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Summary.--A method is developed of calculating the performance of a pair of contra-rotating airscrews, closely 
analogous to that described in R. & M. 2035 a for a single airscrew. The assumptions made are considered to be 
theoretically justifiable if the interference velocities are so small that their squares and products may be neglected. 
It  is hoped to compare calculations by the present method with experimental results. 

The equations have been applied by an approximate single radius method to give the difference in blade setting 
between the front and back airscrews for equal power input ; a comparison is also made between the efficiencies of 
single- and contra-rotating airscrews. 

1. Introductiou.--The present note contains equations for a close contra-rotating pair of air- 
screws based on the same assumptions as those of R. & M. 16741 and 18492, together with the 
following special assumptions. These assumptior.s appear to be justifiable w.hen the interference 
velocities are considered as small quantities of the first order of which squares and products 
may be neglected. 

(i) The interference velocities at any blade element may be calculated by considering the 
velocity fields of the two airscrews independently and adding the effects. 

(ii) Either airscrew produces its own interference velocity field which so far as it affects the 
airs~rew itself is exactly the same as if the other airscrew were absent and includes the usual 
tip loss correction. 

(iii) Added to this is the velocity field of the other airscrew. Since the two are rotating in 
opposite directions, the effect will be periodic and its time average value may be taken to be 
equal to the average value round a circle having a radius of the blade element. 

(iv) In considering the interference of either airscrew on the other, it is necessary to resolve 
the mean interference velocity into axial and rotational components. 

The average value round a circle of the axial component interference velocity varies slowly 
through the airscrew disc. It is therefore reasonable to assume for the axial component for a 
close contra-rotating pair that the effect of either airscrew (y) on the other (z) is equal to the mean 
axial component in the plane of the airscrew disc of (y).* 

The average value round a circle of the rotational component is zero 3 at any distance in front 
of the airscrew disc and has a constant value at any distance behind, this value being twice 
the mean effective value for the airscrew blade sections. It is therefore assumed as regards the 
rotational component that the effect of the rear airscrew on the forward airscrew is zero ; the 
effect of the forward airscrew on the rear airscrew is equal to twice the mean value of the rotational 
component in the plane of the disc of tile forward airscrew with its direction reversed. 

* Varying degrees of closeness might be allowed for empirically by multiplying ur by (1 -- ~) and uB by (I 4-/*), where 
is a parameter varying from a small value for a close pair to a value near unity for a distant pair. 

(76J 64) A 
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2. Equations of motion will now be wri t ten down on the lines of the above assumptions using 
as far as possible the ordinary notat ion (see Fig. 1). In order to mainta in  the greatest  possible 
degree of generali ty the equations will be developed to as la~e a stage as possible on the basis 
of assumptions (i) and (ii) only. Thus either airscrew is subject to its own interference velocity 
wi, which is normal  to W (Fig. 1) and is given by the usual equat ion 

W 1 = sCLW/4zsin q~ ; . . . . . . . . . . . . . . . .  (1) 

in addit ion it is subject to the interference velocity of the other airscrew whose axial and rotat ional  
components  will be denoted by u and v. 

The values of u and v according to assumptions (iii) and (iv) may  be obtained as follows. The 
mean value ff,~ of zv~ taken round the circle of the blade element is given by the equation 

ff,~ = sCLW/4 sin 4 

= . . . . . . . . . . . . . . . . . . . .  ( 2 )  

and is in the same direction (normal to W) as w~.* Then according to assumptions (iii) and (iv), 
denot ing the front and back airscrews by suffices F and B (Fig. 1, b and c), 

UF = ~'~IB COS CB ]" 

= ~'~BTfl-)IB COS 4B . . . . . . . . . . . . . . . . .  (3 )  

u~ = ~ w , ~  c o s  4 2  . . . . . . . . . . . . . . . . .  (4) 
= 0 ,  . . . . . . . . . . . . . . . . . . . .  ( 5 )  

7313 = - -  2 X F W l F  sin 4F . . . . . . . . . . . . . . . . .  (6) 

In what  follows the general notat ion (u, v) will be re ta ined as long as possible. 
The general equations will first of all be obtained in a form convenient  for ul t imate  reduction 

to a first order theory analogous to tha t  of R. & M. 2035 a using the following notation. Write 
for ei ther airscrew 

w~ = W tan r . . . . . . . . . . . . . . . . . . .  (7) 

(Fig. 1) which by equat ion (1) implies also 

sCc = 4~. sin 4 tan ~, . . . . . . . . . . . . . . . . . .  (8) 

Write also (as in R. & M. 18492) 

4 - - 4 0 +  P* . . . . . . . . . . . . . . . . . . .  (9) 

where 
V = r~? tan 40 . . . . . . . . . . . . . . . . . . .  (10) 

Resolving parallel and perpendicular  to the direction of W (Fig. 1) for either airscrew ~, 

W = r D s e c 4 0 c o s  / ~ + u s i n 4  -- v c o s 4  , • . . . . . . .  

w , = W t a n ?  = r ~ g s e c 4 0 s i n  # - - u c o s 4 - - v s i n 4  . . . . .  

where, if assumptions (iii) and (iv) are made, u and v are given by equat ions (376). 

• o 

(11) 

( 1 2 )  

* Strictly speaking the value of ~ corresponding to u, v will differ from that  appropriate to w 1 but the difference is of 
the second order in wx/W and will be ignored. 

t Varying degrees of closeness might  be allowed for empirically by multiplying up by (1 --/~) and u~ by (1 -t-/~) 
where/~, is a parameter  varying from a small value for a close pair to a value near uni ty  for a distant pair. 

++ For a single airscrew, p = y, and tile symbol y is not  used. 

§ W is the projection of the broken line C D E A on A B ; w 1 is the projection of the reversed line A E D C on B C. 
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For the thrus t  and torque acting on a blade e lement  we have the usual equations 

d T =  N ( d L  cos $ --  d D  sin 4), 

= N ( d L  sin $ + d D  cos $), 

-= ½pcW~CLdr, 

= ½:cW'CJr,  

(dT/dr)  = n p r s W  ~ (CL cos ~ =- CD sin ~), • . . . . . . . . . . .  (13) 

(l/r) (dQ/dr) = z~prsW ~ (CL sin ¢ + C,  cos 4) . . . . . . . . . . . . .  (14) 

For the total  power loss (power input  minus thrus t  power) we have 

t2dQ --  V d T  = N d L  (r.C2 sin ~ --  V cos 4) + N d D  (rO cos ~ + V sin 4) 

By the geometry  of Fig. 1 it follows tha t  for the  induced loss (defined here as the part  of the 
power loss depending on the  lift of the blade elements), 

dP,  - N d L  ( r~  sin ~ - -  V cos 4), 

(dP~/dr) = =prsW2ra9 sec 40 C~ sin /~ . . . . . . . . . . . . .  (15) 

and for the drag loss 

dP~ - N d D  (rO cos ~ + V sin 4), 

(dP~/dr) - -=prsW=rf2  sec 40 C~ cos fl . . . . . . . . . . . . .  (16) 

Equat ions  (13-16) are all identical in form with those for a single airscrew. 

Equat ions  (10-16) with (3-6) will be developed into forms analogous to those of R. & M. 18492 
and R. & M. 16741 in §7 and §8 respectively. The most  practical and useful form is obtained by 
considering fl and y as small quanti t ies  and neglecting squares and products  of fl and 7 for both 
airscrews. The resulting equations analogous to those of R. & M. 2035 a are developed in §§3-5. 

3. F i r s t  Order T h e o r y . ~ C o n s i d e r / ~ ,  7 as small quanti t ies of the first order and write 

qgy #0~wl 
1 . . . . . . . . . .  (17) 

g ~  

, . . . . , , , 

' / ) y  - - ~  ' P g : v W l ~  ! 

and 
/zoy sin Soy 

#oy COS ~oy 

where either y = F , Z = B  

• Thus equat ion (11) gives for 

Wy = r~2y sec S0 

--  roy cos ~oy = Soy , 

+ roy sin ~oy = ~oy , 

ory----- B , z =  F .  

either airscrew, 

, + ~ o , W ~ ,  + o ( r  2) , 

. . . .  , , , , 

On the  basis of equations (3-6) we have, 

a n d  subst i tut ion in equat ion (1.2) gives 

(~ - ~,)yro, sec 40, = ¢o,rO~ sec ~0.~. + O(r 2) 
for ei ther y - - - - F , z = B o r y = B , z = I  s  ̀. 

~oF = - o .  c o s  4 0 .  + 0 ( ~ )  , 

"o~ = O ( r )  , 

~o~ = ~o~ c o s  40~ + 0(~, )  , 

rob ---- - -  2zoe  s in  $o~ + O(y) . 
( 7 6 1 6 4 )  

. .  ( i s )  

(19)  • 

(20) 

(21) 

A 2  
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Since 
rsgy t an  ¢0y = V = r ~ ,  t an  ¢0, , 

equa t ion  (20) m a y  be wr i t t en  in the  form 

(fl - 7 ) ,  = ¢o,~,~7, + o ( 7 9  , . .  

where  Zy,--= (sin G / s i n  ¢o~). 

Also f rom (8) for e i ther  airscrew, 

where  y = bsCi. + O(r ~) , I 

1,/b = 4~o sin ¢0% ] 

so t h a t  sCL is of the  same  order  as 7. 

If  C:. is given 
de te r ln ine  fl for 

(dPddr) 

. . . . . . . . . . . . . .  (22) 

. .  (23) 

for bo th  airscrews,  equa t ions  (23) d e t e r m i n e  y and  equa t ions  (20, 18 and  21) 
b o t h  airscrews.  Then  equa t ions  (15) a n d  (16) in the  form 

= ~prs.CLr a';2a sec a ~o. fl @ 0(7 a) , • . . . . . . . . . . .  (24) 

(dPddr) = ~zprs.CDraO ~ sec a 4o + 0(7 ~) . . . . . . . . . . . .  (25) 

give the  power  losses of e i ther  airscrew. In  genera l  it is conven ien t  to consider  SCD as a smal l  
q u a n t i t y  of order  72 so t ha t  bo th  dP,/dr and  dP~/dr are of order  7 ~. To the  first o rder  the  power  
inpu t  to e i ther  a i rscrew is 

~2(dQ/dr) -- ~prsra~ a sec 2 ¢o (CL sin ~o + CD cOS ¢0) -+- 0(7 ~) . . . . . . .  (26) 

The  fu r the r  d e v e l o p m e n t  ana logous  to t h a t  of R. & M. 20358 requ i red  to de t e rmine  CL for 
e i ther  a i rscrew for given b lade  angle se t t ing  is g iven in §5, bflt it is conven ien t  first to cons ider  
the appl ica t ion  of equa t ions  (24-26) to d e t e r m i n e  expl ic i t ly  the  power  i npu t  and  power  was tage  
to the  first order ,  for given Cr, for the  pa r t i cu l a r  case of equal  ro t a t iona l  speed a n d  power  i n p u t  
for the  two airscrews. 

4. Special Case. Equal Rotational Speed and Power Inpu t . - -Equa l  Rotational Speed. - - I t  
follows f rom equa t ions  (10) and  (23) t ha t  equa l  ro t a t i ona l  speed of the  two ai rserews implies  
equal  va lues  of $o, Xo and  b so t ha t  ,ty~ is un i ty .  E q u a t i o n  (22) t hen  gives 

fl~ = yy + G~7, + O(y 2) , • . . . . . . . . . . . . . . .  (27) 

so t h a t  f rom (24) 

(dP~/~lr)y == =pr4P. ~ sec a $o (sCL).y (7,, + Coy Y~) + 0(7~), . . . . . . . . .  (28) 

a n d  using equa t ions  (21) 

a n d  
¢0~ = ~0 cos" 40 + O f f ) ,  ¢0. = ~0 (cos" ¢0 - 2 sin" ¢0) + O f f )  

(dP~/dr)F =- apr {rO. sec ¢0) 3 (sCL)~:{rr + ~oTB cos~ G} + O(ra), . . . . . .  (29) 

(dPddr)~ = npr (rf2 sec $o) 3 (sCL)~{7, + ~oYy ( cos~ 6o - -  2 sin 2 $0)} + 0(78) • . .  (30) 

Equal Rotational Speed and Power I @ u t . - - E q u a t i o n  (26) shows t h a t  equa l  power  i npu t  to 
the  b lade  e lement  at  rad ius  r c o m b i n e d  wi th  equa l  ro ta t iona l  speed implies  t h a t  

( s C L ) F -  (sCL)B = 0 ( r 9  
and  . . . . . . . . . . . . . .  (31) 

r F - y B  = 0 ( 7 2 ) ;  

equa t ions  (29) a n d  (S0) t hen  become 
(dP~/dr)F = z~pr (rt-2 sec 4o) a sCL7 (1 + ~o cos ~ ¢o) + 0(73), 

(dP1/dr), = npr (r~2 sec ¢0) a sCL7 (1 + Xo cos 2 ¢o --  2~o sin ~ ¢o) q- 0(7 ~) . . . . .  (32) 

* R. & M. 2035 a, equation (10). 
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For the  combinat ion of two airscrews 

(dP1/dr)c  = apr  (r~? sec $0) ~ 2sCL), 1 + ~0 cos 250) + 0(~ '~) . . . . . . .  (33) 

Equat ions  (31-3.3) and (25) t ransformed into equations for the  coefficient Pc~, Pc.~ of induced 
drag power loss, analogous to equations (31) and (33) ot R. & M. 2035 ~, may  be used to calculate 
the  power loss grading ~ for all radii for a given distr ibution of sCL (equal for the two airscrews) ; 
the  corresponding blade angle distr ibution may  be obtained from §5. The power input  grading 
(torque grading) may  be obtained from equation (26) or more accurately (as in R. & M. 2035 a) 
from equation (14) using the more accurate value of W obtained below in §6. In the lat ter  
case the power input  will not  be exactly equal for the two airscrews if the values of sCL are equal. 
The second order difference in sCL required to make the power inputs equal to the second order 
is de termined in §6. Or, the  performance for a given blade angle distr ibution may  be deduced 
from tile equations of §5 ; the  blade angles at s tandard  radius (0.7) might  be adjusted to give 
equal power input  at tha t  radius. 

E x a m p l e . - - F o r  the purpose of i l lustration equatior, s (33), (25) and (26) have been used to 
calculate the  part ial  efficiency for a section at s tandard  radius (0.7) for equal rotat ional  speed 
and power input.  The formulae (deducible from equations (31-33), (25) and (26)) are 

• ?CL (1 + ~o cos 2 ~o) + Ca . . . . . .  (34) 
1 - -  ~v cos ¢o (CL sin 6o + Ca cos ¢o) ' " . . . . .  

~,CL (1 + ~o cos 2 ~o -- 2~o sin ~ ~o) + Ct~ . . . .  (35) 
1 -- ~B ----- COS ¢o (CL sin ~0 + CD COS ~o) ' " . . . .  

rCL  (1 + ~o cos 2¢0) + CD . . . . . .  (36) 
1 --  Vc = COS ¢o (CL sin ¢o + Ca cos ¢o) ' " . . . . .  

wi th 
r = sCL/(4uo sin $0) = bsCL . . .  . . . . . . . . . . . .  (37) 

In  Fig. 2 values of (1 -- %) are plot ted for a range of values of J for (1) a pair of contra-rotat ing 
two bladers and (2) a pair of contra-rotat i~g three-binders a rd  for the followipg values of s, C~. 
and Ca : - -  

s ----- 0.090, Cz =- 0.56, C D = 0.017. , 

The values of s and CL are those at radius 0 .7  for airscrew B in R. & M. 20214, while the  value 
of Ca is adjusted to give a part ial  efficiency for this radius equal to the calculated efficiency 
(0"878) for the whole airscrew. The calculations correspond therefore, to a power input  to each 
airscrew of 2,000 h.p. at 450 m.p.h, equal to tha t  assumed in R. & M. 20214 (a total  of 4,000 h.p. 
for the two airscrews) for the  same diameter ,  rotat ional  "speed and height.  They were made  
for a range of values of J from 1.27 to 4.54.* They are compared with the  corresponding 
efficiency figures for a single airscrew of double (the same total) number  of blades and solidity 
and also with airscrews having tile same number  of blades as one of tile contra-rotat ing pairs 
and the same total  solidity. The equation corresponding to (36) for a single airscrew is 

7CL + CD 
• 1 - -  ~s = cos $0 (CL sin $0 + Ca cos ¢o) . . . . . . . . . .  (38) 

wi th  (37) in which it must  be remembered  that  values of ~o and s must  be used, appropriate to 
the  total number  of blades and solidity. Thus the value of s for the single propeller has twice 
the  value for the correspondirg contra-rotat ing pair, and so the value of ~ in (38) would be double 
tha t  in  (36) apart  from the change in ~0 due to doubling the number  of blades. 

The results of Fig. 2 show tha t  for the present case the increase of efficiency as between the 
2-bladers (contra-rotating) and the  4-biaders (single-rotating) varies from 1.0 per cent. to 4 .6  
per cbnt., and the  increase as between the 3-bladers (contra-rotating) and the 6-bladers (single- 
rotating) varies from 1.7 per cent. to 4 .8  per cent. for the pai-ticular valucs of s, C~. m:d CD chosen. 

* The actual efficiency figures for the highest values of J would in practice be reduced by the increase of C~ due to 
increased compressibility effect. 
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5. The Relation between sCi. and  Blade Angle 0 to the  Firs t  Order, for  the General Case.---This 
m a y  be ob ta ined  by  a s imilar  m e t h o d  to t h a t  of R. & M. 20353, §3, as follows : -  

W r i t e  
0 - - 4 o - t -  e = 0 , . . . . . . . . . . . . . . . . . . . .  ( 3 9 )  

a n d  
asCL = ~ + 

= O -  fl , . . . . . . . . . . . . . . . . . .  (40) 

where  a a n d  e define the  (s t ra ight  line) lift curve  as in R. & M. 20353, equa t ion  (11), and  are,  
in general ,  func t ions  of the  Mach n u m b e r .  

Compar i son  of (40) a n d  (23) gives 

bO = b f l + a ~ , + O ( 7 2  ) , . . . . . . . . . . . . . . . .  . (41) 

which  wi th  (22) de t e rmines  0 v, O~ as func t ions  of 7F, 7 ,  a n d  so of (sCL)F a n d  (sCL)B in the  fo rm 

(a + 
o~ = \ b / ,  7 ,  + ~o,z,~7~ + 0(72) , . . . . . . . . . . . .  (42) 

w i t h y =  F ,  z =  B or y = B ,  z =  F.  Using the  re la t ion  ,~y,Z,y= 1, the  pa i r  of equa t ions  
r ep re sen t ed  b y  (42) m a y  t hen  be solved for 7~, 7, in the  fo rm 

(sCL), ----- (7/b)y = {(a -1- b), Oy --  b,¢oyYy, O,}/{(a + b)F (a -t-b)B - -  bFb,¢oF¢o,} -+- 0(72) , (43) 

wh ich  reduces  to equa t ion  (13) of R. & M. 2035 a on p u t t i n g  Coy = ¢o, = 0. In  this  pa i r  of 
equa t ions ,  us ing (18) a n d  (21) we have  

¢oF = ~oB cos ¢o. cos ¢o~- + 0 ( r )  . . . . . . . . . . . . .  (44) 

G~ = nov (cos $o~ cos ¢ov - -  2 sin $o~ sin $ o F ) +  0(~,) . . . . . . .  (45) 

a n d  
~r~ = 1/ZBe = sin ~bov/sin $oz . . . . . . . . . . . . . . .  (46) 

Special Case. For  Equal  Rotational Speed, using the  resul ts  of §4 equa t ion  (43) becomes  

(sCL)F = 7F/b 

- -  {(a + b) OF - -  ~ob cos2 ~oO~}/{(a + b)2 _ no~b~ cos~ ~o 
(cos" ~o - -  2 sin 2 ~o)} + 0(72) , 

(sCL)~ = 7 . /b  

= {(a + b) 0 B - -  nob (cos 2 6o - -  2 sin 2 q~o) O~.}/{(a + b) 2 --  ~o~b 2 cos ~ ~o 
(cos ~ ~o - -  2 sin 2 6o)} + 0(7 ~) • . .  (47) 

For  equal  ro t a t i ona l  speed a n d  equa l  power  i n p u t  to the  b lade  e l emen t  at  r ad ius  r equa t ion  (42) 
becomes  (using 31) 

o , =  + 

a n d  so 
o ~  - 0,3 = ~ (~o~, - ¢oA + 0(72) 

= 27n0 sin 2 ~o + 0(72 ) 

= ½sCr. sin ~o + 0(72) . . . . . . . . . . . . . . .  (48) 

This  va lue  is p lo t t ed  aga ins t  J in Fig. 3 for the  va lues  of sCL used  in §4 a n d  var ies  f rom 0 . 7  deg. 
to 1-3 deg. over  the  r ange  of J congidered.  
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6. Values of W and £2 (dQ/dr) to the Second Order in 7 . - -The  value of W to the second order can 
be obtained from equat ion (11) in the form 

Wy = r~y sec 4Oy + ~oyr~9, sec 4oy, 

= t o ,  sec 40, {1 + ~0,~,7,} + O(r=) . . . . . . . . . . .  (49)  

The expressions for dT/dr and dQ/dr involve the factors sin 4, cos 4 which may  be writ ten,  

s i n 4  = s i n 4 0  (1 + p c o t4 0 )  + O ( y  ~) , 

cos 4 = cos ~o (1 --  /~ tan  40) + 0(~ '~) , 

with 

~ = 7, + ¢o,~,7~ + 0(7 ~) , 

from (22). Equat ion  (49) then gives 

Wy 2 sin 4, = r~2y ~ tan COy sec 40y {1 + [25oy + ¢o~ cot 4o,] ,1y,7, 

+ 7, cot 4o,} + 0(7 ~) , 

. . .  (5o) 

. .  (51) 

. . . .  (52)  

. .  . . .  (53)  

o r  

W, 2 cos 4, = r2Dy 2 sec 4oy {1 + [2$o,. --  Coy tan 40y] Z,,y, --  y£ tan 4oy} + O(y ~) ; . .  (54) 

W ]  sin 4~ = r~12, ~ sec  ~ 4oy {sin 40, + ½Ayy, [/~oy (3 - -  cos 24oy) - -  Vo, sin 240]  

+ ~, cos 4°,} + 0(7  ~) , . .  . .  (55)  

Wy 2 cos 4y = r~sg, ~ sec ~ 40y {cos 4oy + ½Zyy, [~to, sin 240y -- roy (3 + cos 240,)1 

- r ,  s i n  4o , )  + 0 ( ~  ~) . . . . .  (58)  

In evaluat ing D(dQ/dr) and V(dT/dr) it is reasonable to consider ~Cv/CL, as before, as a small 
quan t i ty  of the  same order as y, and to write 

t2(dQ/dr) = zcpr2~W ~ sin 4 sCL {1 -t- (Cv/CL) cot 40} + O(y 3) , . . . . . .  (57) 

V(dT/dr) = ~pr~2 tan  $o W ~ cos $ sCL {1 -- (Cv/CL) tan  $o} + 0(~ ~) . . . . .  (58) 

In these expressions W 2 sin 4, W~ cos 4, are given by equations (53-56) in which ), is given by 

7 = bsCL, 

s o  tha t  the torque and thrus t  power loss grading may  be evaluated as far as terms of order 72 
if the value of sCL is known to this order for each airscrew. Equat ions  (43-46) give the  vMues 
of sCL for each airscrew in terms of the blade angle settings. ° 

Strictly speaking, equations (23) and (40) are only correct to the  first order in y and c~, but  
it was suggested in R. & M. 2035 a that  in practice the  curves of CL against ~ in the  unstal led 
range and of sCL against y over a considerable range of large values of J, are straight lines to a 
higher order of approximation.  The addit ional  order of accuracy would then apply to equations 
(43) since they  are deducible from (23) and (40) by linear t ransformat ions ;  the values of s Q  
deduced from (43) for given blade angles would then be sufficiently accurate when subst i tuted 
in (57) and (58) to give values of thrust  and torque power correct as far as terms in 7 ~. In any 
case the value of power loss given by taking the difference between power input  deduced from 
(57) and useful power deduced from (58), will be consistent with (24) and (25) and correct to the 
same order as the la t ter  equations. 



Case of P~qual 

~IOF 

~'0 F 

'PO B 

in (53-56), gives 

WF 2 sin 6v 

W8 2" sin $ 

e 

8 

Revolutions to Second Order . - -Subs t i tu t ion  of 
= # o 8  = ~o COS ~o , 

= 0  , 

= - -  2~o sin ~o 

- -  r2/22 t an  6o sec $o {1 + YF cot 4o 
+ ~o78 (cot $o + sin $o cos $o)} + 0 ( r  ~) , . .  

= r2f22 t an  q~o sec ~o {1 + 78 cot $o 
+ ~ o ~  (cot ¢o + 3 sin ¢o cos ¢0)} + 0(~ ~) , . .  

(59) 

(60) 
(61) 
(62) 

/ , c o s $ +  v s i n $  = ~ . 

are functiofls  of ~>, $, 

. .  (69) 

' according -to 

. .  (70) 

where  e i ther  y = F,  z -- B,  or y =: B, z = F,  a n d  ~y, v~, 
equa t ions  (3-6), of ~, only).  

W r i t e  
/ * s i n ~ - -  v c o s ~ =  ~ , 

WE 2 COS SF -= r2D-2 sec ~o {1 - -  YF t an  $o + ~o78 sin $o cos 4o} + 0(72 ) . . . . .  

W8" cos 68 = r2~2~ sec $o {1 - -  7~ t an  $o + XoyF (2 t an  $o + 3 sin 6o cos q~o)} -]- 0(~ 2) • 

Equal  Power I n p u t  to Second Order . - - I t  is ev iden t  th~/t the  difference CL~ --  CL8 will  be of o rder  
~2 arid it is therefore  reasonable  to assume t h a t  C1j~--- C,8 is of o rder  7 ~. The  cond i t ion  of equa l  
power  i npu t  will  therefore  be t a k e n  as 

( Qw2 sin = -  (sCF sin¢)8 + O(r . . . . . . . . . . . . . . .  (6a) 

Condi t ion  (63) m a y  be satisfied by  wr i t ing  7F -- 7B --- 7 in (59-62), since this  is t rue  to the  first 
order ,  and  pu t t i ng  

(sOL) v = sC L (1 + Xoy sin ¢o cos ¢o) . . . . . . . . . . . . .  (64) 

(sCL)~ = s Q  (1 - -  ~o7 sin ¢o cos $o) . . . . . . . .  . . . .  (65) 

in (63), where  sCL is a m e a n  va lue  be tween  the  two  airscrews.  The  final expressions for the  
th rus t  and  to rque  grad ing  will be for e i ther  airscrew, 

f2(dQ/dr) = ~pr4~23 t an  $o sec $o{sCL{1 + 7 [cot $o 

-¢- Xo (cot $o -[- 2 sin $0 cos $0)1} -+- SCD cot  4o} ; . .  (66) 

a n d  for t he  front  a n d  back ' a i r sc rews  separa te ly ,  

V(dT/dr)~; = ~pr4~ 3 t a n  ¢0 sec $o(sC~.{1 + 7 [--  t a n  $o 

+ 2~o sin *o cos 6o]}-- sC~ t an  6o) . . . . .  (67) 

V(dT/dr)B == ~pra£23 t an  $o sec 6o(sCL{1 + ~ E-- t an  $o 

+ 2~o (tan 6o + sin $o cos $o)i} - -  sC~ t an  $o) • (68) 

The  difference be tween  these  expressions for to rque  a n d  t h ru s t  power  agrees wi th  the  first o rder  
va lue  of power  loss g iven in (31-33). Express ions  for the  b lade  angle  to the  second order  could  
be d e d u c e d  f rom §7, equa t ion  (76) below, bu t  wou ld  be r a t h e r  compl ica ted .  

7. Exact Transformation of Equations (11) and (12) into a Form Analogous to the Equations 
of R. & M.  18492 . - -Wri te  

U y - - - # y  Wl~ , I 

Vy ==: Vy '~lz  , / . . . . . . . . . . . . . . . . .  
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These definitions are analogous to the first order definitions of (17) and (18). Wri te  also 

r 9  sec 4o cos /~ = C , l (71) 
. ° • • ° • • • ° • ° • • • • ° • ° 

r~? sec 40 sin /~ = D ; ! 
also by (10) 

(r£2 tan  40)~ = (rf2 tan  6o)~ • 

Then equations (11) and (12) become 

Wy = C, + Gw~, , . . . . . . . . . . . . . . . . . .  (72) 

wly ----- Wy tan y~ = D~ --  GWl~ . . . . .  . . . . . . . .  (73) 

The pair '0f equations,  

wly +~yw~. == Dy l (74) 
° . • • . . . . .  ° • • • • ° . • • 

~.wly + wl, =D~ , / 

may be solved giving 

w~y = ( D , -  ¢,D,)/(1 -- ¢,¢,) . . . . . . . . . . . . . . .  (75) 

Then (72) gives '  

W, = {C, (1 --  G¢.) -+- G D , -  G¢,D,}/( 1 -- ¢,¢,) , . . . . . .  (76) 

and subst i tut ion in (73) 

tan  yy = tan 

= tan 

• ° 

, using (71), gives 

D~ D ,  D~ 

( sin 4, sin f l , ) l (  s i n G ,  sin fl, 
fl, 1 - -  ¢ , s ~  4, sin ~, 1 -- ¢,¢, + G s i n  4o, cos ¢~, --  G¢, tan  /~y}. (77) 

The two equations (77) determine YF, ~'s and so in vir tue of (8) (sCL)F and (sCL)s as functions of 
¢r, ¢s only, 40~, ¢os being known:  Since equations (3)-(6) are only claimed to be correct to the  
first order, the  advantage of the present equations over first order equat ions  is doubtful.  

I t  would be possible to plot (sCL)F against ¢F, giving for each J a series of curves for various 
values  of 4/3 and similarly for (sCL)s, (Fig. 4). I t  would then  be necessary to determine inter- 
sections with (sCL)F against ccF and (sCL)s against c% curves giving consistent values of 4~ al=d 4~ 
and thig could be done by a very rapid successive approximat ion between the two figures. This 
represents the analogue of the use of Chart I in R. & M. 18492. 

8. Equations of the type of R. & M. 16741.--From Fig. 1. 

A C = w l c o s e c 7  • 

Resolving paral lel ' to  A F, we have 

AC cos (¢ -- y) =r~9 -- v , 
giving 

wl ---- ( r9  - -  v) sin ), see (4 -- ~') 

= ( r9  - -  v) tan  y sec 6/(1 + tan  y tan  4) , 

w i th  tan  y = sCd4n sin 4 • 

(78) 
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For  the front airscrew v = 0 and the equat ion becomes ident ical  wi th  equat ion (8) of R. & M. 
16741. For the back airscrew v/rD is of order  ~, and  might  be calculated by  wri t ing ~ = ~B. 

V is then given by  (Fig. 

V = rf2 tan  

= rf2 tan  

1) 
--  GC --  CD -- H K  

$ - - w ~ s e c $ - - u - - v t a n $  . (79) 

The most  convenient  form for W is (Fig. 1) 

W = H A  - -  G B  - -  HG 

= (r~9 --  v) sec 4 -  wl tan  ¢ , . . . . . . . . . . . .  (80) 

which is identical  with equat ion (2) of R. & M. 16741 for v := 0. 

The equations (78-80) may  be t ransformed so as to involve non-dimensional  coefficients only, 
by dividing by  convenient  multiples of Rf2 F, Rs9~. 

The solution of the equations by the methods  of R. & M. 16741 is s t ra ightforward apar t  from 
the occurrence of the te rm involving v in equat ion (78) for the back airscrew. A suitable series 
of values of the blade incidence 0c is first chosen for both airscrews for a series of s t andard  values 
of the radius. Values of CL, Cz~ for ei ther  screw are supposed known as function of ~, and ~ is 
deduced from the equat ion 

4 = 0 - - c ~ .  

Equat ions  (78), (79), (80), (14), (15) and (16) then determine  in succession values of wl, W,  VI 
O.(dQ/dr), dP1/dr, dP2/dr (or of suitable coefficients of them) for both airscrews. In  evaluat ing 
the te rm v in equat ion (78) it should be sufficiently accurate  to wri te  ~F = ~ .  I t  is finally 
necessary to plot values of V or of its coefficients JF  a n d  J~ and of D(dQ/dr), dP1/dr, dP2/dr or 
their  coefficients against 0~, so as to deduce values of the  th rus t  and power coefficients for the same 
values of V at all radii  before plot t ing against the radius r* and integrat ing to obtain  the power 
i n p u t  and power loss on the whole airscrew. 

9. Recapi tu lat io~. - -§ l .  Of the four basic assumptions as set out in §1, the first two are con- 
sidered to be of general  application to an airscrew, subiect  to  any  type  of external  interference.  
The development  of the equat ions is carried as far as possible wi thout  reference to the th i rd  
and fourth assumptions and these may  require fur ther  empirical  modification and would in fact 
be modified as a result of increasing the .distance between the two airscrews or vary ing  their  
diameters,  etc. 

§2. Equat ions  are given of the most  general form copsistent with assumptions (i) and (ii) and 
determine  the total  velocity W and the interference velocity w 1 of ei ther  screw on itself, in terms of 
r.O, qa, and (u, v) the  components  of the interference veloci ty of the second screw ; also for the 
thrust ,  torque and power loss grading in terms of W, CI., Cv and 4. 

§3. In  this section squares and higher powers of the interference veloci ty  ratio are neglected. 
This is probably  not  a serious l imitat ion since it is very doubtful  whether  the original assumptions 
hold beyond the first order in the interference velocities. Expl ici t  equat ions are given for 
(dlD,/dr), (dQ/dr), (dP2/dr) to the first order. 

§4. The equations of §3 are applied to the par t icular  case of equal  ro ta t ional  speed and equal 
power input.  Expl ic i t  equat ions are given for the part ial  effÉciency at a given radius and for 
the induced loss for front and back airscrews separately.  

* Coefficients of the type to, Pc1, P,2 are plotted against rv ~ = (r/R) 2. 
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§5. This section gives first order results for given blade angles and also the first order difference 
of blade angle between front and back airscrews for the case of equal angular velocity and power 
input. This completes the formulae necessary to obtain the numerical results given in the 
present note. 

§6. Values of W, (dQ/dr) and (dT/dr) are given to the second order for known values of Co. 
Difference of CL between the two airscrews is determined to the second order for equal revolutions 
and power input. The resulting value of the difference between the thrust power and torque 
power checks udth the first order estimation of power loss in §3. 

§7. In this section equations are obtained analogous to those on which the charts of R. & M. 
18492 are based. 

§8. In this section equations analogous to those of R. & M. 16741 are developed which could 
be used in the absence of charts to calculate the exact performance of an airscrew on the basis 
of assumption (i)-(iv). 

b 

B suffix 

c 
C suffix 

C , D  
CL, Cv 

dD 
F suffix 

LIST OF SYMBOLS 

Reciprocal of slope of lift curve. Equation (40). 

Equation (23). 

For "back 'airscrew" 

Blade chord. 
Mean value for contra-rotating pair of airscrews. 

Equation (71). 
Lift and drag coefficients of blade element. 
Drag of blade element. 
For "front airscrew" 

J 
dL 
N 

dP, 
dP2 
dQ 

r, R 
S 

S suffix 
dT 

~ ,  P 

V 

W 

wo 

= nV/R~ .  
Lift of blade element. 
Number of blades of either component. 
Induced power loss for blade elements. 
Drag power loss for blade elements. 
Torque on blade elements. 
Radius of blade element, tip radius. 
Solidity (=  Nc/2ar) of either component. 
For single airscrew. 
Thrust on t~lade elements. 
Components of interference velocity of front airscrew on back airscrew or 

vice versa (Fig. 1). 
Forward speed (Fig. 1). 

Resultant velocity at blade element (Fig. 1). 

Fig. 1. 
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y ,  z suffices 

0 s u f f i c e s  

N o t e .  O(y2) .  
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List of S y m b o l s - - c o n t i n u e d .  

Interference velocity of either airscrew on itself (equation (1)). 
Equation (2). 
Denoting either front airscrew and back airscrew respectively, or vice versa 

(equation (17)). 
Indicating limiting value for zero lift. 

c~ Blade incidence. 
fi Fig. 1; equation (9). 
~, Fig. 1 ; equations (7) and (8). 
e Zero lift angle ; equation (39). 

¢, ¢0 Equations (70), (18). 
Efficiency. 

0 Blade angle ; equation (39). 
O Equation (39). 

Tip loss factor ; equation (1). 
~y, Equation (22). 

/~, 
~°~Equat ions (69), (17). 

#, #o Equations (70), (18). 
¢, ¢0 Fig. 1. Equations (9), (10). 

D 

~0 is written for ~(¢0). 

Angular velocity in radians per second. 

The notation used in equation (19) etc. The statement 

F(~?) = Fl(y)  "+- 0(y  n) 

implies that F ( 7 )  can be expanded in powers of y in the form 

f(7) = f 0  + ~fl + y~f2 + .  • • 
and that 

F, (7 ' )  .... .fo -[- 7 f ,  -Jr- 7~f2 + • • • + 7 '~-' f , - 1  • 

1 Lock and Yea tman  ..  

2 Lock . . . . . .  

3 Lock, Pankhur s t  and  Conn 

4 Pankhurs t  and Fowler  

5 Lock . . . . . .  
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A r-D. * F 

FIG. 1 (a). Ei ther  Airscrew. 

w 

Wo 

~ " V 

A r ~  

FIG. 1 (b). Front Airscrew. 

G K 

t5 

u~ g " W 

A V r r ~  

FIG. 1 (c). Back Airscrew. 

Interference Velocity Components for a Contra-rotat ing Pair of Airscrews. 
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Ideal Loss of Efficiency at Standard Radius 0.7, Plotted against J .  All curves calculated for same values of 
s (0.09), C L (0-56), CD (0.017) (total solidity 0.18). 
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J 
Fie. 3. Values of (Op --  OB) (independent of number of blades) Calculated for Same Conditions as Fig. 2 (for 
Equal Rotational Speed). The Curve also Represents the Differetme of Blade Angles (0p -- 08) provided that 

the Zero Lift Angles are the Same for Both Airscrews. 

(SCL) F, 

Fr.ov~E, ~irsc,~q,w 

!111 \ . <~. ¢; I,:,~ ~. 

FIG. 4. 

$ ~ k  ~ j m ~ r e w  

<>~+.F<>,- \ I i i /  9'~°"' ~///  
@~")" ll/Y<scj. 

Charts Analogous to Chart I of R. & M. 18492. 

(76164) Wt. 10/7116 6/47 Hw. G.37711. 
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