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Wing 

Summary. A method is developed for designing the centre portion of a cambered and twisted swept-back wing to 
have the same chordwise load distribution at all spanwise stations. For this purpose the downwash field induced by 
a doublet distribution of constant spanwise strength in the chordal plane of a constant-chord wing is determined for 
incompressible, sonic and supersonic main-stream flow. Since the downwash has a logarithmic singularity at the 
centre section in the chordal plane itself, an approximate method is suggested to satisfy the boundary condition at the 
surface of the thick wing. Numerical examples illustrate the influence of the angle of sweep, the wing thickness and 
the load distribution. They show in particular that the required shape does not vary much with Mach number. A rela- 
tively rapid change of twist and camber with the spanwise distance from the centre section is required as shown by 
calculated results for sonic flow. There is some reason for using the camber and twist designed for the centre section 
of the  isolated wing also for wing-fuselage junctions. 

1. I~¢troductio~.--This note deals with the problem of determining the shape of a lifting 
swept-back wing with a given spanwise and ehordwise load distribution. I t  is known that  the 
flow in the centre region of a swept wing is highly three-dimensional and therefore differs con- 
siderably from that  on a two-dimensional wing, which implies that  the section shape (camber 
and twist) at the centre of the wing must differ from that  at stations away from the centre if a 
given chordwise load distribution is required everywhere. It  is the aim of this note to determine 
the camber and twist at the centre part of a swept-back wing when the load distribution is given. 
The design of such a wing with a load distribution which is constant along lines parallel to the 
leading edge is of practical interest since, together with a properly chosen thickness distribution, 
such a wing may have straight and fully swept isobars, whereas otherwise the benefit of sweep 
is largely lost over the central part of the wing. 

With this type of load distribution, a mathematical difficulty arises if linear theory is applied 
in its standard form such that the boundary condition (of zero normal velocity at the wing 
surface) is satisfied in the chordal plane instead of at the wing surface. Constant spanwise load 
distributions lead to a singular behaviour of the downwash induced at the centre-line of the 
wing as can easily be seen in the case of subsonic flow where the load distribution under con- 
sideration can be represented by straight vortex lines which have a kink at the centre section. 
This implies that, in the present case, we cannot calculate the induced velocities at the position 
of the singularities and add the velocity increments due to the thickness distribution of the 
wing afterwards. We must take account of the wing thickness and of the load distribution 
simultaneously and satisfy the boundary conditionat the surface of the thick cambered wing. 

*R.A.E. Report Aero. 2591, received 5th November, 1957. 
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An approximation to the correct procedure is obtained by calculating the downwash induced 
by a plane sheet of vortices or doublets at points which are displaced from the sheet by half the 
local wing thickness. Though we depart in this respect from the usual linear theory, we still 
make the assumption that  thickness, camber and twist are small so that  it is justified to use the 
linearized potential equation. 

The flow at subsonic, sonic and low supersonic speeds is considered to s tudy the effect of the 
free-stream Mach number. To isolate the centre effect in incompressible flow we consider only 
wings of infinite span (i.e., constant chord), which implies the absence of trailing vortices. 
A restriction to infinite wings is, of course, not necessary with sonic or supersonic main flow. 
In the case of a supersonic main stream, only wings with subsonic leading edges are treated. 

The downwash field which is induced at the centre section by a plane sheet of doublets with 
constant strength along the span is calculated in Section 2 for a supersonic main stream, in 
Section 3 for sonic main stream and in Section 4 for incompressible flow. In Section 5, the 
assumptions inherent in the approximate method for calculating the normal vel9city induced 
at the surface of the thick cambered and twisted wing are discussed. Some numerical examples 
are given in Section 6 to illustrate the effect of the free-stream Mach number, of the chordwise 
load distribution chosen, and of the wing thickness and the angle of sweep. The variation of 
the section shape with spanwise distance from the centre section is calculated in Section 7 for 
sonic main flow. In Section 8, it is shown that  a similar singular behaviour of the downwash 
occurs in the junction of a fuselage and a swept wing as in the centre section of the isolated wing. 
A few load distributions which avoid tile singular behaviour of the downwash are considered 
in Section 9. 

2. The Downwash  Induced in Supersonic F low. - -2 .1 .  General Re la t ions . - -Le t  x, y ,  z be a 
right-handed system of Cartesian co-ordinates with the origin at the leading edge of the centre 
section, the x axis taken in the direction of the undisturbed stream and y spanwise. The wing 
chord c at the centre section of the wing is taken as uni ty  throughout. The undisturbed stream 
has a velocity V0 and a Mach number M0, and ~ = ~/(M02 -- 1). 

Our aim is to determine the shape z(x, y) of a wing of given plan-form and given load distri- 
bution. The wing surface is a stream surface which can be calculated if the velocity field is 
known. In this note, the linearised boundary condition 

az(x, y)  v/x, y, z) 
ax vo . . . . . . . . . . . . . . . . .  (1) 

will 'be used to determine the wing shape (see Section 5). The downwash vz can be calculated 
by determining first the perturbation velocity potential 4 which satisfies the equation of motion 
and satisfies the boundary condition at the wing imposed by the given load distribution. The 
velocity component v~ is then determined by differentiation with respect to z. 

With a surface doublet distribution in the plane z -= 0 and supersonic main stream the per- 
turbation velocity potential 4, which satisfies the linear potential equation, is determined as 
the ' finite part  ' of (see, e.g., Ref. 1, p. 445) • 

~ ( x , y , z ) - -  ~ 2 z f ~  ~ v ( x ' , y ' ) - - ~ L ( x ' , y ' )  
2~ ~ g { ( x  _ x , )2_  ~ 2 ( y _ y , ) ~ _ ~ 2 z ~ } a d x '  d y ' ,  . .  . .  (2) 

where the integration has to be carried out over the part of tile doublet distribution lying within 
the Mach fore-cone from the point x, y ,  z • 

(x - x') > t3 (y _ + 
X ~ X  ~. 

The suffices v and ~ denote the upper and lower surfaces of the wing, i.e., of the doublet distri, 
bution, We introduce the load coefficient l(x, y) • - . . . . . .  



qx,  y) = - d c . ( . ,  y) 

= - ( c , ~ ( . ,  y )  - c ~ ( . ,  y ) )  

= 2{ v~(x'vo y) ~(x'Y)}Vo 

+{+:+_;,y, +++..+>} .+ 
- -  , . . , • • + ° • • 

Vo +x 

Integrating equation (2) by parts with respect to x'  and taking the ' finite part ' 
a wing with subsonic leading edges the equation • 

.. (3) 

we obtain for 

fj + 
¢(x, y ,  z) - -  zVo l(x' ,  y ' ) ( x  - -  x') _ dx '  dy' .  (4) 

4= + ( ( y  - y ' ) ~  + : ) g [ ( .  - . ' ) = -  : ( ( y  - y ' ) '  + z=)] .... 
Thus, for given load distribution l(x, y) ,  the potential ¢ can be determined by  .integration. 
Differentiation with respect to z gives the downwash v, and by another integration (equation (1)), 
the shape of the stream surface, i.e., the required shape of the aerofoil, is obtained. 

We deal in this section only with the centre section of the w!ng. For this • 

z V o . t  ~ l ( x ' , y ' ) ( x - - x ' )  d x ' d y '  . . . . .  (5) ¢(x, o, z) 
2= +-. (y,2 + :)V/{( x _ x , ) 2 _  f l ~ y , =  f12:)) 

The integral is to be taken over the part  of the wing for whichy '  > 0 and x -- x' > flV:(y '2 + z"). 

Therefore 

( , y )  do:' dx '  ¢(x, o, z) = ~ z ( .  - . x ' )  ( 9  + : ) V ( ( x  - x')~ - ~2y'~ - : : }  
t 0 

v° I~-:" z ( . -  x')f (1/e)v~{('~'')~-::} 
+ ~ a-*l 0 

where xl is determined by the equation 
1 

2X:t2. 
tan2~0 - -  (x - -  xl) ~ - -  fl~z 2 . .  

and 9 is the angle of sweep of the leading edge. 

l l x I  I', ( , . y ) d y '  
(y,~ + z2)~e/{(x . _  x , )=_ f12y,2_ fl~z'} 

d.',  (~) 

(7) 

2.2. Constant  Load  D i s t r i b u t i o n . - - T h e  aim is to determine explicit formulae for the downwash 
in those cases where the load distributions vary linearly along the chord. Therefore, we consider 
the two distributions • 

l(x, y)  = A = const, . . . . . . . . . . . . . .  (8) 

l(x, y)  = B ( x , - -  lYJ tan 9) . . . . . . . . . . . . . . .  (9) 

Applying the transformations • 

fly' = V / { ( x  - -  x ' )  2 -  f12:} sin 

: =  t a n ~  , 
a 



we o b t a i n  

fi ' gY' 1 t, ( , -  x') 
(y'= + z =) ~/{(x - x ' ) '  - ~2y ,S  _ 5=z s}  - ( x  - x ' ) z  tan-* /~z 

F o r  y~ = x ' / t a n  9 

f iX  t 
tl ~,/[tanSm((x --  x') s -  3~zS} - - / ~x  's] 

1 
fo r  ~', = # V ' ( ( *  - -  ~ ' ) '  - -  V'~=} 

F o r  c o n s t a n t  l oad  d i s t r i bu t ion ,  t h e  p o t e n t i a l  f u n c t i o n  is t h u s  g iven  b y  t he  r e l a t i on  ' 

¢(x, o, z) 
" A V0 = k(x - - /~z - -  x~) 

fl ' 1 ' x ' ( x -  x') dx'. 
+ ~ t an -~  zv/ [ tan~ ~{(x _ x , ) ~ _  t~Sz "~} _ 3Sx,~.] (10) 

D i f f e r en t i a t i on  w i t h  respec  t 

v , ( x ,  o, z)  ¢~(x, o, z) 
A V. A Vo 

to  z gives  for  t he  d o w n w a s h  t h e  r e l a t ion  

+ 

4 
1 f ~ t a n 2 9  x ' ( x - - x ' )  dx '  

2~ Jo- (x'2 + z2 tan2 ~°)l/[tan2 ~ { ( x  - -  x ')  ~ - -  f32z s} - -  t~Sx'21 

I: 1 ~ a ' x ' ( x - x ' )  

/~ t a n  s ~ - -  3 ~. 

4 q 2~ "f q dx '  . V [ t a n  s 9{(x - -  x') 2 - -  32z 2} - -  /~2x'2] 

tans  ~ [*~ dx '  x x '  + z 2 t an2~  
2~ (x ~s + z 2 t a n  s ~)~/ [ tan~ ~{  (x - -  x') ~ - -  ~ z  2} - -  ~2x'*]. 

0 

+ ~ (X ~z) dx '  

+ ~ ( ' x+~)  

(X - -  3z - -  x ' ) l / [ t a n  s 9 { ( x  - -  x ')  ~ - - /32z  ~} - - 3 2  x '2] 

dx"  
(x + 3z - -  x ' ) ~ / [ t a n  s 9 ( ( x  - -  x ')  s - -  32z s} - -  3Sx '2] 

= , / ( t a n ~  - as) log a , / ( x  ~ + (tan~~ - -  ~ )  z s} 
2~ x t a n  9 --  1 / (  tan2 ~ - -  32)1/(x 2 - -  3Sz ~) 

tan2 9 f l l  x x ' + z 2 t a n 2 9  
2~ (x '~ + 2 s t a n  s 9)~, / [ tan s ~{(X  - -  x ')  ~ -  t~Sz ~} - -  ~2x'2] 

d x  t . 
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Let the following nota t ion be introduced ' 

f 
xl dxt  

• 0 (x'2 + z~ tan~ ~) V[tan~ 9 { ( x  - -  x ' )  ~ - - /~2z2}  --/3~x'~] ' 
(11) 

'i 1 X' dx' 
J~ = (x,~ + z* tan~ ~o) ~/[tan~ 9{(x - x') ~ _ ~ z  ~} - ~x,~.l • 

These integrals can be de te rmined  in closed form as shown in the  Appendix.  
for the  downwash then  becomes • 

~(x, o, z) 
A V o  

v ' ( t a n ~  - - / ~ ) l o g  ¢~/{x~ + (tan2 9 --/~2)z~} 
- -  2~ x t a n ~  -- v/(tan2 ~0 --//~)~/(x ~ --¢~2z 2) 

.. 02) 

The final relation 

tan 2 9 

2~ (xJ~ + z ~ t an  ~o J~) . (13) 

In  the  examples of practical interest,  z ~ x, for most  of ~/he wing ; for this case equat ion (13) 
can be simplified considerably by  using only the  first-order terms wi th  respect to z for J t  and J~ 
as given in the  Appendix.  

This yields : 

A V0 

tan ~0 [zlfl v / ( tan  2 9 -- ~)  
log + log 

2~ 2 x  2~ tan ~ --  ~ / ( tan  ~ ~0 --/~2) 

+ terms of order z 2 log Izl . . . . . . . . . . .  

This equat ion shows tha t  the  downwash becomes logari thmically infinite for z - +  0. 

. .  ( 1 4 )  

we obtain for the  potent ia l  function aind the  downwash the relations ~. 

¢ (~, o, z) 
. . . .  ' BVo ~ 

2.3. L i n e a r l y  V a r y i n g  C h o r d w i s e  L o a d  D i s t r i b u t i o ~ z . - - F o r  the load distr ibution of equat ion (9) 

+ ~  

t an  9 

x' tan  -1 x ' ( x  - -  x ' )  ~ clx' 
z V [ t a n  ~ 9 { ( x -  x') ~ -  /32z 2} --:/~2x '2] 

filztang(x--x')--%/Etan29{(x--xt)2t3~z2)--~2x'21 
2~- ~ log tan ~(~ -- x') + ~ V ( ( ; - -  ~ -- ~ -- a~x'~J Y, 

;< 

I 
X - - f l z  

tan  9 z 
2~ J~l ~ log  

x - x '  + ~ / ( ( x  - x ' )  2 - ~2~2} d x '  
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v~(x, o, z) 
B V o  

¢~(x, o, z) 
B V o  

t~ 
= - ': ( x  - ~ z )  

4 

2~ . v / [ t a n ~ 9 { ( x  _ x,)~ _ [~zS} _ $Sx,S] dx '  

~ ~ ' . x ' s ( x . x ' )  , 

+ ~ {(x - -  x ')  ~ --/3~z s } V [ t a n ~  9 { ( x  _ x,) s i~Sz~} _ ~x,2]  dx '  

t a n  9 log ta__n 9(x  - -  x') - -  V [ t a n  s 9 { ( x  - -  x '  F - -  [3~z s} - -  ~Sx'~] dx '  
4z~ t a n  9(x  - -  x') + ~ / [ t a n  s ~ ( x  - -  x') ~ --/~2z~} -- /3~x '~] 

t a n  ~o 

4~ f l  log  x -  x , -  V { ( ~ -  ~ , ) s _  a ~ ) d ~ '  

X - -  .)d t 

dx '  

8 s 

= ~ z + - -  tan ~ tan 
2~ VtxS  - -  ~sz~) 4~ x log 

x + x / ( x  ~ - Z Sz~) 

x - V ( x  ~ - ZSz~) 

2~ 
$ ~ / { x  s + (tan2 ~ - -  ~ ) z  ~} 

x log t a n  ~x  - -  ~ / ( t anS  ~o - - /~s)~/ (x~ _ ~zS) 

- -  '--- z sin -1 z t a n  
2~ ~ / { x  s + ( t anS9  - -  SS)z2~ 

t a n  ~ ~0 Z2 ~ 1  
2~ Jo 

, Y  - -  X t 

(x 's + t a n  s 9 z S ) V [ t a n  s ~o { ( x  - -  x') 2 - -  SSzS} - - /3Sx  's] 

E x p r e s s i n g  t h e  i n t e g r a l  a g a i n  b y  m e a n s  of  t h e  i n t e g r a l s  J 1  a n d  
(11) a n d  (12), t h e  f inal  r e l a t i o n  fo r  t h e  d o w n w a s h  r e a d s "  

v / x ,  o, z) a s t a n  
z + ~ - =  V ( x  ~ -  ~szs) 

B V o  4 

d x  p ° 

Js ,  as d e f i n e d  in e q u a t i o n s  

t a n  ~o 

4~ 
- -  x l o g  

x + x / ( x  ~ - Zszs) 
x - v ' (x  s - p~z s) 

+ v / ( t anS  ~ _ ~s) 

2~ 
./3~/{x 2 + ( t an  2 9 --/32)z 2} 

x log t a n  ~ox - ~ / ( t a n  s ~o - -  Ss) ~ ( x  s _ ¢~z ~) 

/•2 - -  - -  z sin -1 z t a n  
.2~ V / { x  2 + ( t an  S ~ --/3~)z 2 } 

tan4 ~ z 2 (x J1 - -  J~)  
9,z~ 
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This relat ion can again be simplified for z ~ x : 

, t a n  ~0 v~(x, o, z) t an  ~0 z ~  + 
B Vo - -  2 ~  x log 2x 2z 

X 

+ 5/(tan2 ~° --  fl~ . fl 
2~ ) x log (an 9 --  ~ / ( t a n  ~ ~0 - -  ~ 2 )  

t an  2 ~0 --  $2 

4 
z + terms of order z 2 log ]z] . (16) 

3. The Downwash for  Mo = 1.=--For a free-stream Mach number  equal  to uni ty ,  the  analysis  
is ve ry  much  simpler. The potent ia l  funct ion ¢, result ing from the  l inearized potent ia l  equat ion,  
is given by  : 

Vo ~ ~ l 'x '  '" ¢(x,y ,z)  ~ z ( y  t , y  = ~ - 7 ) ~ - +  z ~ dy' d : ( ,  . . . . . . . . . .  (17) 
d z  

where  the  integral  is to be t aken  ove r  t ha t  par t  of the  wing for which x' < x. Equa t ion  (17) 
is the l imit ing form of equat ion  (4) for/~ --> O. In  part icular ,  for the centre  section of the  wing, 

Vo f i '" ' t~"*Z'x  ' `  ,y)" ¢(x, o, z) = ~ z . . . . .  o 9 + z~ dy' dx' . .  . . . .  (18) 

In  view of the simple relat ion for the potent ia l  funct ion for sonic main-s t ream Mach number ,  
we can t rea t  chordwise load distr ibut ions which are more general  t han  those of the previous 
section. We still consider the  case of constant  spanwise load dis t r ibut ion 

z(x, y) = z(x - [yl tan 9) 

= l(~) . . . . . . . . . . . . . . . . . . .  (19) 

I t  is useful to in t roduce  ~' and y '  as independent  variables into equat ion  (18) • 

Vo -~')l~, ~ dy' d~'. ¢(x, o, z) = ~ z (~') 9 + z~ 

Performing  the in tegra t ion  over y '  • 

v0fl ¢(x, o, z) = 
X - -  ~r 

l(~') t an  - 1 -  d~ ' .  
z t an  

Differentiat ion wi th  respect to z leads to the following relat ion for the  downwash  • 

v z ( x , o , z ) _  1 (~ l ( , , )  ( x -  ~') tan~  d~' .  
V0 2~ Jo (x -- ~,)2 + z 2 tan  ~ ~0 

(20) 

We assume tha t  the  load dis t r ibut ion can be wr i t ten  as a polynomial  in ~ • 

N 
(21) 
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l(8') can  t h e n  also be  w r i t t e n  as a p o l y n o m i a l  in (x --  8!) " 
N 

z(8) = z b,,~(~)(~- 8')'" , v I I i t "  = . t I . .  

m = O  

w i t h  t he  coeff icients  • 

N 

bo(X) = x a . x  '~ z ( ~ )  . .  : :  

b:,(~) = [ ( -  1),,, (::,) ~,~ ..... . . . . . . . . .  

I n s e r t i n g  e q u a t i o n  (22) i n t o  t h e  d o w n w a s h  e q u a t i o n  (20), we  o b t a i n  

f" %(x, o, z) t a n  ~o bo(x) : k 8', dS' 
Vo 2= o (x --~ ' )" .  + z 2 t a n  2 

f: t a n  ~o b~(x) (x -- ~')". 
2 = (x - -  8') ~ + z ~ t a n  ~ ~o 

t a n  ~o ~ b,,,(x) (x - -  8') "-~ dS' 
2 =  m =  ". 

0 

d ~  t . 

t a n  ~ z". ~ 5.,(x) f~ + ~ tan"- ~v .... 
0 

( x -  8') ~-~ 
( x - -  8')~+z ~ t a n  29 

t a n  9 bo(x) ½ log z". t a n  ~ ~o 
2= x ~ + z ~ t a n '  

tan2= (p b~(x) ( x  -- z t a n  ~o t a n  -1 

tan ~ ~ b,,~(~) ~"--' 
2 =  ,~=". m 

x) 
z t a n  ~o 

+ t e r m  of o rde r  z". log Izl 

t a n  9 z 2 tan". ~ l(x) 
4= log x~ + z". tan" 

_ _ _ _  N Z t a n  2 ~0 t a n  - 1  x E ~ ¢ a , , x , ~ _ l  

2= z t a n  9 ~=1 

t a n 9  ~ [  ~ ( - - 1 )  .... 1 
2~ .... ~k .... ~ m ( 2 )  

-}- t e r m  of o rde r  z ~ log Iz l  . 

Ct~Z n 

F o r  t he  specia l  case of l inea r ly  v a r y i n g  load  d i s t r i b u t i o n  

l(8') = A + B S ' ,  . . . . . . . .  

8 

dS' 

(22) 

(23) 

(24) 

. . . . . .  (2s) 

(26) 



v~e obt~/in : 
• . . . 

v,(x, o, z) 

Vo 

. .  . t 

tan 9"(A z~ tan~ 9 
4~ + Bx) fog x~ + z~ tan~ 

tan ~0 tan~ ~ zB tan -~ x 
+ - ~ -  Bx 2zc z tan 

( 2 7 )  

For z g x • " 
z 2 tan 2 

v~(x, o, z) tan4= ~ (A + Bx) log x= + z= tan, ~0 
Vo 

tan 9 tan 2 9 zB 
+ - ~  B x  4 

+ terms of order z = . . . . . . . . . . . . . . . .  (28) 

This result agrees with the limit as fi --+ 0 of equatiofis (14) and (16). 

4. The Downwash in Incompressible Flow.--In the general case of a wing with varying spanwise 
load distribution in incompressible flow, the wing and its wake can again be represented by a 
doublet dis t r ibu t ion in  the plane z' = 0. By this method we obtain for the velocity potential  
in incompressible flow the equation (see, for example, Ref. 1, p. 227) • 

. x 
z j j  ¢,~( , .y') - ~L(x ,  y ) dx '  , y ,  - -  - d . t ,  , " :  . . . .  " 

¢(x, y, z) 4~ V{(~ -~')~ + (y - / ) ~  + z~} 

where the integral has to be taken over the whole doublet distribution, i:.e., wing and wake. 
Introducing the load coefficient l(x, y), equation (3), and integrating by parts with respect to 

t x ,  we obtain the relation 

/ ,_Y_) 1 +  x - -  , ( x , y , z )  = - (y-y ' )~+z~ V{(x_x,)~+(y_y,)~+~} d~'d/, (29) 

where the integral has to be taken over the wing area only. This equation is similar to equation 
(4) for supersonic flow, so t h a t  the downwash at the centre section of a swept-back wing with 
constant spanwise load distribution has the same singular behaviour. 

However, it is easier to determine the downwash in incompressible flow by making use of the 
fact tha t  a representation Of the wing and its wake by a vortex distribution leads to precisely 
the same result as the representation by doublets (see Ref. 1, p. 239). -We consider a wing of 
constant chord, with straight leading edge, infinite span and constant load distribution along 
lines parallel to the leading edge. This wing can be replaced by straight semi-infinite vortex 
lines parallel to the leading edge with the circulation 

where 

r = 7 d n ,  . . . . . . . . . . . . . . . .  . .  (30)  

l(x, y)  v0 . . . . . . . .  (3i)  
Y -  2COS9 ' " . . . . . . .  

d n  = c o s  w dx'  . . . . . .  . . . . . . . . . . . .  (32)  

We make use of the Biot-Savart relation for the velocity field induced by a straight vortex line • 

v ( P )  - r ( c o s  ~1 - c o s  o:2) . . . . . . . . . . . .  (33)  
4ad 
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where G and G are the angles between the  vort ici ty  vector and the radius vectors from the  
point  P to the  end-points  of the vortex line and d is the normal  distance of P from the  vor tex line. 
The velocity vector  is normal  to the  plane through P and the  vor tex line. 

For  a point  (x, o, z) and a semi-infinite vor tex line from x = y = z = 0 swept by  an angle 9 • 

d = ~ / ( x  ~ cos ~ ~ + z ~) , 

x sin 9 
cos ~1 - ~/( .~ + z2), 

COS ~ ~--- - -  1 ,  

so tha t  the  velocity component  parallel to the z axis • 

y d n  (1 + cos 01) x cos ~o 
dv~ = - -  4~d d 

= _ l(x',  y)  dx '  Vo x cos ~0 f l  + sin ~x \ 
8~ x ~ cos=~ + z '~ [ ~/(x" + z2)j • 

Thus we obtain for the downwash induced by the load d i s t r ibu t ion  over the  whole wing, 
equat ion (19), 

v.(x, o, z) 1 l(U) x - -  ~' sin 9(x --  U)_ 
v0 - 4= c o s ~  0 (x - e') ~ + (z~/cos ' 9) + x / ( - ~ -  ~')~ + z'}J d e ' .  (a4) 

' The integral  can be split into the following three integrals ' ,  

J 
' l  

v.(x ,  o, z) 1 1(~') x - e' 
Vo = --  4~ cos ~0 0 (x--  ~')' + (P/cos ~ 90) de' 

+ 

4= cos ~ v~{(x - e') 2 + z ~} 

sin ~o f ~ 
4 =  COS ~ , 

'~ 0 

ZS/COS 2 ~o 

~(e') { ( x -  e') ~ + < / c o s ~  9,)} V { ( x -  e') .~ + z ~} 

= J 3 + J ~ + J ~  . . . . . . . . . . .  

The first term, Ja, is the  downwash induced by an infinite sheared wing. 
has for small z a singulari ty like l(x) log z. 
for small z. 

de'  

. . . .  (as) 

The second term, J , ,  
The third  term, Js, has a value proport ional  to l(x) 

For a l inearly varying load distr ibution 

z(e') = A + Be' ,  

the  integrals have the  values • 

1 
J3  - -  4=  c o  s~o 

x 2 + (z2/cos ~ ~o) _ _  A + B x  log 
2 (1 - -  x) 2 + (P/cos" ~v) 

(26) 

--B--B 
Z 

COS 

z/cos ~0 t 
tan-, 1 x(1 -- x) -- (z2/cos 2 ~o) ' ( a 6 )  

t0 



sin 9 r(A + 
4~ cos ~o [ 

X/(x ~ + z ~) + x 
B x )  log ~ /{(1  - -  x) ~ + z ~} - -  (1 - x) 

+ BV{(~  ' x) ' -~ ~ } -  B ~/(x ~ + z~) 1 , 

1 
J~ --  4~ cos ~ × 

(37) 

(A + Bx ,  { V ( x ~ + z ' ) + x s i n @ [ V { ( 1 - x ) ' + z ' } + ( 1 - x ) s i n , l  
x 2 mg { V / ( x ~ + P ) _ x s i n @ [ v / { ( l _ x ) ~ + p } _ ( l _ x ) s i n ~  1 

z z tan  ~o 
B tan  -x 

cos~ ~/{(1 - x ?  + z ~} 

+ B  z tan_ ~ z t a n 9  ~ . . . . . . .  (38) 
c o s ,  a/(x ~ + z ~) J . . . . .  

The values for z smal l  compared  wi th  x, 1 --  x, and 1 are 

l im J~ = 1 A + Bx) log 1 x 
~--+o 4z cos 9 

{ sin 9 (A + Bx) log 
lira J4 -= - 4~ cos 9 

~ - - ~ 0  

4x(1 - -  x) ] 
z~ ~ B - -  2 B x f  , . .  (40) 

1 (A + Bx) log 1 + sin 9 . . . . .  (41) 
,---~01im J5 - 4~ cos ~v 1 - sin 9 . . . . . .  

c 

5. Approximate Method of Satisfying the Boundary Condition at the Surface of the Wing.-- 
The b o u n d a r y  condit ion t ha t  the  aerofoil surface is a s t ream surface, i.e., t ha t  the  to ta l  ve loc i ty  
component  normal  to the  surface is zero, can be wr i t ten  in the  form 

d x ' d y ' d z =  Vx" Vy" V,. 
Tile project ion of the s t ream surface on a plane y = const is thus  given by  the  relat ion • 

dz(x, y) V,o + v,(x, y, z) . . . . . . . .  (42) 
d x  - -  Vxo  + v , ( x ,  y ,  z) ' " . . . . . .  

where  z = z(x, y) determines the  aerofoil surface, V,0 and  V,o are the  components  of the  free 
s t ream veloci ty  V0 wi th  respect to the  x and z axis and  vx and  v~ are the  pe r tu rba t ion  velocities. 

In  ord inary  l inear aerofoil theory,  this condit ion is approx imated  by  the  following condi t ion 
in the  chordal  plane, z -= 0 " 

dz(x, y) V~o + v,(x, y, o) (43) 
- -  o .  , o  . .  ~ ,  ° .  . o  . .  

dx Vo 

This means  tha t  the  assumptions are made  tha t  the  velocKy componen t  v~ does not  va ry  m u c h  
be tween the  chordal  plane and  tile wing surface, t ha t  the  veloci ty  increment  vx(x, y, z) is small  
compared  to the x component  of the  free-stream velocity,  Vy0, and  tha t  the  angle be tween  the 
main-s t ream direction and the  plane z ---- 0 is small so tha t  V~0 can b e  approx imated  by  V0. 
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in our case, we are still entitled to make the second and th i rd  assumptions, provided the 
load is finite or zero a~ the-leading and-trailing edges. But equations (35), (37) and (40) show 
that the downwash at the centre section, y = 0, becomes logarithmically infinite when z ~ 0. 
This is also true at sonic speed, as can be seen from equations (25), (27), (28), and in supersonic 
fl0w, as follows from equations (13) to (16) and the singular behaviour of the integrals dr~ and J2 
for z-- ,  0. This implies that an infinitely thin wing, which gives the required load distribution 
(constant along lines ~ = x -- ]Yl tan ~ .= const) would have a singular behaviour of its surface 
slopes at y = 0. Such a wing cannot be represented by a plane sheet of Vortices or doublets. 

At this point, we must remind ourselves that dur aim is to design wings of finite thickness. 
Thin cambered wings and thickness distributions are designed separately and subsequently 
superimposed only when this implies a simplification, which it does not in the present case. 
To represent cambered and twisted wings of finite thickness requires a source-sink distribution 
and a doublet or vortex distribution within the wing or at its surface, such that  after super- 
imposing the parallel main flow the wing surface is a stream surface. The flow outside the wing 
must be free of singularities but a singular behaviour of the flow inside the wing is of no 
importance. We do not at tempt to solve the problem fully since this would involve source 
and doublet distributions on curved surfaces, but we expect to obtain a reasonable approximation 
by retaining plane sheets of singularities. 

To solve this problem, let us first co.nsider an iteration process by which we-.can obtain..an 
exact solution for the two-dimensional case by means of singularities. The procedure is similar 
to that described in Section 3-5 of Ref. 2 for determining the flow past a thin air intake with 
axial symmetry. To determine the flow around a ~/hin wing with given load distribution, we can 
start with a plane vortex sheet in the plane z = 0, superpose a flow parallel to the plane z = 0, 
and determine the stream surfaces as shown in Fig. 2. Some stream surfaces cross the vortex 
sheet and have a discontinuity of slope there (see also Fig. 3-3 of R~f. 2). For the next step in 
the iteration process we choose an approximate shape for the aerofoil, e.g., the st-ream surface 
z*(x) through the leading edge obtained in the first step. With the singularities on this surface, 
we calculate a second approximation ;for the aerofoil shape and so on until the sheet with the 
vortices and the stream surface coincide. 

Let us now compare this final result with the approximate one obtained from the plane vortex 
sheet throtfgh the leading and trailing edges of the wing. The velocity components normal to 
the sheet induced by the curved sheet do not differ much from those induced by the plane sheet 
at the same distance from the sheet, as long as the curvature of the curved sheet is not too large. 
An approximation to the aerofoil is thus obtained by calculating the velocity component normal 
to the plane sheet at the sheet and by superposing a parallel flow at the incidence ~r to the 
sheet (see Fig. 2). The velocity components normal to the plane sheet are, of course, the same 
as the velocity components v~(x, o) which a sheet in the plane z ---- 0 induces in the plane z ---- 0. 
The angle ~r is found from the relation 

0~r = tan -1 {--  z(x ---- 1)} . . . . . . . . . . . . . . .  (44) 

The aerofoil surface can be determined from 

= Vo " dx', . . . . . . . . . . . . . . . .  . . . .  (45) 

if the incidence c~r is small so that the velocity component V0 cos ~ parallel to the sheet can be 
approximated by V0. 

That the error due to the neglect of the curvature of the sheet is small, fo r  practical values 
of the maximum camber, f, has been shown, e.g., in Ref. 3 by comparing the exact velocity 
component V(x)/Vo along circular-arc aerofoils ( f =  0.02 and 0..04) in a flow parallel to the 
chord, with the approximate one. 

12 



Equa t ion  (45) is usual ly  a be t te r  app rox ima t ion  t han  the s t ream surface z*(x) th rough  the  
leading edge obta ined in the  first step for the p lane  sheet in z = 0 (see also Fig. 3-4 in Ref. 2). 
The veloci ty  components  induced by  the plane sheet  in z = 0 on-the stream-surface z*(x) usua l ly  
differ more  from those induced on z = 0 than  the  difference due to ignoring the  cu rva tu re  of 
the  sheet, unless ccr is ra ther  small. 

Wi th  th ick cambered  wings in two-dimensional  flow, the i tera t ion process could be s imilar  
to tha t  for th in  w i n g s .  W e  can s tar t  wi th  a source dis t r ibut ion and  a vor tex  dis t r ibut ion in 
the  plane z =  0, s u p e r p o s e  the flow parallel to the  x axis and  de te rmine  the  s t ream Surface 
passing t h r o u g h  the  s tagnat ion line. In  the  next  step the singularities are placed on the mean  
surface, z*(x),  of the  s t ream surface obta ined in the first step and  so on unti l  a s t ream surface 
is obta ined which contains all singularities inside it. Whe the r  the  sources  and vortices are to be 
placed on the s a m e s u r f a c e  or not  is he re  irrelevant.  As an approximat ion  to the  singularit ies on 
the final mean  surface, we. can again take  plane sheets th rough  the leading and trai l ing edges, as 
l o n g a s  the curva tu re  of the. mean  surface is not  too large. Neglect ing the curva ture  of the 
sheets will involve only small errors in the  veloci ty components .  In  the two-dimensional  case 
the. veloci ty  components  due to source and  vor tex  sheets do not  va ry  much. wi th  the dis tance 
from the sheets in the ne ighbourhood of the sheets except near  the edges o f  the  sheets. This 
can be seen, e.g., from equat ion  (36), since J~ gives for incompressible two-dimensional  flow 
the vz veloci ty induced  by  a vor tex  sheet in z --  0 of l inearly va ry ing  s trength.  This implies 
t ha t  we can calculate  the  veloci ty components  ei ther on the sheet itself (as is done in ord inary  
l inear theory) or at  a distance equal to half the IoCal wing thickness. T h i s  a p p r o x i m a t e p r o c e d u r e  
ensures that;  for the o rd ina ry  range of wing thickness and m a x i m u m  Camber, there are no 
singularit ies outside the  s t ream surface. 

Let  us now re tu rn  to ou r  three-dimensional  problem. The i terat ion procedure  would  lead 
to a mean  surface which  is "curved in planes y = const as well as in planes x =- const. Assuming 
again in this case tha t  neglect ing the  curva ture  of the sheet of s ingu la r i t i e sdoes  not  involve 
large errors in the veloci ty components ,  we represent  for the calculat ion of the centre  section. 
t h e  curved  sheet by  a plane sheet th rough  the  line x = z = 0 and  the  trail ing edge of the  centre  
section. The only impor tan t  difference from the  tw0-dimensional  case is t ha t  for the centre  
section, y = 0, we calcula te  the veloci ty  component  v, induced  by  the vortices at the  surface of 
the  th ick .wing and not  at the plane z = 0. This refinement,  w h i c h  would be of negligible 
impor tance  for the  two-dimensional  wing, is essential w h e n  a singutar behaviour  of vz occurs 
at  the plane z = 0, i.e., when  the veloci ty  vz varies considerably wi th  the distance z. I t  is a 
legi t imate  means  of evading the  s ingular i ty  since we have to satisfy the  b o u n d a r y  condi t ion 
at the  surface  of the th ick wing anyway.  

This me thod  is similar to the m e t h o d  of calculat ing the veloci ty  dis t r ibut ion at the  surface 
of slende.r bodies of revolut ion by  means  of sources on the  axis. The te rm rv, (where v, is the  
radial  ve loc i ty  component) ,  which  occurs in the  b o u n d a r y  condition, is regular  at the  axis and  
is therefore t aken  at the axis instead of at the  surface, bu t  the  axial component ,  v,, being singular  
the  axis, is t aken  at the surface. In  our case, the Vx component  due to the  doublets,  being regular  
at z = 0; is t aken  at  z = 0 ;' v,, being singular at z = 0, is taken at the  surface. 

The veloci ty  v, is calculated at a distance zt from the  plane z = 0, where  : 

z = z,(X, y )  = ½[zv(x, y)  - -  zL(x, y)] . . . . . . . . . .  (46) 
de t e rmines  the  thickness distr ibution,  and n o t  at the. distance zv and zL~ of the upper  a n d  lower 
surfaces of the  aerofoil. In  a proper  representa t ion  of the  cambered  th ick aerofoil the  dis tance 
be tween the  surface and the  position of the singularities is, at least approximate ly ,  z,. 

To summarize  : we calculate first the  Velocity v,(x, o, zt) which a sheet of doublets  in z = 0 
i nduces  at  z = zt ; then  determine  

z(x, o) = " v:(x', o, Z,) dx '  . .  . . .  (47) 
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and write z(x; o) in the form 

z(x, o) = -- tan  o~rx + zo(x, o) . . . . . . . . . . . .  (48) 
with 

tan  c~r = - - z ( x =  11 0) . . . . . . . . . . . . . . .  (49) 

z~(x, o) gives the  camber line and c~r the  twist for the centre section of the  wing. This procedure 
gives a solution correct to the first order. Second-order terms are ignored, e.g., the  interference 
between thickness and  camber terms (i.e., source and vor tex distributions), and the effect of 
the  varying twist  and camber along (he span (i.e., the curvature of the  vortex sheets). 

6. Calculated Examples.--6.1. Effect of the Free-Stream Mach Number Mo.--Some typical  
calculations have  been made  for a wing with 55-deg sweep of the  leading edge and an R A E  101 
thickness distr ibution of thickness/chord ratio 0.045. The load distributions chosen were : 

l(~) --- 0 .4  -= 0 . 3 L  ~ = x -- Fy[ t a n ~  . . . . . . . . . .  (50) 

l(~) = 0.5(1 -- #) . . . . . . . . . . . . . . . . .  (51) 
The total  toad is the same for the two examples, CL(y) = 0.25. 

The  downwash vz(x, o, z~) induced at the  surface of the wing is p l o t t e d  in Figs. 3 and 4 for 
th ree  different Mach numbers.  For  M0 = 0 and  finite load at the leading or trailing edges, 
the  downwash is logari thmically infinite at  these edges. Such a logari thmic singulari ty occurs 
also on the  two-dimensional  wing with finite load at the  edges. For M, = 1, the  downwash at 
the  leading edge is zero for sections with rounded  noses ; it  is finite for sections with sharp but  
non-cusped edges. At the  trailing edge v, is logari thmically infinite for finite load at the  
trail ing edge and it is finite for zero load. For supersonic flow the  downwash is zero at the  point  
for which x* = ¢~z~(x*) and the  points upstream, 0 < x < x* ; at the trailing edge the  d0wnwash 
is again logari thmical ly infinite for finite load and finite for zero load. Since the  determinat ion  
of the  downwash near  the  leading edge is not  very accurate by  the  present method,  we have  
calculated the  values of v, for x > 0.02 at M,  = 0 and  M0 = 1.2, and have  extrapola ted the  
z(x) values obta ined by  integrat ing the vz calculated over the  range 0.02 < x < 1.0 by  a smooth  
curve. The resulting mean surfaces and the  camber lines are p lo t ted  in Figs. 3 to 5. T h e  angles 
of twist, er, are quoted  in Figs. 3 and 4. 

Figs. 3 to 5 show tha t  the  downwash distributions and the  resulting section shapes are sur- 
prisingly similar for incompressible f l o w a n d  supersonic main  stream. That  the  result for sonic 
speed lies roughly between the  two others was to be expected since we get the  same limit for 
the  potent ial  equation, equat ion (17), when we approach M0 = 1 from the  supersonic range as 
when  we approach it from the  subsonic one t. 

Since the  calculations for M0 = 1 are much simpler than  for M0 ¢ 1, this similari ty be tween  
the  results at  M0 = 1 and low supersonic speeds can be made  use of, if one requires a qual i ta t ive  
answer about  the  effect of varying certain parameters,  e.g., the  type of loading, the  plan-form, 
or the  thickness distr ibution of the wing. 

t For subsonic flow, by means of the Prandtl-Glauert analogy 

1 
¢(x, y, z) = ~ ¢+(x, fly, flz) 

the potential equation reads instead of equation (29) : 

¢(x, y, z) = z Y  o ( ( .  l(x', y') [1 + 
8z~ JJ ( y  -- y')~ + z 2 

w,ith /~ = ~/(1 -- M0a). 

X - -  X ! 1 
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The section shapes z(x) obtained for the chosen load distributions (see Figs. 3 and 4) are com- 
posed mainly of a twist term and of only a small camber term. This implies that  neglecting the 
ch0rdwise curvature of the vortex sheet in our approximate method should be justifiable. The 
amount of the spanwise curvature of the mean surface can be obtained fronl the results quoted 
in Section 7. 

6.2. Effect of the Load Distribution.--The effect of altering the chordwise load distribution 
is illustrated in Fig. 6. The distribution has been varied between a constant one and one 
decreasing linearly to zero at the trailing edge. The total load is the same for the three cases. 
T h e  twist varies by  only 6 per cent of its total value, but the shape of the camber-line and the 
m~ximum camber depend very much on the load distribution. The same holds for all Mach 
numbers as shown by Fig. 5 and a comparison of Figs. 3 and 4. 

Sometimes a modification of the resulting camber-line may be required. Such a modification 
imposes the question of how much the load distribution would be altered. An estimate of this 
variation may be obtained by determining from the modified camber-line the required change of 
the downwash at a few chordwise positions and solving the resulting system of linear equations 
between the downwash at M0 = 1 and the coefficients a, in equations (21) and (25). 

6.3. Effect of the Wing Thickness.--Retaining the thickness distribution but  altering the 
thickness/chord ratio, we obtain for a fixed load distribution from the approximate relations . 
(t4) and (16) for supersonic flow the relation 

J 

~,(x ; t/c) v,(x ~ to/c) 
Vo Vo 

tan ~ t/c 
+ (A + Bx) ~ log t0/c 

- -  B t/c -- to/c t a n ~  --/~2 
t./c 4 Z(tolc) • 

For aerofoils of practical interest this relation can be approximated by • 

v,(x ; t/c) v~(x ;to/c) 
q 

Vo Vo 

+ (~t + Bx) tan 9 tic 
log to/--c . . . . . . . . . . . . .  (52) 

The same relation is obtained for M0 = 1 by equation (28) and for Mo = 0 by equations (35), 
and (39) to (41). The variation of the downwash with the thickness/chord ratio is thus to a 
first order independent of the Mach number and proportional to the load distribution. In 
particular, 

tan o~r(t/c) = tan o~T(to/c ) 

and 

tan 9 ( A  + B ) t o g t / C  
2 ~  ~ ,  • . . . . .  . . . . .  ( 5 3 1  

z~(x" t/c) = z~(x" to/C) tan 9 B log t/c x(1 -- x) (54) 
' ' 2 ~  2 ~ ' " " " " ~, 
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For M0 = 1 the downwash has also been calculated for various thickness/chord ratios by  the 
exact equMion (27). The resulting angle of twist is. compa.red in  Fig. 7 with approximation .(53). 
and the camber-lines in Fig. 8. with approximation (54). to/C = 0.03 was taken for the: basic: 
solutioi/. 

6.4. Effect of the Angle of Sweep.--Comparison with an Approximate Formula for the Downwash 
in Incompressible Flow.=-Downwash distributions (divided by t a n g ) f o r  various angles of sweep 
are plotted,in Figs. 9a and 9b for the case of incompressible flow. Tile c0rresponding section 
shapes, the angles of twist and the. camber lines are given i n F i g s .  10, 11 arid 12. T h e  level ,of 
tt/e downwash and .with ft the angle of twis t  increase with increasing angle of sweep l  The same 
is true %r sonic and supersonic flow. A simple approximation for the variation of the downwasti 
with the angle of sweep can be derived for sonic speed by equation (28). F o r  small values of z : 

vz(x ; 9) = tan 9 ~G(x; 9 = 45°) 
Vo Vo 

A -~ Bx . . . . . . .  

• , . ,  , ,  . ,  . ,  . .  + fan ~. log. tan 9 2=.. " : (55) 

To obtain a simple method for calculating the chordwise and spanwise load distributions on 
swept wings with gfv.en geometry in incompressible flow, an approximation, td the do(vnwash 
induced by a given )0ad distribution was used in Refs. 4 and 7 .  As a start, the downwash at tl~e 
centre section of a swept wing of infinite aspect ratfo with constant spanwise load distribution 
(i.e., the case considered in this note) was approximated by (see, for example, Refs. 4 to 7)" 

o)  _ 1 (56 )  
Vo 2~ Vo x - -  ~' ~2~Vo . . . . . . . . . .  

with --- ' 
= = tan 9 , • . . . . . . . . . . .  • . . . .  (57) 

where the vortex strength ~,(x) and the load distribution are related by equation (31). Equation 
(56) approximates the downwash at the position x of - the  centre section by the sum of the 
downwash on the two-dimensional wing and a term proportional to the local vortex strength, 
),(x). Such a form, as a crude approximation, is also suggested by equations (35) and (39) to (4!). 
J3 is the downwash of the corresponding sheared wing-and the term in J~ Which becomes most 
important  for z - +  0 is proportional to the local load and J5 is proportional to the local load. 

The approximation (56) has been derived in Refs. 4 to 7 for wings of moderate sweep (9 -~- 45 
deg), wings of a thickness/chord ratio of about 0.1 and for the vortex distributions of the flat plate 

' 

and for the elliptic vortex distribution 

= c o n s t  , / ( 1  - -  (1  = : 

It-is, ~herefore, of interest to see how good an approximation equations (56) and (57) are fo r  
other cases, e.g., for wings with higher angles of sweep, for thinner wings, for different l oad  
distributions. With the special load distribution 

_ A + I(Q = 2 cos 9 Vo .:_ 

equation (56) reads" 

v / x , o ) _  1 { ( A + B x )  log x B . / @ = t a n ~ o ( A + B x ) } . . ,  (58) 
" V0 4= cos 9 1 x 
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The downwash distributions calculated by equations (35), (39) to (41), and by approximation 
(58), are plotted together in Figs. 9a and 9b. The section shapes, the angles of twist and the 
camber-lines determined from the various downwash distributions are plotted in Figs. 10, 11 
and 12. F o r  moderate angles of sweep the differences in the angles of twist are tolerable for a 
crude approximation. The shapes of the camber-lines differ more than the angles of twist, as 
is to be expected. The approximation (58) becomes less valid with increasing angle of sweep. 
Expressing ~;~ as given by equations (35), and (39) to (41), in the form of equation (56), we obtain 
for ~ the value 

4x(1 --  x) B --  2 B x \ _  1 -t- sin ~ (59) 
= s i n ~ 0  log  z~ + A + Bx  J l O g l _ s i l l ~ 0 .  "" i I 

The large discrepancy between the approximate formula (58) and the exact results for large 
angles of sweep is ~ ~ ~:ue to the fact ,.~at ~ = .~ tan 9, e~uation (57), tends to infinity as 2/(1 9/½~) 
for ~0 --+ ½~, whilst ~ by equation (59) tends to infinity as 2 log { ~ ( 1  -- ~0/½~)}. 

The original approximation for ~ (see Ref. 4) was 

1 + sin ~0 
---- 2a sin 9 ~* -- log 1 -- sin ( 6 0 )  

where a* was taken to be independent of x. ~* is a function of the thickness/chord ratio. A com- 
parison of equations (59) and (60) leads to the relation 

tic . . . . . .  (61) 
= _ 1 l o g  tolc . . . . . . .  

Taking ¢*(to/C = 0.1) = 1,0, we obtain the approximation" 

a*(t/c) = 1 -- 1 log (10 t/c) . . . . . . . . . . . . . . .  (62) 

The approximation for vz obtained by equations (56) (60) and (62) is also plotted in Figs. 9a 
and-9b, and the resulting section shapes, angles of twist and camber-lines in Figs. 10, 11 and 12. 
The angles of twist agree surprisingly well with the exact values but  there are large differences 
in the shape of the camber-lines between the approximate and the exact solutions. However, 
the angle of twist is the more important  term, as illustrated in Fig. 10. The results in Figs. 10 
to 12 are, of course, affected by the particular chordwise loading and section shape chosen and 
are, therefore, not necessarily general. Other cases are considered in Ref. 7. 

I t  may be  mentioned here that  experiments at low speed have proved that  a wing with 
approximately constant spanwise load distribution can be obtained by tile present simple method. 
A cambered and twisted 45-deg swept-back wing has been designed by applying equations (56) 
and (57) so as to have the flat-plate load distribution over the whole wing. The measured pressure 
distributions at the centre section and at a spanwise station away from centre and tip agree 
within the accuracy of the experiment (see Ref. 6). 

7 .  The Sh@e of the Aerofoil at Stations away from the Centre S e c t i o n . ' T h e  downwash induced 
by a plane sheet of doublets and hence the required slope of the wing varies, of course, with the 
distance from the centre section. To show this variation, we consider the case of sonic main 
flow since it is so much s impler to  calculate than the cases of subsonic or supersonic main flow. 
We may expect that  the results will hold qualitatively also for M0 =/: 1, as was true for-the 
centresection. 
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We apply equat ion (17) to the  load distr ibution . . . . . . . .  

z(~,y) = A + B ( ~ -  lY[ t an  ~ )  . . . . .  . . . . .  . .  (~a)  

and a constant-chord swept-back wing. In tegra t ing with respect to y' ,  d i f fe ren t ia t ing  with 
respect to z and integrat ing with respec t  to x', we obtain for points in front of the  trailing edge 
of the  centre section, x < 1 • 

v,(x,y, z) t an  ~ I tan  ~)} log (x + y tan  ~)2 + z 2 tan2 q0 
Vo -- 8~ ~.{A -k B(x + y tans ~(y2 + z 2) 

+ {A + B(X y tan  ~0)} log (x --  y tan  9) 2 -k z ~ tan  2 9 = 
• tan  2 ~(y2 + z 2) 

and f o r x >  1" 

( + 2 B z t a n ~  tan  -~ 
x + y t a n 9  

z tan  ~o 
+ tan -~ x - - y t a n z  tan ~ ~o) _ 4Bxl 

v,(x, y, z) 
No 

tan  9 I (x -k y tan  9) 2 + z 2 tan  2 9 
8~ {A + B (x + y tan ~)} log (x -- 1 + y tan  ~o) 2 + z 2 tan  2 9 

-1- {A + B(x -- y tan  ~o)} log 
(x --  y t an  ~)~ + z ~ tan ~ ~o 

(x --  1 --  y tan  9) 2 -k z ~ tan  scp 

(64) 

+ 2Bz tan  9 ( t a n  -1 x - k y t a n 9  [ _ t a n _ l X - - y t a n 9  
z tan  ~o z tan  9 

__ tan_i  x - - 1  - k y t a n ~ o  _ tan_iX - - 1  - - y t a n q ~ ' ~  _ 4B 7 
z tan  ~ z tan  ~o J J" 

The limit of v,(x, y, z) as z tends to zero is finite for y =/: 0. 
x < l "  

x > l "  

v,(x, y, o) 
Vo 

tan9 I 4~ {.4 + B(x + y tan  ~o)} log .x + y tan  ~0 
y tan  

+ {A + B (x --  y tan  ~)} log x --  y tan  
y tan~o - - 2 B  , 

. .  (6s) 

v , ( x , y , o )_  t a n g [ { A  + B ( x + y t a n ~ ) } l o g  x + y t a n ~ o  
Vo 4~ x --  1 + y tan  ~0 

2 ] x - -  1 - - y t a n ~ o - -  B . . . . .  (67) 

For stations far away from the  centre secti6n, y - ~  co, we obtain f rom equation~ (67) 

Vo - 4~ ( A + B ~ ) l o g l _ ~  B . . . . . . . . . .  (68) 

where 
----- x - -3:  tango. 

The same result is obta ined for an infinite sheared wing, with a load distr ibution l(~) --= A + B~, 
by considering the subsonic flow around the  two-dimensional  wing normal  to the  leading edge: 



For the load distribution l(~) = 0.4 -- 0-32, the downwash has been calculated at the stations 
y = 0.025, 0.05, 0" 1, 0.2, by equations (64) to (67). The results, plotted in Fig. 13, s h o w t h a t  the 
difference between the downwash at the surface of the wing, z ---- zt, and the downwash in tile 
chordal plane, z = 0, is negligible for y > 0.1. The resulting camber-lines and angles of twist 
are plotted in Figs. 14 and 15. The angle of twist changes rather rapidly along the span. I t  was 
suggested in Ref. 7 tha t  the distortion of the load distribution at and near the centre section 
from that  further out on the wing, and in particular the shift of the  aerodynamic Centre, of a 
flat swept-back wing at incidence follow a law containing only the spanwise co-ordinate y in terms 
of the local chord and the angle of sweep, as follows : 

X(y )=  1 +  2 ~ t a n ~ y  - - 2 ~ - -  . . .  . (69) 

Fig .  15 shows that  the angle of twist obtained by a calculation for M0 ---- 1 varies in a similar 
fashion. The rapid change of the angle of twist implies tha t  tile spanwise curvature of t he  
aerofoil mean surface is not small near the centre of the wing. This means that  our approximation 
of replacing the actual curved mean surface by a plane one with the local angle of twis t  leads to 
results near t h e  Centre which may be less accurate than for the two-dimensional wing  or for 
stations further outboard. 

. I t  is known from experiments (see; for example, Fig. 25 in Ref. 8) that  in incompressible flow 
the pressure distribution over a flat swept-back wing at incidence is such that  at and near the 
centre of the wing a normal pressure drag is produced which decreases along the span. This 
pressure drag is part ly cancelled by thrust  forces at the wing tips such that  for a wing of finite 
aspect ratio the total  remaining drag is equal to the vortex drag, plus a contribution caused by 
the viscosity of~ the flow. 

Anormal  pressure drag occurs also near the centre of cambered and twisted wings with constant 
spanwise load distributions in incompressible, sonic and supersonic flow. The sectional drag 
coefficient for a thin wing of constant chord is related to the pressure distribution and to the 
wingshape  by the equation 

t ' E. dzo(x,y) dx .  
co (y )  = c (y) 

J XL.E." 

The numerical results of Figs. 3, 4, 14 and 15 show that,  for the load distributions considered, 
the angle of twist is much larger than the maximum camber for stations near the centre. This 
means tha t  the term CLear gives the main contribution to the drag and tha t  the spanwise variation 
of the pressure drag is similar to the ~(y) curve. 

I t  was found from Figs. 3 and 4 that  the section shape at the centre section does not vary  
much with the free-stream Mach number. As  a consequence the sectional pressure drag o.t the 
centre section is nearly the same for incompressible and low supersonic speeds. However, we 
cannot draw any conclusions regarding the value of the total  drag of a finite aspect ratio wing 
since the forces at the wing tips vary  considerably with the free-stream Mach number. 

8. Wing-body Combinations with Constant Sl~anwise Load Distribution Over the Wing.--The 
singular behaviour of the downwash on the chord-line of the centre section is not a property 
of the isolated wing but  occurs also at  the junction of a fuselage and a swept wing. which has 
(in the presence of the fuselage) the same chordwise load  distribution at all spanwme stations 
right up to the j unction~ 
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This can be i l lustrated by  considering a cylindrical  fuselage at  zero incidence in mid-wing 
position. The wing is cambered and twis ted so tha t  the load dis tr ibut ion l(x, y) is constant ,  = A,  
over the whole wing. The d iscont inui ty  in the veloci ty potent ia l  

de(x,  y) = ¢~(x, y) - ¢~(x; y) 

is then  determined by  equat ion (3). Thus  

¢ (x, y) 
- A ~ - ( x -  ~ )  

Vo 

A½(x --  [y] tan  9) .  . . . . . . . . . . . .  (7o)  

To determine the 
cross-sectional plane 
(70) for the velocity 
are small so tha t  a cross-section th rough  the wing can be approximated  by  a s t ra ight  line. 
consider only the cross-sections in front of the  t rai l ing edge of the wing-body junction.  

The two-dimensional  problem is best  solved by  t ransforming the plane x = const, 

= y  + i z  

into a g plane by  the t ransformat ion  

R ~ 
= ¢ --  ~- . . . . . . . . . . . . . . . . .  (71) 

so tha t  the  body  contour, ]¢1 = R, is t ransformed into the slit y ---- 0, [5] < 2R. The wing is 
t ransformed into the s t ra ight  line f351 < s(x) - R~/s(x), z = 0, where s(x) = x / tan  9- Points  on 
the original and the t ransformed wing contour are related by  

Y ---- ½i35 + ~¢/(35~ + 4 R~)} . . . . . . . . . . . . .  • (72) 

The t ransformat ion  does not  alter the  value of t he  d iscont inui ty  in the veloci ty  potent ia l  so tha t  
by  equations (70) and (72): 

downwash field we apply  slender-body theory,  i.e., we determine, for each 
x = const, the  two-dimensional  flow which satisfies the  boundary  condit ion 
potential .  We assume tha t  the  loading is small, i.e., tha t  camber and twist  

We 

~¢(y,  z = 0 ;  x) 
_ A {2x -- [351 tan  ~0 --  tan  9 V(352 + 4R2)) (73) 

Vo 4 . . . . . . . . .  

The flow which satisfies equat ion (73) induces at 2 = 0 the downwash : 

= + ~ t a n 9  ~ / ( 3 5 , ~ _ 4 R ~ ) - -  1 3 5 _  ~, 

-/- ~ tan  9 ~/(:f,; 7t - 4R~) + 1 35 _ , 
, 0 

5 0  



• which glve s 

~ A [{ ' } l o g - -  
V--0 -- 8~ tan ~v 1 + W/(ip2 + 4R~) 

{ 3~ ) log 2R + 2 1 - V ( ~  ~- 4 R~) 

9 
S 2 - -  ~ 2  

- 2 log { V ( ~  + 4R ~) + ~) 

+ ~¢/(:~2 ~ 4R ~) log 2:Y2~ + 4R2(:~ + s~) d- 29~/(:Y ~ 2  + 4R~)~/(~2 + 4R2) l • (74) 

The v, velocity in the original plane is related to ~ in the transf0nned plane by the mapping 
ratio ]d~/d¢l  : 

= 1 + ~ (x ,  ~,  ~ = 0) . . . . . . . . . . . . . . .  (75) 

By equations (74) and (75) we obtain for the downwash in the wing-body junction, {y] = R, 
the value 

v,(x, lY] = R, z :--0) A ~lim ~ log ~/(~ + 4R~) + ~} 
Vo = 2~ tan ~ (~---~o ~ -- 2R . ..  (76) 

This has the same singular behaviour as at the centre section of an isolated wing. We note 
that  for R --= 0, i.e., 9 = Y, ~ = s = x/tan ~, the value of v, by equations (74) and (75) agrees 
with that  of equation (66), as is necessary because for Mo = 1 linear theory and slender-body 
theory give the same results. Introducing the spanwise ordinate y * = y -  R, we obtain for 
the limit R -+ ~ : :~ = 2y* and by equations (74) and (75) 

v/x, y*, o) A y*~ 
V0 -- 4~ tan 9 log s .  ~ _ y.~ 

A x ~ - -  y , 2  t a l l  s ~0 

4--~ tan ~ log y *2 tan s ~0 

which also agrees with equation (66). 

This result is comparable to the fact that  the distribution of the streamwise velocity com- 
ponent v~ at the junction of a cylindrical fuselage and a swept wing with symmetrical section, 
both at zero incidence, is similar to that  at the centre section of the corresponding isolated wing. 
This theoretical result has been confirmed by experiments. The body acts in both cases like a 
reflection plate. 

I t  has sometimes been argued that,  When determining the shape of the aerofoil section at the 
junction of a fuselage and a wing with constant spanwise load distribution, one need not take 
account of the singular behaviour of the downwashin  the plane z = 0, since the stations near 
the centre of the isolated wing are buried within the fuselage. Equation (76) shows that  this 
reasoning is fallacious. As a first approximation to the camber and twist required in and near 
the junction we may take the wing shape at and near the centre of the isolated wing. 
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9. Wings Without the Singular Behaviour of the Downwash at the Centre Section.--The question 
arises whether the singular behaviour of the downwash at the centre section of the chordal 
plane cannot be avoided. For a wing with a discontinuity ill the leading edge, this is only possible 
by  relaxing the condition of constant spanwise 10ad distribution. 

To obtain the full benefit of a swept plan-form the isobar pattern must have a minimum sweep 
over tile whole wing. This condition can be satisfied by an isobar pat tern with varying sweep, 
provided that,  near the centre section, the isobars are more highly swept than further out on the 
wing. Such an isobar patter  n may be obtained by a suitable choice of the load distribution. 

For the centre  portion of the wing tile load distribution could be similar to that  on a plane 
delta wing at incidence or to that  on a delta wing with conical flow, cambered and twisted so 
as to have no singular behaviour Of the downwash in the wing plane. Due to the conical conditions 
the isobars of such a wing all run into the apex. This may cause rather sudden changes of the 
pressure at  stations somewhat away from the centre section. The adverse pressure gradients 
are probably so high that  the real viscous flow is likely to separate near the apex, so tha t  such 
a design does not seem to be desirable. 

More favourable pressure gradients can be obtained with a load distribution such t h a t  the 
various isobars end at different spanwise positions at the leading edge. However, this implies 
zero load at the centre section of the wing. Such a design has the disadvantage that  for a given 
total lift coefficient the outer Wing has to be more highly loaded than for a constant CL(y) design ; 
~this requires a thinner or more highly swept wing for a given critical Mach number. Further- 
more, the vortex drag of a wing with zero load at the centre section is very much larger t h a n  
for a wing with constant CL(y). 

10. Concluding Summary . - -The  mean surface of a swept wing with constant chordwise load 
distribution along the span cannot be calculated by applying the ordinary linear theory, due 
to a singular behaviour of the downwash at the centre section. This difficulty can be overcome 
by applying the approximate procedure of calculating the downwash induced by a plane sheet 
of doublets at a finite distance equal to the wing thickness. Explicit formulae for the downwash 
in supersonic, sonic and incompressible flow have been worked out for linearly varying load 
distributions. The differences in the mean surfaces for low supersonic and sonic main flow are 
relatively small, so that  the effect of varying the load distribution can be studied for the much 
simpler case of sonic main flow. The section shape, determined for sonic main flow, requires a 
rather rapid decrease of the twist and a noticeable variation of the camber-line across the span. 
The sections calculated for the centre of a swept-back wing can also be used as an approximation 
to the section shape at the junction of the wing with a body. A few load distributions have been 
considered which vary in such a way along the span t h a t  they produce a regular behaviour of 
the downwash at the centre section. However, tile corresponding wings have some undesirable 
properties, such as large adverse pressure gradients or large vortex drag. Therefore, it seems 
worthwhile to investigate experimentally the properties of a wing with constant spanwise load 
distribution designed according to the suggested procedure. 

X, y ,  z 

¢ 

LIST OF SYMBOLS 

Rectangular co-ordinates, x axis along the centre-section chord, y spanwise 
z positive upwards 

= x -- ]yl tan~0 

= y + iz, complex co-ordinate 

= f~ + i2, co-ordinate in transformed plane 
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LIS* SYMBOL 'conti " e 

See equation (7) and Fig. 1 

Aerofoil-section ordinate 

½(&:(x) -- zL(x)), ordinate of thickness distribution 

½(zu(x) + z~(x)), ordinate of camber-line 

Wing chord 

Wing thickness 

s(x), local wing span 

Span in transformed plane 

Body radius 

Angle of twist 

Angle of sweep 

Velocity of main stream 

Component of V0 in direction of the axes 

Velocity increments in direction of the axes 

Mach number of the free stream 

~/(IM0 2 - 1L)  

Velocity potential 

¢~ - S L  

Pressure coefficient 

-- {Cpu(x, y ) - -  CpL(x, y)}, load coefficient 

Local lift coefficient 

Circulation 

Strength of vortex distribution 

Sectional drag coefficient 

See equations (8), (8) and (26) 

See equation (86) 

See equation (60) 

Integrals (see equations (11) and (12) and the Appendix) 

Integrals (see equation (38)) 

Upper surface 

Lower surface 
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A P P E N D I X  

E x p l i c i t  express ions  are r e q u i r e d  for  t he  fo l lowing  t w o  in tegra l s  • 

J~ = (x '~ + z" t a n  s 9 ) ~ / [ t a n  ~ 9{(x - x') ~ - ~zS? } - asx's] 

X' d x '  

( x's + z2 tans  9) ~ / [ t a n  s 9 {  (x - -  x') 2 - - ~ S z ~  --/~Sx'2] 

V~Tith t he  n o t a t i o n  • 

x t a n  29 2zl _~_. 
tan~ 9 - -  #~ 

B - -  /~ t a n  9 
t a n 2 9  _ #2 V ' (  x2 + z~ (tan~ 9 - -  #~)} 

a n d  i n t r o d u c i n g  t i le  t r a n s f o r m a t i o n s  • 

x ' - - A - ~ B c o s h u  

t = tanh u - 
2 

a n d  u s ing  t h e  v a l u e  of x, g iven  b y  e q u a t i o n  (7), t he  i n t eg ra l  J1 can  be  w r i t t e n  as • 

- -  2 f ~  - -  t ~ + 1 dt 
J1 = ~v/(tan~ 9 _ $2) ~o ~'t4 - -  2dt2 + e 
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with 

? __--: 

¢0 2 - -  

B y  par t ia l  fractions • 

(A --  B) ~ + z ~tan  g9 

A2 _ B 2 + z~ t a n ' 9  

(A + B )  ~ + z  ~tan  29 

A + B  
A - - B "  

, .  . . 

. , . - .  . . " • 

...:_ ;" ;'1-: . : " . - , . ,  ! • . 

foa - -  --  a3t + a4 "~ 2 ( a.t + a, + ? t ~ _ _ _ ~ V a . / d  t 

- -  2 fT_ +__ a_. ?to' - -  alto + a~ 
%/(tan' ~ ~)  [ 4ala~ log 

- -  ?to' + alto + a2 

with 

+ ? - -  a 2 

2a.~/(4a.y - -  a l  2 )  

tan_ 1 toV(4a.? --  al~)~ 
? t o  ~ - -  a~  J 

al = --  V[27{~ + V/(s?)}~ 

a.  = V ( i T )  

a. - 2a~a~ -~ 2al 

7 
a4 = 2a. " 

In  a similar way,  we obtain • 

- -  2 ,  ~ t 2 +  ;L 

J '  = %/( tan '9  ~)  'o ?# - 2~t~ + s 
dt 

- - 2  { a ~ y t o ' - - a l t o + a ~  
= %/( tan~ 9 ~ )  log - -  ?to ~ + alto + a .  

with  

2o~r  - -  a ~ a 5  + 

= - -  ( A  - -  B )  

~ = A + B  

tan_ , to~d'(4a~7_ --: _a~ ~) .'~ 
yto 2 - -  a ~  J 

as --2a~a2 2al 

~7 
a 6 - -  2a: 
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Since  in  p r a c t i c e  z ~ x for  m o s t  of t h e  wing ,  i t  is a d v i s a b l e  to  exp re s s  t h e  i n t e g r a l s  J l a n d  
J2 as  p o w e r  ser ies  in  z. T h i s  l eads  t o  t h e  r e s u l t  : ~ • . , . . :  • .... 

~/2 t a n  9 log Iz[/3 
J 1  - x z  t a n  2 ~0 2 x  

~ / ( t a n  2 50 --/32) 

t a n  9 
Jr  t e r m s  of o r d e r  z 

1 log [z[/3 z ~i 
J2 = - -  x tan---~ 2-%- - -  x ~ 2 

+ t e r m s  of o r d e r  z 2. 
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FIG. 1. Notation. 

-<~ -<~- -~--~- <~ _ 

FIRST STEP 

SECOND STEP 

F S ~ ~  
STREAM LINE- 

APPROX ! MAT E 
METHOD 

FIG. 2. 

FINAL RESULT 
Sketch of an iteration procedm-e for determining the aerofoil surface and of an approximate method. 
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