curved shock and
the location and size of the normal shock. ‘ |

For a jet expanding into a supersonic airstream there is, in the external stream,. a shock wave
which originates on the cylinder at or just upstream of the nozzle lip. The pressure on the jet
boundary imrﬁediately downstream of the nozzle lip is therefore greater than the pressure in the
undisturbed stream. The shock wave interacts with the boundary layer on the cylinder, and the form
of the interaction depends on the values of the jet parameters and on the Mach number and pressure -
of the external flow. The jet boundary condition depends on the external shock- -wave/boundary-layer
system and on the relation between the shape of the jet boundary and the external low downstream
of the shock, and it is very difficult to express this condition satisfactorily. The external conditions
lead, as in the case of a still-air jet, to the occurrence of shock waves within the jet. The shock-wave
pattern inside the initial portion of the jet is of the same type as that inside a still-air jet, and in the
mner region of the jet between the shock waves and the axis the flow is part of the corresponding
jet expanding into a vacuum. The flow in the jet near the nozzle lip is controlled by the pressure
on the jet boundary immediately downstream of the lip, and therefore the flow near the nozzle is
the same as that in the corresponding jet expanding into still air at this particular pressure. Because
of the different boundary conditions, the internal shock-wave patterns and the jet boundaries are
not the same in the two jets, except near the nozzle lip. However, when the reference pressure is
very much greater than the external pressure the inner region dominates ‘a'still-air jet, and it seems
very likely that at high pressure ratios the flow in the portion of the corresponding still-air jet which
is close to the nozzle exit is the same as the flow in that portion of the jet e;cpanding into a supersonic
stream. ‘

There are some practical problems in which only a rough idea of the shape and structure of jets
expanding into supersonic airstreams at high pressure ratios is required. For instance, in the
estimation of radio-wave attenuation it is required to know the contours of constant density and
temperature in rocket jets at high altitudes. This requirement may be satisfied by assuming that an
idea of the variation of rocket jet flow fields with the rocket parameters and with altitude may be
obtained by considering, instead of the actual jet with its appropriate values of external stream
Mach number and pressure, the whole of the initial portion of the corresponding jet which expands
into still air at the pressure on the actual j jet boundary just downstream of the nozzle exit. Thé shock-"
Wave/boundary-layer system in the external flow upstream of the nozzle exit then influences only
the estimation of the relevant boundary pressure. Here, in Section 4, the corresponderice between'
rocket jets and still-air jets is established by assuming that when the jet reference pressure is only
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slightly greater than the boundary pressure there is an oblique shock attached to the nozzle lip,
and that when the reférence pressure is much greater than the boundary pressure there is a shock-
wave/boundary-layer interaction on the cylinder upstream of the nozzle exit which gives the
boundary pressure at the lip equivalent to that produced by a normal shock.

The information presented in this report may be used as the basis of a crude method of predicting
rocket jet flow fields at high altitudes. A detailed account of such a method is not presented here but
results for a practical example of a particular rocket and a specific trajectory are given.

‘2. Jets Expanding into a Vacuum. 2.1. Region of Radial Flow. 'The semi-divergence angle of
_the nozzle at the exit is denoted by 8, the ratio of the specific heats of the jet gas by v;, and the
reference Mach number at the surface of the nozzle immediately ahead of the exit by M;. The
values of 0, y; and M; may be chosen arbitrarily provided they are consistent with a possible
nozzle flow, a condition which may be regarded as restricting the maximum value which 6, may
take for given values of y; and M;; if M; = 1 then for all y; the only permissible value of 8, is
zer6, but for values of M; > 1-5 this restriction does not appear to be of practical importance.
The radius of the nozzle at the exit is taken to be unity. The axial co-ordinate x is measured from
the nozzle exit and the radial co-ordinate y is measured from the axis.

The basic solution of the radial flow stipulates that the streamlines. are straight and appear to
originate from the intersection of the axis and the tangent to the nozzle at the exit; the Mach number
depends only on the radial distance from the apparent source. The information of primary interest
in this investigation consists of the mass flow out of the nozzle, the shape of the leading characteristic
from the nozzle lip, and the distribution of Mach number along the axis. Three auxiliary functions
of the local Mach number M are involved: the area-ratio function A defined by

2 y;—1 —(yj+Di2ty; =1
A=M [ + ( : ) Mﬂ ) : 1
(r;+1) * \y+1 O
the Mach angle p defined by .
’ p = sin™' (M), | (2)
and the Prandtl-Meyer angle v defined by
¥+ 1)1/2 -1 [('}’j"{“ 1)~1/2 1 ] — Ny ™
v = tan 2o M2—1)r| 4 cot™t (M2—1)" — ~; 3
(2 e I B U ®

A and » are adequately tabulatéd 13to18 for 1-1 < y; < 5/3.

The mass flow through the nozzle may be represented by the radius g of a uniform sonic stream

with the same mass flow, and g is given by
g = [2(1 —cos 8,)]2 cosec 0,7, : | “4)
If 0, < 3_0 deg, which it is likely to be in practice, this result n;ay be approximated closely by
g=N", ©)

which shows that the mass-flow parameter g is effectively independent of 6,,.
The co-ordinates of a point on the leading characteristic can be expressed parametrically in terms
of M, which varies from M, at the lip to M, say, on the axis, where M is defined by the relation

5= v+ 20,. : (6)
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The parametric equations of the leading characteristic are
A y = A sin (6, +3v;— 1)/ A% sin 6, o | Y]
& = y cot (B, +1v;—1v) — cot 0, ; (8

when 8, = 0 these equations reduce to the result ¥ = (1—7) cot .
The distribution of Mach number along the axis is expressed by

x = (X;/A)* cosec 8, — cot 4, ‘ C)

from ¥ = 0 until M = M at x = X given by - : :
| & = (N/X)" cosec 8, — cot 0, ; | (10)

when 6, = 0, ¥ = cot y; and M = M; for 0 < x < cot p;. ' “

2.2. Conditions at the Nozzle Lz'p.. In terms of M, for Mj € M £ oo, the flow direction @ at
the nozzle lip is given by ‘ -

0=0,+v—0v, | | (11)
and the characteristic direction ¢ is given by .
$=0-~p. . ' (12)
In the vacuum, M = oo, & = 0 and v = v, where .
(it _ ]~ o o :
o [(w * 1) 1] 7. (13)

The obvious way of calculating the conditions at the lip is to specify M and to find v from
tables!® ¢ 18, However, in addition to the local Mach number at a point, the local values of pressure p,
density p and temperature T are also important, and there is a simpler way of calculating the ratios
of these quantities to their reference values ?p» p;y and Ty than by specifying M. Let = denote the
ratio of the local speed of sound to the stagnation sound speed in the jet, and let 7; be its value on
the nozzle immediately ahead of the exit. Also, let the quantities s and N; be defined by

§ = T/Tj, ' (14)
v; = (N;+2)/N;. ~ . (15)

Then it follows that : ' .
j’/j]J = SNJ'+2, p/pj = SNJ', T/Tj = §2, . 7 . (16)

It may be deduced from these relations that in the numerical calculation of these ratios it is
advantageous to choose y; so that IV; is an integer and to consider s as the primary-state parameter.
When s is specified the corresponding value of 3 is obtained by first calculating 7; from the relation

75 = [1+ 3y = DMA ', : S Y
then forming = = s7;, and finally using the equation

M = [2y;=1)7 (=2 = 1)]%. S - - (18)
‘Figs. 4 and 5 are included to facilitate the calculation of M in this manner,” - - :
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When numerous values of s are specified it may often be quicker than calculating M and extracting
v from tables, and sufficiently accurate, to evaluate v directly from s by the following approximate
method. Consider (v—v;)/(vpax—¥;) = o, say, as a function of s for 1 > s > 0. For s near 1 and 0
respectively ' '

o4

li

Si(l=s)+...., where S; = 2(y;— 1) M;2(M2—1)" (v —v;) ™", (19)
o=1—=8s+...., where Sg = 2(y;— 1) [2(y;— 1) + MP2]7® (v — )™t (20)
Inspection of the numerical values of S; and S, displayed in Figs. 6 and 7 shows that S; > 1 except
for M, less than about [1+9(y;—1)/20] while S, < 1 for all M}, and in many cases when 5, > 1it
is ‘satisfactory to find o by drawing a faired curve between the behaviours near s = 1 and s = 0.
An example of the usefulness of this procedure, in an unfavourable case, is given in Fig. 8. The
accuracy here is extraordinarily good, but there may have been some luck involved in the fairing.
‘The possibility of bad luck can be effectively eliminated by calculating o exactly at an intermediate
point, say s = 4/% because the region near s = 1 is the more difficult to predict. If such a point is
calculated exactly, the method of approximation by drawing a faired curve may apply when S; < 1.
- Tt can be shown that o — (1—5) as M; — co for all y; & 1 and all 5, and indeed it happens that
the simple relation
o= 2V _1_5 (21)

Ymax — V5

gives a quick rough guide to the size of v provided that M, and s are not both too near to 1.
The quantity (v, — v;) is shown in Fig. 9.

2.3.. Mach Number Distribution along the Axis. 2.3.1. Distribution near to the radial flow. 'The
variation of (M — M) with (x—¥) along the axis just ‘downstream of the end of the radial flow in
the flow fields of Clippinger!, Wang and Peterson?, and Treutler4 which involve values of 8, y;

and M; in the ranges 0 < 6, < 15, 1-15 < y; < 1-4and 1 < < 5, can be expressed roughly
by the following formulae: :

(M—M) = K8, y; M)(x—%)+...., (22)

J = Gly;, M)f(M))fo(Ors v D), (23)

G = 2(y;+ 1)1 (1= M2y [4(y; — 1) + M7, (24)

f, = 3(19—151\43.—1), , : - (25)

fo= 201+ (1+&)M;7]7 | - (29)

"The function G is obtained from the corresponding Mach number distribution in the two-
ydirrnensional Prandtl-Meyer expansion of a uniform stream of Mach number M round a single
‘corner, and is shown in Fig. 10. The function f; is an empirical factor giving the modification due
to axial symmetry when 6, = 0. The function f; is a further empirical factor which represents the
effect of 8, in the axi-symmetrical case; ¥ is given in terms of §,, y; and M; by Equation (10).
The result for 8, = 0 is very rough indeed, being based on only three cases, all with 6, = 15 deg.
For 6, = 0, the formulae have a father firmer foundation. In this case f, = 1, and the values of
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J|G for five of Wang and Peterson’s examples are compared with f; in.Fig. 11. The value fi= 16/9
when M; = 1 is obtained by assuming that the following formula : . .

x = 2 (A1), o . (27)

which may be shown to fit approximately the numerical results of Clippinger! for 1 < M < 10in
the case y; = 1-4, holds for all y;. '

2.3.2. Distribution far from the radial flow. It may be argued that at large distances from the
radial flow the way in which the Mach number, varies depends only on the mass flow through the
nozzle and on ‘the properties of the jet gas; that is,.for a given mass-flow. parameter g the variation
of (M M) for large (x - &) may be independent of 8, and M; and depend only on y;. On the basis
‘of this argument it follows that the variation of (M— M) for large (x—&) is given by the case in
which 0, = 0 and M 1. But it may be shown that when y; = 1:4 the axial Mach number
distribution at large distances from a sonic nozzle becomes the distribution of the equivalent radial
flow which has the same mass-flow parameter g for its:flow between the axis and ‘the streamline
inclined to the axis at the angle v, ;.. It seems reasonable to assume that this result holds for
all y;. The axial Mach number distribution of such an equivalent radial flow is expressed exactly by

(= &) = [2(1 — cosFrp, )] (A — A-)g, : \ (28)

Wh1ch mayihe apprloxirna"ced eIOSer, using Equation (5), by o l

(5=5) = [2(1-cos Py RSO TR), | @

From this it may be shoWn that for:large (¥~ &) the axial Mach number distribution of an axi-
symmetrical jet expanding to a vacuum is given by the expression

(M=) = K@= %700 S L)

wheére . o

K = {4712(1 = cos Jupma ) JT5D2 [(y; +1) (y; = 1)]s+0 - -3y

The numerical results of Wang and Peterson appear to confirm this result.

. 2,3.3. Distribution along the entire axis. Adamson and Nlcholls9 suggest that for a jet expanding
out of a conical nozzle the Mach number distribution along the entire axis, beyond the radial flow,
is the same as the Mach number distribution for a jet with the same mass- ~flow parameter expanding
out of a sonic nozzle. At large distances this gives the same behaviour-as that suggested here.
However, it leads to the result that the Mach number distribution downstream of the radial flow is
effectwely 1ndependent of 0, for all (- x) Whereas Equations (22) to (26) lndlcate that 8, has a
Iarge éffect at ledst for small (x—%). -

An alternative suggestlon ‘which glves an'idéa of the Mach number distribution along the entire
4xis is to transform to other variables which have finite ranges and which haveé a linear relationship
at the ends of the ranges. An example of such a transformation is given by the substltutlons

§ =1~ [1 + (x x)]"('i'a"l’ - ' : S (32)
,_%=.[.1.rl~:(M‘—M)".1}‘_1£‘f T (33



Then ¢ = 0, 1 when (x—%) = 0, c0 and 5 = 0, 1 when (M — M) = 0, oo; the behaviours of 4 for £
near 0 and 1 are '

l

n=(y—-1)y"WE+. ..., _ (34)

p=1-KY1-&+..... (35)
The first steps in drawing an entire Mach number distribution are then to plot the behaviours of
n near ¢ = 0, 1 in the £ —  plane. It may then be possible in some cases to draw a faired curve
between the two extremes with reasonable confidence without further information. However, the
curve in the £ — 7 plane may have an inflection and so such a procedure is not always satisfactory.
Therefore it is worthwhile to obtain an intermediate point, and the value £y, for which » = 3 is
recommended. However, there is not enough information available to enable a formula for &, to
be concocted for useful ranges of 8, y; and M, but Fig. 12 contains some values from Wang and
Peterson’s examples and from Equation (27), and these may be of some use for general guidance.

3. Yets Expanding into Still Air at Finite Pressure. When the air outside the jet is at a non-zero
pressure, the jet depends on 6, y; and M; and on the parameter p;/p,, where p; is the jet reference
pressure and p, is the ambient pressure. For expanding jets p;/p, > 1.

3.1. Jet Boundary. The determining properties of a jet boundary appear to be the initial
direction angle 8, and the location w,,. and value y_ . of the first maximum radius of the jet.
Here, formulae are given which allow 8, and x,,, and v, to be calculated for wide ranges of the
parameters.

3.1.1. Initial direction angle. 'The initial direction angle ‘can be deduced directly from the
conditions at the nozzle lip in the jet expanding to a vacuum. The initial direction angle 8, is the
value of @ which corresponds to the pressure p, on the boundary, so that 6, may be written

by = b, + by0, (36)
where 6, , is the value of 6, when 6§, = 0 and is given by
Oo0 = vo — ¥4 (37)
the maximum possible value of 6, attained in the expansion to a vacuum, is
050 max = Vmax — Vi3 (38)
The numerical values of 8, .., are shown in Fig. 9. If s, is defined by
Sp = (Pa/pg)?— %75, (39)

and s, is specified rather than p,/p, itself, then 6, can be calculated from s, in the same way as 8 is
calculated for a given value of s, the calculation of M, being an intermediate step. Similarly the
approximate methods of Section 2.2 apply, and it follows that the expression

O = Oy + Oy omax (1—5) - (40)
gives an estimate of 8, for all 8, y;, M; and s, except when both M and s, are too near to unity.

3.1.2. Location and size of the first maximum of the jet radius. Love, Woodling and Lee? present
the results of calculations by the method of characteristics of 2,960 jet boundaries, covering the
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following values of the parameters: §, = 5 deg, 10 deg, 15 deg, 20 deg; y; = 1-115, 1-2, 1-3,
1-4, 5/3; M; = 1-5, 2, 2-5, 3; p;/p, = 1(0-25)10. An examination of these boundaries has led to
“formulae being established for %,,,, and v, for these ranges of 6,, v;, M; and p;/p,.

The dominant parameter is p;/p,. From a result of Love and Grigsby® and from the calculations
of Love, Woodling and Lee it appears that both %, and y,,. tend to infinity like (p;/pp) ' as
_ p;lpy — o, for all 8, y; and M;. This behaviour is also consistent with the behaviour of the normal
shock location discussed later. Therefore a convenient way to express the results for x,,. and

Ymax 18 to consider the quantities
X = %max1/¥maz> (41)
Y = Ymax1/Ymax> (42)
where the subscrlpt 1 denotes the value when p,/p, = 1, as functions of the parameter £, defined by
t, = (PslPi)™ - _ ' : (43)

Then both X and Y arezero when #, = 0 and unity when #, = 1.
The results of Love, Woodling and Lee for #,,,,; and y,,,., can be represented approximately

- by the formulae _ .
7
lxvma,xl = E Mj! (44)
ymaxl = 1 + —2‘6 Mj tan 971' (4'5)

Since the values of X and Y are known at £, = 0 and #, = 1, it is assumed that their behaviours for
intermediate values of #, can be typified by their values at £, = %, } and their derivatives at #, = 1.
These quantities can be obtained from the calculations of Love, Woodling and Lee for p;/p, = 9, 4
and for p;/p, near 1. Letting a subscript denote the value of a quantity at that value of t,, and with
a dash-denoting differentiation with respect to 2, it is found that the following formulae display
the main features of the data;

(6+M)[(70+ 9'y,) + 14(9y,;—10) tan 8,] | (46)

Ko = 3840
. ,
© Xy, = 55 [5+2(2y;+ M;—3) tan 6,] : (47)
' 1 7 2 -1/, l ) 2 - 1, 7 -1
Xy = (10 —27 tan 6,445 tan? 0, )y~ #[(5M; ~ 3)M;~(My* = 1)*] 75 M; (48)
Yy = 5og [15¢4y;+1) = 2(2M;—3) (5 =3y;) (1 -5 tan 6,)] (49)

— M, +10)(20+7M, tan 6,) [30 — 10 tan 6, —3(7y;+ 3M;~ 12) tan2 6,] (50)

1
7 _— — .
Y = 51600 (7

-1

Yy = %(1 ttan 0,)y; MY ME—1)R] 1 + 7 M, tan 6, (51)

20

The above forms for Xy, Xy, Y, Yy, have been derived crudely, any simple satisfactory
variation with each parameter being accepted and in several instances this turned out to be linear.
Rather more care has been taken with the derivations of X,,,+ 1, Ymax1 X1» Y1 since they have been
arranged to exhibit two well-established features for p;/p, near 1, namely that the shapes of jet
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boundaries with the same initial direction angle are practically independent of y; and that jet
boundaries can be represented by circular arcs with the correct values of 6,, x,, and y, . . However,
there has been no attempt to express the separate formulae (46) to (51) in such a way that consistent
trends with respect to 6,, ; and M; may be discerned, and probably more consistent formulae
may ‘be obtained by inspecting the given formulae and making slight ad_]ustments within the
tolerances allowed by their inaccuracy. :

- For the variation of X and Y with p;/p, within the range 1 < p;/p, < 9 some form of in‘terpolation
with respect to #, may be used. In Fig. 13 an indication is given of the accuracy of interpolating X
and Y by a quartic in #, for the particular example p;/p, = 5 selected by Love, Woodling and Lee.

Care must be taken in attempting to use the formulae for values of the parameters outside the
stated ranges. The range of y; is probably adequate, for practical purposes. Extrapolation with
respect to Mj is not recommended, but extrapolation down to 8, = 0 is probably reasonable.
Some idea of the behaviours of x,,. and v, for values of p,/p, > 9 should be possible, and it

is suggested that for rough analyttcal purposes the order of x,,. and y,.. for p;/p, > 9 may be
obtained by takmg

= 3Xuty, ’ (52)
Y = 3Yy,. ' 4 (53)

3.2. Shock Waves in the Jet. 3.2.1. Initial shape of the curved shock. The initial inclination of
the curved shock is the inclination ¢, of the final characteristic at the nozzle lip, which may be
found easily when 68, is known from the relation

by = Oy — pp. ‘ o (54)
An examination of the positions of the curved shock in various cases? 8, not discussed here, indicates

that an idea of the initial shape of the curved shock can be obtained from the 1n1tlal 1nchnat10n
and the shape of the corresponding jet boundary

3.2.2. Location and size of the normal shock. Adamson and Nicholls?® suggest that the normal
shock occurs in such a position that the pressure behind it is equal to the ambient pressure p,,.
"This suggestion appears to be a very useful guide. It means that if the axial Mach number distribution
of the jet expanding to a vacuum can be estimated, in a manner such as that outlined earlier for
instance, then the distance / of the normal shock from the exit plane of the nozzle can be found
immediately. : :

The analytical expression given by (30) and (31) for the form of the axial Mach number distribution
at large distances from the radial flow enables an analytical expression for / for large values of
P;i/py to be derived. If M, and p, are the Mach number and pressure on the axis immediately in
front of the normal shock then if the pressure behind the shock is Py it follows that

Polts = 2yl + 1 MLE — (= Dy + 1), (5)
and since p; is related to p; by - . . o L
Pulpy = [1+ 3y;— M2 [1 + Sy = M0 o (36)

then Dylp; and M, are related by
Polty = ol 1M — = )l DI + 1<yg.~1>M e VI,
x U+ 3y, = )M2]vifes=> e 7 T 57
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For large values of M, this becomes

polty = 2yt D 2= ) + MEPeDM 2o 4 (58)
The axial Mach number distribution gives
M, = KI%D ..., (59)
and hence combining these two results it follows that for large p;/p;
, I= Lpjlp)" + . e o (60)
where
L = K059 2y, 1% 20y, — 1) 4+ M-, (61)

Since it might be expected that / would vary in the same way as x,,, for large values of p;/p,,
this result helps to confirm the assumed variation of x, ., with (p,/p,)"® when p,;/p, is large.

* Love and Grigsby? give a large amount of experimental information on the location of the normal
shock in the particular case when y; = 1-4 for 8, = 0(5 deg)20 deg, M; = 1-0(0-5)3 -0 and for various
values of p,/p, in the range 1 < p;/p, < 100. The results indicate that 6,, has only a very small effect
on I. The measured values of / in the case 8, = 0 are illustrated in Fig. 14 in the form of //x
as a function of #,, the values of x,,. being calculated from Equations (41), (44), (46), (47), (48).
Also included is the rough result obtained for #, = 0 by using Equations (60), (61), (41), (44) and
(52); it is effectively independent of M; in the range considered.

In the case of the size of the normal shock, defined by its radius 4, the results of Love and Grigsby?
for y; = 1-4 show complicated variations with p;/p, and M; and also with 6, when p;/p, < 4, and
in this range of p,/p, information is best obtained directly from the original paper. The results for
P;/py > 4 can be condensed and extended somewhat, but no reliable and simple formulae have
been deduced. However, it appears that d becomes infinite like (p;/p,)'? as p;/p, — 0 and at least
for large values of p,/p, it is useful to consider the quantity d/y,,,x.

4. Jets Expanding into Supersonic Airstreams. 4.1. Application to Rocket Jets at High Altitudes.
Consider a missile which has a single axi-symmetrical rocket motor, with its external surface
cylindrical ahead of the nozzle exit and with no annular space or base in the exit plane. Assume
that the cylindrical portion of the missile is long enough for the flow conditions on the external
surface upstream of the nozzle exit to be the same as those relative to the missile in the surrounding
air, and let M, and p, denote the Mach number and pressure in the external flow. The aerodynamics
of the rocket jet then depend on 8,, y;, M;, p,;/p,, and M.
~ For a missile moving in a given trajectory, the quantities 0,, y;, M; and p; depend on the particular
rocket and are independent of the altitude, while p_, depends on the altitude but is independent of
the trajectory, and M depends on the altitude through the trajectory. If the pressure of the
atmosphere at sea level is denoted by p, o, then p;/p., may be written as p;/p,, o multiplied by
Poo/Pw> Which depends only on the altitude. Therefore, the practical independent parameters are
0> vi» M, Pilp oo and the altitude. .

Now in the estimation of radio-wave attenuation, for instance, there is a requirement for a
rapid method of predicting the contours of constant density and temperature in rocket jets at high
altitudes. But the flow near the nozzle in a jet expanding into a supersonic stream is the same as
that in the corresponding jet expanding into still air at the pressure p, on the actual jet boundary
just downstream of the nozzle lip, and the region in which the two jets are-identical gets bigger as

11



the pressure ratio increases. Moreover, the information given here is sufficient to enable an idea of
the boundaries and shock waves of still-air jets to be obtained and also, using the information on
vacuum jets, the contours of constant density and temperature in the inner region to be estimated.
Therefore, it is possible to get an idea of rocket jet flow fields at high altitudes by relating p, to the
altitude. A composite picture (subject of course to the limitation of continuum flow theory) may
be formed which has the flow field of the corresponding vacuum jet as a background and has
superimposed on it the jet boundaries and shock waves for the still-air jets with values of p;/p,
corresponding to certain values of altitude. The condition that the jet suffers no deflection just at
the nozzle lip defines the lowest altitude which may be considered.

A method of calculating a variation of p;/p, with altitude is now given. It is assumed, as by Lovel®,
than when p;/p, = 1, which occurs between about 40,000 to 50,000 feet, there is in the external
stream an oblique shock attached to the nozzle lip, and it is further assumed that the oblique shock
does not immediately become detached at p;/p, increases above 1. These assumptions imply the
existence of a maximum permissible value of p;/p, , for a given 8, but the restriction does not turn
out to be serious. At altitudes above about 100,000 feet the attached oblique shock configuration
would not be maintained and there would be a shock and separated boundary-layer system on the
cylinder ahead of the nozzle exit. The maximum flow-deflection angle through an oblique shock
may be used to give a rough criterion for the breakdown of the attached shock assumption. In order
to get an idea of the boundary pressure in these circumstances at altitudes well away from the lowest
it is assumed, following Love and Lee?, that the pressure rise is equivalent to that through a normal
shock. No hypothesis is made about the precise external flow pattern at intermediate altitudes.

It appears from the United States’ extension to the I1.C.A.O. standard atmosphere!? thﬂat, if %
denotes the altitude in millions of feet, a close approximation to the ambient static pressure p,, is
given for 0 < 2 € 0-4 by

PfPoy = 10-19h = e-hio0228 : (62)
‘Therefore, up to 400,000 feet, the altitude is given in terms of p;/p,, and p;/p, o by
h = 0-0228[log,pylp.. — log,psfb .ol (63)

Hence the problem of finding a relationship between p;/p, and % becomes that of relating p;/p,
and pj/pw' ) )

In order to obtain explicit results a specific trajectory is now assumed; a similar analysis to that
which follows could easily be carried out for any other trajectory (or indeed for a wind-tunnel
experiment in which M, is constant). It appears that the simple relation

M, = h/0-0228, 0<h<04 (64)
defines a realistic trajectory, and in this case it follows that M, and p,/p,, are connected by '
M, = 108,p 0 o/ps — 10geD oo [Ps | | (65)

Consider first the range near p,/p; = 1. Suppose that the pressure change through an oblique
shock is written py/p,, = P(M, 6,); the function P is known numerically'®* and approximately
analytically’®. When p,/p; = 1, 8, = 0, since the jet is not in this circumstance deflected initially.
Therefore, if M, ; denotes the value of M, when p,/p; = 1 and if P; denotes P(M, 4, §,), then for
the particular trajectory under consideration it follows that M, ; is defined as a function of p, o/p;
and 0, by the implicit equation

Mw 1= logepoo O/pj -+ 1OgeP1" . ' : o B (66)
12
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To ensure that a well-established attached oblique shock is present when p,/p, = 1 it is stipulated,
for convenience, that p, ,/p; must be such that M, ; is greater than the value, (M, )min 52y, at
which dP,/8M ,; = 0. This means that, if (Py),,;, denotes P{(M ., )min> On}» then

Pj/.poo 0 S (Pl)min eXp {_ (Moo 1)min} . (67)
It may be shown, by matching the oblique shock relations with the Prandtl-Meyer expansion of
the jet at the nozzle lip, and using the relation between M, and p,/p;, that for values of p,/p; near 1

Polty = PyH 1= {Py 4y My (MPA— 1YRPY (P =Py (L=pyfp) + . .. ], (68)

" where P’ = 8P,;/dM,, and P, = aP,/38, and both Py’ and P, can be obtained from the existing
information 131415 on P,,
When p,/p; is very small it is assumed that there is a shock-wave/boundary-layer interaction on
the cylinder upstream of the nozzle exit such that the pressure at the nozzle exit is that appropriate
to the pressure rise through a normal shock; then it follows, by using Equation (65), that

Doty = & (PuolPs) 108Dy + - -+ . - (69)

Having related p,',/p,- and p . /p;, the final requirement is to relate p,/p; and 4. The above results
yield relations for p,/p; for values of % near its minimum value %, = 0-0228M  , and for higher
values of % corresponding to p,/p; small. For intermediate values of % these end results can easily
be connected by graphical interpolation.

4.2, Example. The information given in this paper may be used as the basis of a crude method
of predicting rocket jet flow fields at high altitudes. Such a method has been evolved but the details,
which are of an essentially expedient nature, have not been published (although they are available
as an unpublished Memorandum). Here the results of a practical example for a particular rocket
and a specific trajectory are reproduced.

The example considered is the case for which the semi-divergence angle of the nozzle 6, is 15 deg,
the ratio of specific heats of the jet gas y; is 12, the jet reference Mach number M is 3, the jet
reference pressure p; is one third of atmospheric pressure at sea level p, ,, and the trajectory is
that assumed above in which the external Mach number M, varies linearly with altitude up to a-
value of about 18 at 400,000 feet. The jet begins to expand out of the nozzle at about 43,000 feet,
and the calculations af)ply between this altitude and 400,000 feet. The variation of p;/p, with
altitude is shown in Fig. 15, and the variations of 6, &y, ®1,x, Vmax £ and d are shown in Fig. 16;
the jet boundaries and internal shock-wave patterns for some altitudes from 100,000 feet to 400,000 feet
are drawn on the basic map of constant density and temperature contours in Fig. 17. The initial
direction angle of the jet varies almost linearly with altitude, from 15 deg at 43,000 feet to 105 deg
at 400,000 feet. The maximum radius of the jet and its distance from the nozzle exit are about
1-3 and- 21 nozzle radii at 43,000 feet, but both increase extremely rapidly with altitude above
about 150,000 feet and are of the order of 300 and 600 nozzle radii at 400,000 feet. The location and
radius of the normal shock behave in an approximately similar manner, and the distance of the shock
from the nozzle exit is taken to be about four-thirds the distance of the maximum jet radius and,
above 150,000 feet, the radius of the normal shock is taken to be about one-third the maximum
radius of the jet. The ratios of the temperature, density and pressure on the jet boundary to the
reference values at the nozzle exit vary from unity at 43, 000 feet to about 0-2, 0-0001 and 0-00002
respectlvely at 400,000 feet.
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LIST OF SYMBOLS
Radius of normal shock

Factor used to give effect of axial symmetry in initial slope of Mach number
distribution along axis :

Factor used to give effect of 4, in initial slope of Mach number distribution along
axis

Radius of uniform sonic stream with same mass flow as that through nozzle
Altitude in millions of feet
Value of % at which p,/p, = 1; depends on the trajectory

Distance of normal shock from exit plane of nozzle

 Static pressure

Atmospheric pressure at sea level

Atmospheric pressure at altitude %; also ambient static pressure on external
surface of rocket immediately ahead of nozzle exit

Value of p,, when p;/p, = 1

Static pressure on jet boundary just at nozzle lip; identical with p for jet
expanding into still air

Static pressure in jet, taken on the nozzle surface immediately ahead of the exit
Static pressure on axis immediately ahead of normal shock

(plps)ri—DRi

(Polpg) o023

(Polp))™

Axial co-ordinate, measured from nozzle exit plane

- Value of x at position of first maximum of jet

Value of »,,, when p;/p, = 1

Value at x at end of radial flow on axis

Radial co-ordinate, measured from axis; nozzle exit radius equals unity
Value of y at position of first maximum of jet

Value of y,,,. when p,/p, = 1

Initial slope of axial Mach number distribution for single two-dimensional
Prandtl-Meyer expansion

Mach number
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LIST OF SYMBOLS—continued

Mach number of missile, defined by trajectory; also Mach number on external
surface of rocket immediately ahead of nozzle exit

Value of M w ‘when pj/fb =1

Minimum value of M, consistent with existence of ‘well-attached’ oblique
ShOCk at Pj/pb = 1

Mach number on jet boundary just at nozzle lip

Mach number in jet, taken on the nozzle surface immediately ahead of the exit
Mach number on a-Xié immediately ahead of normal shock
Mach number at end of radial flow on axis

2/(v;—1)

Function associated with pressure rise through an oblique shock
Notation for P when M, = M, ,and 5, = 6,

Minimum value of Py, occurring when M, = (M 1)min
aPoM ‘ "
oP,/a8,

— do/ds when s = 1

— do[ds when s = 0

Temperature on the boundary at the nozzle lip

~ Jet temperature on the nozzle immediately ahead of the nozzle exit.

xma,x 1/ l%'ma,x

Value of X when #, =

cof=t

Value of X when #, =

D=

Value of Qf when #, = 1

y max 1‘/ y max

Value of Y when ¢, =

Qo

Value of Y when #, = }

- dy
Value of o when £, = 1

Ratio of spécific heats of jet gaé ‘
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LIST OF SYMBOLS—continued

UG

[1+ (M — Py

Angle of inclination (to axis) of streamline at nozzle lip at arbitrary point in
Prandtl-Meyer expansion.

R

Semi-divergence angle of nozzle

NHN

Initial direction angle of jet
Value of 8, when 8, = 0; 0,y = v, — v,
Value of 8, when Pj/Pb = 003 B pmax = (Vr;lax_vj)

‘Area-ratio’ function

T TR R
[ ' {

Value of A corresponding to M;

-

T I R R R N

Value of A corresponding to M
Mach angle
Value of u cor_responding to M;

Prandtl-Meyer angle

[Py

Value of v when M = oo

P

Value of v corresponding to M,

Value of v corresponding to M;

Value of » corresponding to M

11+ (x— &)@

Value of £ when n = 1

Density on the boundary at the nozzle lip

Jet density on nozzle immediately ahead of nozzle exit

IR EIE TN

(V - Vj)/(vmax_ Vj)

Ratio of local speed of sound to stagnation sound speed

Value of 7 corresponding to M;

Py

Value of = corresponding to M,

Angle of inclination (to axis) of characteristic in Prandtl-Meyer expansion at
nozzle lip

Angle of inclination of curved shock at nozzle lip
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Fic. 1. Details of conditions near the nozzle exit.
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Fic. 2. Sketch of flow field of jet expanding into a vacuum.
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) ¥ max iy

Fic. 3. Sketch of flow field of jet expanding into still air.
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