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Summary.--The lateral motion of a symmetrical aeroplane slightly disturbed from steady flight is determined, to the 
first order of small quantities, by the solution of a system of six simultaneous linear differential equations with constant 
coefficients, in which the inhomogeneous terms, representing control forces or the effects of gusts, may be arbitrary 
functions of time. In virtue of the general properties of such equations, as is well known, their most general solution 
can always be written down in a form involving definite integrals. Calculations of such theoretical expressions can be 
~¢ery tedious, and it is now shown that  the most general solution can be much more simply obtained, by processes of 
addition, multiplication, and integration, from a set of three fundamental solutions. A large number of such sets of 
fundamental solutions has already been obtained by means of the differential analyser, and the application to these of 
the methods of this report will make possible a large range of more special response calculations, some of which may 
well develop into important matters  of routine. 

After an introductory statement of the equations of motion, the three fundamental solutions are defined in sect. 3.1, 
with four further solutions which are conveniently regarded as fundamental, though they can be derived from the original 
three. Relations between these seven solutions are given in sects. 3.2 to 3.6. Sect. 4 is concerned with the derivation 
of other solutions corresponding to constant or piecewise constant disturbances, and generalisation to disturbances 
given as any functions of time is made in sect. 5. A few particular examples of the technique developed are given in 
sect. 6, the fundamental solutions used being chosen from the differential analyser results mentioned above. A brief 
account of the scope of these is given in an Appendix, which includes in tabular form an index to the complete series of 
1188 figures in which the results are contained. 

1. Introduction.--During the period from Dec., 1943 to Feb., 1944, a lalge programme of 
'calculations referring to the lateral response of aeroplanes was carried out on the differential 

analyser at Manchester University, by  the author and collaborators~. One report on these 
-results has so far been written, by Mitchell, Thorpe and Frayn I (1944), and the " full set of 
curves " referred to therein has also been reproduced. The potential usefulness of the curves 
obtained in the whole programme is, however, so great that  it has been decided to make the 
complete collection of results available on loan as soon as possible, without waiting for the issue 
of individual reports analysing the various aspects of the work. The present report has been 
written with the twofold purpose of making known the existence and scope of the differential 
amalyser results, and of indicating how more general results can be deduced, and in particular 
how the curves can be used to facilitate certain important types of routine calculation. 

*R.A.E. Technical Note No. Aero. 1570 received 4th August, 1945. 

~A. W. Thorpe and Miss E. M; Frayn, for the whole programme, with Miss M. M. Dent and F. G. H. Jones for the 
parts listed respectively as (i) to (iii), and (iv), in the Appendix. 
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2. Equations of  Mot ior~.- -The equations of lateral motion of a symmetr ical  aeroplane slightly 
dis turbed from steady motion may  be wri t ten 

+ (, 
, % J / 5  • . =-; ---~z., v + - -  '/,( + ~ '  d~ ~.~ 

v • . ic, l r  
= ½C (~) + y&(~), 1 

#~ c,,(~) + ~ ~ ~<,(~) 

de  
--15 - - t a n ? < . ¢ + ~  = 0 ,  

dr, 
- -  sec ~ .  ~ -t- d-~ = 0 ,  

d¢ 
- -  ~ - -  cos y<. ~0 + ~ = 0 .  

(1) 

The notat ion used is as follows : - -  
T denotes t ime measured in airsecs, the dimensionless unit  equal to ?, true seconds, where 

t - -  p-~-g~ . . . . . . . . . . . . . . . . . . .  (2) 

S being the  wing area (sq. ft.), U~ the relative velocity in s teady motion (ft./sec.), m the  
mass of the aeroplane (slugs), and v the  densi ty of the air (slugs/cu. ft.) • 

y~ is the angle of climb in s teady mot ion"  

¢, ~p, are the angles of bank and az imuth  in the dis turbed motion, in radians ' 

D + g,(T) is the relative velocity of sideslip in dis turbed motion,  taking Ue as unit, split 
up into a part v due to sideways velocity of the aeroplane relative to a fixed datum,  and a 
part  g<.(T) due to change in the velocity of the local air (i.e. due to a gust velocity --  gz(z)). 
Since the equations are valid for small disturbances only, ~ -~- ~3,(z) can also be interpreted 
as the  angle of sideslip in the  dis turbed mot ion"  

/5, ~, are angular velocities in bank  and yaw (rad./airsec.) • 

4 is the sideways displacement  of the aeroplane consequent  upon disturbance, in units 
UJ ft. • 

Y,., L, n,~, lp, rip, I ,  ~, are the usual dimensionless lateral s tabil i ty derivatives ; iA ', i /  the  
dimensionless moment  of inertia coefficients; if2 the lateral relative density,  2m/(vSb) ,  
where b is wing span (ft.) ; and k = ½CL ; all in the notat ion of Bryant  and Gates 2 (1937) • 
the  addit ional  derivat ive y, (usually neglected) has been added, given in terms of its 
natural  counterpar t  by 

Y,. 
Y' - p s b  . . . . . . . . . . . . . . . . . . .  (3) 

where Y,r  is the sideforce in lb. wt. due to a rate of yaw r rad./sec. We have also added 
the symbol  iL-, 

4E  
iF. -- mb 2 . . . . . . . . . . . . . . . . . . .  (4) 

where E is the product  of inertia (slugs ft. squared) with respect to the axes of roll and yaw • 

C~,(~), C~(T), C&) are the dimensionless coefficients of applied sideforce, rolling moment ,  
and yawing moment .  
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Solutions of equations (1) have been calculated by means of the differential analyser, using 
initial conditions appropriate to three particular types of disturbance, for a large range of 
numerical values of the parameters. The full scheme is given in the Appendix. Our purpose 
in the text of this report is to show how solutions corresponding to arbitrary disturbances can 
be deduced. For this purpose a less cumbersome notation is to be desired, and we have used, 
in the remainder of the text, the modified notation of MitchelP (1943), and have further taken 
i~ and ~,~ as zero*. With these changes the equations (1) become 

~. Yr 

~ e ~ +  y ~ + l ~  ~ - l , ;  

- ~ + ~ + (J~ + ~ ) ~  

- - 4  

de 
+ N  

d~0 
¢ +~?T = o ,  

u¢ 
- ~ o + N  

= %(~5 - 2 & ( ~ ) ,  

= 0 ,  

----0. 

t .. (5) 

J 
The meanings of the new symbols can be inferred, on comparing (5) and (1) • see also sect. A3, 
and the list of symbols. 

3. Relations between Fundamental Solutions.--3.1. Fundamental Solutions.--The differential 
analyser results are the solutions of the equations (1) or (5) for three particular combinations of 
initial conditions and applied moments, and for various combinations of values of the stability 
parameters. We shall now adopt a matrix flotation, writing 

r 

,k ' 

~o 

L~J 

X == 

and express these solutions in the forms 

~ =  1 , / ~ = ~ = : ~  = ~ 0 _ - - ¢ = 0 ,  initially 

X -----. Xv (T), L ~ '  = % __ %, __ 0, throughout 

f ~  = ~ = ~ - - ~  = ~, =-- ~ = 0, 
x - x '  L %  = %, = 0, % =  1, 

~ =-_ ~I = ~ = ¢ = ~ =: ~ = 0 .  
X----X.(~,), % =  5 , = 0 ,  %.=-_1, 

_ _ _ _  L 

. . . .  (~) 

l 
initially 

throughout~ ' 

initially ; . 

_ _  throughout" .j 

(7) 

(8) 

(9) 

*Formula  valid in the more general case when these parameters are not zero can easily be written down. 
tSome of the results (see Appendix) use other values than unity for ~ and ~,,. 

(78824) 
A2 
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These solutions form a fundamenta l  set, ena~bling u s  to find (by e lementary [0rocesses and 
quadratures)  "the solution corresponding to a rb i t ra ry  ini t ial  condit ions and applied forces and 
moments.  

I t  is convenient  to regard as fundamenta l  four fur ther  solutions : - -  

ini t ial ly l . .  (10) 
throughout  . j  ' 

ini t ia l ly l . .  (11 ) 
throughout  J 

" h  

ini t ial ly 
•. (12) 

throughout  j ' 

. . .  (13) 

f / ~  = ~ = ~ = 4 = ~ - ¢ = 0 ,  
x =  x,, (r), L % =  1, % =  % , = o ,  

; ~ - :  1 , ~ = ~ = 4  = ~ , = ¢ = 0 ,  
x =  x~  (-4, L ~ ' =  ~o,= %, --  o, 

f ~ - .  1 ,~ =-- ~ -  4 = ~ -  ¢ -  o, 
x = x , ( r , ) ,  L ~  = % = % __ 0, 

{ 4  = 1, ~ = ~ = ~ = ~ = ¢ = 0, initially 
X = X~ (~), ~':, -- % - -  %~ = 0, throughout  

The solutions corresponding to init ial  ~o and initial  y are, of course, trivial.  

These solutions will be referred to frequently as response to init ial  uni t  sideslip (X,,), unit  
constant  rolling moment  (Xz), or the  like. I t  must  be clearly understood tha t  the uni t  referred 
to is the dimensionless, a n d  not the natural ,  unit.  

3.2. Relations between the Seven Fundamental  Solut ions.--Let  us now integrate  equations (5) 
formally wi th  respect to r, from 0 to r, neglecting terms involving ~(r) .  We have 

f d X  d X & - -  X(O) (1.4) o ~ -  dr = x ( r )  - )C(O) = ~ . o  ' • . . . . .  

where X(O) s tands for the  mat r ix  of init ial  values @,/~o, fo, 40, ~oo, 39o - 

V = ~ dr , 
• 0 

= 4 d r ,  
• 0 

we obtain the equations 

- -  X V 

- - V  

P =  dr,, R=-- f d r ,  
0 - 0 

= ~, dr ,  Y :- ¢ d r ,  
* 0 0 

+(1- 
+ l l ) P  --  12 R 

+ n ~ p + ( d + n . ~ ) R  ~ 

- - p  

. ° . ° 

Hence, wri t ing 

t ° ° ° . 

i ~ ~¢(~) & ,  ~ -  n o  "-~" . 0 . 

- ~o + .  o %(r,) dr,,  

*T 

--ro~ + ./ o %~ff) & '  

d ~  
+~/-4 = 4 o ,  

d ~  
- - R +  dr --~Oo, 

d Y  
- -  ~' + & - -  ~o. 

. .  (15) 

. .  (16) 



Compar ing  ( 1 6 ) a n d  (5) we deduce  the  fol lowing conclusions : ~  

(i) The  solut ion of (16) wi th  t h e  ini t ial  condi t ions  :bo ----- 1, ~o = ~o ---- ¢o : ~oo ----- 3~o = 0, and  
wi th  cgy - -  <g, ~_ <g,~ ~ 0 t h r o u g h o u t  is ident ica l  wi th  the  solut ion of (5) for uni t  appl ied  roll ing 
m o m e n t .  F o r m a l l y  this  is expressed  by  the  equa t ion  

X / v )  dr  = X,(T) . . . . . . . . . . . . . . . . . . .  (17) 
0 

(ii) Similar ly  

f 
~ 

x , ( , / d ,  = x . ( ~ )  . . . . . . . . . . . . . . . . . .  ( i s )  
0 

and  X,.(v) dT = X,.(v) . . . . .  . . . . . . . . . . . . . .  (19) 
0 

Again,  wri t in~ ¢ ~ 1 + ¢ '  in (5), an d  t ak ing  % ---- ~l ---- *,~ ~- ~c, =- 0, we obta in  the  sys tem 
of equa t ions  

- -  ~ - 2 j  r - k ¢  

~e ~+ (d + ll)~ --'2¢ 

- -  ¢ j  

- - k ,  

----0, 

-----0, 

d e '  
+ ~-~, = 0 ,  

d~ - ¢ + ~ = o ,  
dp - - ~ + ~ = 0 ,  

(20) 

f rom which  we deduce  tha t  

x '~ (~)  - -  k x y ( ~ ) ,  (21) 

where  

X,  __ 
¢ 

¢ - - 1  
. . . . . . . . . . . . . . . .  ( 2 2 )  

# 

We can now proceed to inves t iga te  m e t h o d s  of calcu!at in 6 the  four a d d e d  f u n d a m e n t a l  
solut ions (10) to (13). 
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3.3. Calculation of Response to Init ial  Rate of RolL- -The  solut ion X~(,) being k n o w n ,  we h a v e  
f rom (17) 

Wz(r) = f,(~) f . . . . . . . . . . . . . . . . . .  (23) 

immed ia t e ly ,  and  

~p(r) = d:~ddv = ~,(~) + ~,(~) . . . . . . . . . . . . . . .  (24) 

f rom the  last equa t ion  of (5). 

Also, on us ing  the  equa t ions  of mot ion ,  

~,(~) - :  d~, (~) /d~ = . ~  ~,(~) - -  n , p , (~ )  - -  n ~ , ( ~ ) ,  [ 
r 

~(,)  = d~,(,)/d, = k¢,(~) --  1 - -  fi; 

. .  ( 2 s )  

The app rop r i a t e  curves  can therefore  be ob ta ined  by mul t ip l i ca t ion  and  add i t ion  f rom the  curves  
for cons t an t  appl ied  roll ing m o m e n t .  

3.4. Calculation of Response to Init ial  Rate of Yaw.--Simi lar ly ,  f rom (18), we have  

¢ , ( 3 )  - -  £ , ( ~ ) ,  

f v , ( O  --: L ( ~ ) ,  
(26) 

¢,(~) = ~,,(~) + ~ & ) ,  . .  . . . . .  

! 

F 
~ (~ )  = k¢,~(~) - -  1 - ~  . . 

. .  (27) 

. .  ( 2 s )  

,'3.,5. Calculation of Response to Sideforce.--In this  case, b y  (19), we have  i m m e d i a t e l y  

p , ( ~ )  : ¢ , ( ~ ) ,  

(29)  

v 0 

, - r  

~p,.(r) =-- . 0 't'fl~ ' 
. . . o , . 

~,,(~) = ¢ / ~ ) -  ,p,(~), 

- r  

y ,  r == yflr. 
• 0 

These  can  be e v a l u a t e d  wi th  the  aid of a con t inuous  in tegraph .  

(30)  



3.6. 
obtained, this follows 
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Calculation of Response to Initial Angle of Bank.--When response to sideforce has been 
from the relations 

~ = k ~ , , ,  

G = k~y, 
t 

4 ~ = 1 + k ¢ , ,  ~ "" 
. . . . . . . . . . . . . .  (31) 

4. Derived Solutions for Constant or Piecewise Constant Disturbances.--4.1. Response to Sharp- 
edged Sidegusts.--If an aeroplane moving steadily with controls central encounters a sidegust of 
velocity ~G(r), the motion is determined by solving (5), with c~, -- % = ~,~ -- 0, and with the 
initial conditions ~ = # = ~ = ~ = ~ - - - - ) 9 - - - - - 0 .  For a constant G , =  1, we may remove the 
terms in G, by replacing $ and 39 in (5) by ~' and 3~', where 

(32) . , , . , . . . . . . .  , . • • 

~ ' = ~ + ~ ;  

we thus see that  the motion required, in ~', #, $. 4, ~, 99', is the same as that  already determined, 
in ~,/~, ~, 4, ~, ~, for no disturbance force or moment, and ' for  the initial conditions ~ = 1, 
m 1 13 itia f- ¢ -- ~o = 39 ---- 0. The motion is therefore given, in v,/~, r, 4, ~, Y, by the response to 

sideslip. In fact, if the suffix g identifies the solution for constant unit gust velocity, 

#~(,) = ~ & ) ,  4 # )  = ¢~(,), 
(33) 

¢~(~) = ~(~),  ~,(~) = ~ & ) ,  f " .. 
with 

~(~) = ~(~) - ~. f 
(34) 

4.2. Any Combination of Conditions involving Constant or Piecewise Constant Applied Forces, 
Moments, or Gusts.--The fundamental solutions can be made to yield an extraordinary variety 
of results under this heading. Most generally, we may consider the disturbance motion following 
arbitrary initial values#0, G, ¢0, ¢0 at ~ ---- 0, with a sharp-edged gust velocity $,,, and with constant 
control forces %, %, ~g,. The motion, as long as gust velocity and control forces remain 
unchanged, is given by 

X ( ~ ) -  ~oX/~) + ~0X&) + f0Xr(~) + ¢0X~(~) 

+ ,~x,(~) + %x~(~) + ~x,~(~) + ~,G(~) . . . . . . . . .  (35) 
A A I (~ t ~ t If at time ~0 the gust velocity changes to v~ + v~, and the control forces to %, q- F,,, % + ~ ,  

%~ q- %,', the solution will be given by (35) np to time ro, and subsequently by 

X(~) --~oX~(~) + AX&)  + ¢oX,(~) + ¢oX~(~) 
+ %Xy(~) + % x & )  + %,x,&) + ~ G ( ~ )  

+ % ' x &  --~o) + %'x,(~ - ~o) + . , , ' x . (~  - ~o) 

+ ~ ' G ( ~  - ~0) . . . . . . .  . . . . . . . . . . .  ( 3 6 )  

Further changes can follow by addition in the same way. 

Particular examples of this technique follow. 
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4.31. Sharp-edged sidegust, on and q~, duration ~o, motion initially steady 

x ( ~ )  - ~ ; x ~ ( ~ )  , o < ~ < ~o,  
. . . . 

=:  ~,,; { x , ( ~ )  - x ~ ( ~  - - -~o ) } ,  3o < T .  
(37) 

4.32. Picking up a dr@pea wing by constant rolling moment.--We represent the dropped wing 
by initial 60, the mot ion is then given by 

: f i r )  - -  COX,&) + ,~,x,(~) . . . . . . . . . . . . . . .  (38) 
or by 

x f f )  - C o X  J 3 )  + % x , ( ~ ) +  % x . ( 3 ) ,  . . . . . . . . . . . .  (39) 

if the yawing moment  produced by aileron application is taken into account. 

If the ailerons are centlal ised after t ime 30, the motion is given by  the above expressions for 
0 ~ 3 < r0, and thereafter  by 

X(z) = ¢oX.,(r) + ce~ {X, ff) --  X,(3 -- to)} -? % {X&) -- X,( ,  -- to)}. . .  (40) 

4.33. Engine cut.--If  %, <g,,. are rolling and yawing moment  due to engine failure, 

Xff) = %,X,(3)-}- ~,,¢X,,(z) . . . . . . . . . . . . . . .  (41) 

If at t ime ~o the controls are moved  so as ins tantaneously  to balance the engine cut moments ,  
we have subsequent ly  

X(r) = c¢,~ {X~( r ) -  X , ( T -  to)} q- %~{X.(3) -- X.(3 -- 30)} . . . . .  (42) 

Alternatively,  if the applied rolling and yawing moments  do not balance the engine cut moment ,  

X(r) --- %.X, ff) + %X,(3 - 3 o )  + %eX,,(r) + ~o,X,,ff -- 3°) . . . . .  (4a) 

4.34. Fin staff following engine failure or rudder application. This is a much  more com- 
plicated example of the possible ut i l i ty of the  curves and it should be remarked  tha t  it is not 
likely to be one to which linear equat ions can be applied. It  is not  recommended  tha t  calculations 
of this type should be carried out. The case considered, however, is an example  of the potent ia l  
range of calculations which can be made,  when sufficient thought  is given to the possibilities. 

We shall suppose tha t  stalling the fin causes a decrease in both  ~ and n2 : we then have two 
systems of equations to deal with, system 1 applying unti l  the fin stalls, and system 2 thereafter.  
We shall denote the  solutions corresponding to the two systems by upper suffices enclosed in 
brackets, e.g. X/1~(3), etc. We shall suppose also tha t  the fin stalls when the fin incidence reaches 
a certain value, say 

N 
t~ 2 

where 1 is the dimensionless fin and rudder  arm. 

Suppose the initial motion is due to rudder  application. 

x ( ~ )  = . , , x , : l , ( ~ ) .  . . . . . .  

which holds until  a t ime To such that  

1 ' /I _ _ - -  r n l l / ( T  0 = ~ . . . . .  (~,, vn'l '(TO) Ft 2 

At this instant  the values of the disturbances are 

:¢.p,:1 '(3o),  : , e : / ' ( 3 o )  , ~.r,,- '~' (~o),  

*,,¢,,¢'>(ro) , %V',,a'(3o) , %y,Y> (30). ) 

. . . . . . . . . .  (44) 

We have then 

. . . . . . . . . .  (45) 

. . . . . . . . . .  (4G) 

. . . . . . . . . .  (47) 
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Subsequently system 2 moves from these initial conditions under the same applied moment and 
with an extra yawing moment ~'~' needed to give the correct fin lift at the stall. The motion 
is then given by 

x(~)  = v.p.~,(To) x , %  - ~0) + ~:2'(~o) x : ' ( ~  - ~o) 

+ %:,: '(~o)x/~!(T - T0) + %,~,,%o) x : ' ( T  -- ~0) 
+ (%, q- V.') X.~2)(T -- To), . . . . . . . . . . . .  (48) 

apart from correction terms in ~0 and 3~. We may proceed to move the controls at time r~ in an 
at tempt to unstall  the fin. If cgf, c¢,, are the extra moments introduced, we have subsequently 

X(T)  ~- (~nPn(1)(T0) Xp(2)(T --- T0) @ (~ng)n(1)(T0) Xv(2)(T - -  TO) 

-'j-- (~nr~(1)('~'o) X r  (2 (T - -  TO) @ '(~,,(~,,'1)(~'0) X(~(2'(g --Z'D) 

+ (% + %/) X~'~'(r -- r0) + ~',"X/~, (r -- r~) + %'X, :  2, (~ -- z , ) . . .  (49) 

Equations (48) and (49) will remain valid as long as the fin incidence exceeds a or some lower 
critical angle at which the fin unstalls. If it drops to this value, we return to system 1 with the 
original applied forces but with the initial conditions determined at the instant when the fin 
ceases to be stalled. 

5. Derived Solutions for Variable Applied Forces, Moments, or Gust Velocities.--5.1. Dis- 
turbances Varying Linearly with T ime. - -The  general curves can also be used, though not so 
simply, for calculations on variable applied forces and moments, or on variable gust velocities. 
The simplest obvious cases are those in which the disturbances vary  linearly with the time. 
The results here, in the case of applied forces and moments, can be obtained by comparing with 
the integrated equations (16). We then see that  integration of the response to unit sideforce, 
rolling moment, or yawing moment yields the response to linearly applied sideforce, rolling 
moment, or yawing moment respectively, .the rate of growth of the applied force or moment 
being unity. If we denote these solutions by  Xdy(T), Xd~(T), X~,(T), we thus have 

0 

X , , ( T )  = o 

x , ( T )  = 

In full, for X~t(~), we 

5,(T) = 

imm'ediately, and 

X, ff) d~. 

X,(T) dT. 

have 

~,(T), } 
~,(T) 

J 

S ~~(~) d , ,  o 

f~ ~,(~) d~ , 
0 

H A ¢~,(~) = y,(~) ~ .  
0 

. .  (5o) 

. .  (51) 

. .  (52) 

Exact ly similar equations can be written down for response to linearly applied sideforce or 
yawing moment. The use of a continuous integraph is indicated. 
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We may also define a further solution for a linearly increasing sidegust, with d~;(;/dr = 1. 
Calling this Xa~(r), we have 

, r  

- ' G ( 4  = j x~(T) d T ,  . . . . . . . . . . . . . . . .  (53) 
0 

leading to equations like (51) and (52) as before. 

5.2. Mixed  Di s tu rbances . - -Wi th  the four extra solutions thus obtained nmch more general 
calculations may be made. We may take as an example a sudden engine failure, at time 0, 
which the pilot attempts to correct, after an interval r0, by moving the controls with constant 
velocity until the asymmetric moments due to engine failure, %, Y .... say, are balanced at 
time r~, after which the controls are held fixed. The solution is then given by 

x(~)  = ~,~,x,(T) + %, ,x , , (~) ,  

x(T)  = %~x,(~) + % x , , ( ~ )  

%" x~,(~ ~o) % X~,,(T To/ ~o-< T < T 1  (54) 
T 1 - - -  T O T 1 - -  T 0 ' ~ . 

x ( -6  .... %x , (~ )  + % x , , t ~  - - % - {x~,(~: - ~:01-- X 4 T  - -  T~)} 
• , TI -- T O 

T, - ~ o { x ~ , , (  T - -  3 0 ) -  x . ( T  - T1)}, T1 < ~ .  

As another example, if the motion is clue to a gust which grows linearly to velocity ~(; in time r0, 
und then falls linearly to zero in the same time, thereafter remaining zero, the motioI is given by 

A 

X(~) v,; 
To Xd~(z) 0 <. T <~ ~o, 
A 

- { x ~ & )  - 2x,,~(~ - To)}, ~o < ~ < 2To, . .  (55) 
T o 

A 

T 0 ~ . ~  

5.3. Use of the Curves as Influence Func t ions . - -Var iabIe  applied forces, moments, or gust 
velocities can also be' dealt with by a much more powerful method, which may also be found 
preferable, in the case of linear variations, to the method given above. \Ve shall illustrate this 
by considering the case of a variably applied rolling moment. 

The solution Xz(T) can be regarded as an influence flmction giving the magnitudes of the 
disturbances at time T after the sudden application of a unit rolling moment ~.  Hence if at 
time ~, rolling moment d% is applied, the corresponding magnitudes of the disturbances will 
be X~(z -- z~) d~#~. All such magnitudes are additive, and the motion due to any variations of 
% can therefore be expressed in the form 

x(T)  -= .  o x,(T - ~ )  ~ , d ~ ,  . . . . . . . . . . . . . . .  (56~ 

Sinfilar equations can be written down for the motion due to arbitrary changes of gust velocity 
(~r to arbitrary control motions. The most general motion, starting with arbitrary/~0, G, f0, ¢0, 
with arbitrary disturbances, can then be written down in the form 

.'C(~) = DoX~(~) -!- ~,oXo(T) + ;oX~(4 + ¢0X~(r) 

-t- fo X,(T --  ~,) d(~ -¢- X,,(r - -  r,) d~ q- X,,(r -- r,) ~ q- X~.(T -- 7:,) [t;~ d r . . .  (57) 

This type of integral can be evaluated very simply by means of the Stieltjes-planimeter , 
Nystr6m 4 (1935). 
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6. Examples of Sohttions Derived from the Fundamental'Solut, ions.--A number of calculations 
have been made to illustrate the possible applications of the curves, discussed above. The 
results are given in Figs. 1-10, each of which shows all six components of the' motion. The 
curves and the method of calculation, are as follows : - -  

6.1. Fundamental Solutions (Figs. 1-3).--The fundamentai  solutions X ,  X,,, X~, are shown 
in Figs. 1-3, together with the derived solution X~. These solutions were obtained by the 
differential analyser, and belong (see Appendix), to the basic stage of the programme on the 
lateraI response of conventional aircraft at high speeds. The numerical data used are as follo~;es :--- 

k = 0' 1 . t~ = 20, iff = 0"12,  ic' = 0"18, i / =  0, "] 

y , = 0 " 2 ,  y , = 0 ,  lp --= -- 0"42, I,----0"06, n~.0=--0"024, n ~ = - - 0 . 0 3 , ~  (58) 
/ 

l =  1, I , = - - 0 . 0 6 ,  n, I = 0 . 0 7 2 0 % - - 0 . 0 4 8 ,  n , = - - 0 . 0 7 2 ) ,  J 
and the solutions X,  X,,, Xo are as defined in sect. 3.1, corresponding to unit applied roiling and 
yawing moments (the modified moments % and %,) and unit initial sideslip (~ = 1); while X~ 
gives the response to a sidegust of unit velocity (~, ---- 1) given by 

g v~ r g  ~ r v , g v 

(59) A .~ " " . . . .  
v~ = - 1 + v . ,  .~ = - -  ~ + ~.. 

6.2. Solutions for Unit Constant Sideforce, and Unit Initial Angle of Bank (Fig. 4).--The response 
to unit constant sideforce (%) has been derived by the formulae of sect. 3.5, and is shown in 
Fig. 4. The solution for unit initial angle of bank differs from this only in scale, and the addition 
of a constant to $, and the alternative scales for this solution have been added to Fig. 4. The 
extreme slowness of the motion which develops when the wings are not level should be noted. 

6.3. Solutions for Initial Rates of Roll and Yaw (Figs. 5, 6) .--The response to initial unit 
rate of roll, a n d t o  initial unit rate of yaw, have been calculated by the formuke of sects. 3.3 
and 3.4, which in this case become 

1 A - - - .  7 / 5 ~ = l + ~ - r ,  ~ ,  10~,, 
r p  = 1 2 A 

l - -  g t - -  , ~ f t  

.A 1 A 1 .~  
Vp ~ N U l l  - -  r l  - -  ~ V t  , 

, .  = ~ , , ,  ~0, = p,,, 
. ~ r  1 A A 

= ~ - r ~ , -  ~ } / 5 , , -  1 0 v , , ,  

~, = 1 -F _~.~. _ 1~, __ ?"~r,,, 

V~ ~ n - - "  r ~  - -  .~,Vj~ . 

The results are 

- , +  
y ,  - =  v , ,  % ,  

shown in Figs. 5 and 6 respectively. 

. . . . . . . .  (so) 

J ( 6 1 )  

6.4. Picking up a Dropped W~ng by Application of Rolling Moment (Fig. 7).--The appropriate 
formulae for this case are given in sect. 4.32. The case taken is where the initial angle of bank 
is ½ radian, and unit rolling moment (%) is applied initially, and held constant thereafter, or 
until the-angle of bank is zero, and the controls are then centralised. The results are given in 
Fig. 7, the full-line curves showing the response when the rolling moment is maintained constant 
throughout, and the dotted curves showing the results if the controls are centralised when 
¢ = 0 .  
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6.5. R e s p o n s e  to a Graded Gus t  (Figs .  8, 9).--The response to a linearly increasing sidegust, 

with unit rate of growth, is shown in Fig. 8, each component being the time-integral of the 
corresponding component in Fig. 3. This solution has then been used with the results shown 
in Fig. 9, to construct the response to an on-off graded gust which grows at unit rate from 0 to 1 
airsec, and immediately decreases at the same rate from 1 to 2 airsecs. 

6.6. R e s p o n s e  to a Sharp -edged  C o n s t a n t  S idegus t ,  D u r a t i o n  1 A i r sec  (Fig.. 10!.--This final 
example illustrates the technique of" sect 4.2, the working formulae being given in sect. 4.31, 
with T0 =- ~. The curves obtained are shown in Fig. 10. 

Ct, C,,, C,., E ,  iA', 

b 

~ t  

cgz, ' c(, , , ,  ~ , ' ,  etc. 

d ~  

g 

@ 

is.: 

1 

LIST OF SYMBOLS 

i / ,  k, l~, 1, l,., %, n,, n~, y~., J*2, are as defined in R. & M. 18015. 

span of aeroplane (ft.) 

• ' ~ C . / ~ c ,  cg~ = !  C =-- t*~Cj*.4 , ~ . =  ' '  2 y 

Values of ~ ,  ,~,~ due to engine failure 

Changes of ~¢~, ~,,, ~y during an manoeuvre 

Increment of ,% 

As suffix, identifies the solution for sharp-edged sidegust 

As suffix, identifies the solution for linearly increasing sidegust (unit rate) 

= 4 E / ( W b  2) 

Dimensionless fin arm. As suffix, identifies the solution for unit constant 
rolling moment 

dl As suffix, identifies the solution for linearly increasing rolling moment 
(unit rate) 

l l  - - -  - -  l p / i A ' ,  12 = l ~ / i A '  ° 

m Mass of aeroplane (slugs) 

n As suffix, identifies the solution for unit constant yawing moment 

dn As suffix, identifies the solution for linearly increasing yaviing moment 
(unit rate) 

n~ = - -  np/i~.', n~ . . . .  n~/ic' 

n,o Value of n, for a particular fin size 

n~o Value of n~ for a particular fin size 
0 

n.i Extra  n. due to change of fin size 

,4/" :/~2n~/i~:' 

p As suffix, identifies the solution for unit initial rate of roll 



R 

A 

~'0 

S 

l 

V 

V =  

A - 
7) o 

A 
7Jc~ 

UG 

X 

X '  

Y 
dy 

Y =  

Y, 
¢ 
A 

Yo 

3~'= 

J r  

Yvo 

Y~ 

P 

T 

T O ,  T 1  
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LIST OF SYMBOLS (continued) 
Rate of roll, rad./airsec 

Initial value of 

Rate of yaw, rad./sec. 

As suffix, identifies the solution for unit initial rate of yaw 

f ~ CdT 
• 0 

Rate of roll, rad./airsec. 

Initial value of ¢ 

Wing area of aeroplane (sq. ft.) 

Value of airsec in seconds 

Steady velocity of aeroplane (ft./sec.) 

As suffix, identifies the solution for unit initial Sideslip 

f ~ SdT 
0 

Sideslip in radians 

Initial value of 

Gust velocity 

Change of gust velocity 

Matrix of components v, #, r, $, ~, 

Matrix of components ~, 2~, #, $ -- 1, ~, 3~ 

As suffix, identifies the" solution for unit constant sideforce 

As suffix, identifies the solution for linearly increasing sideforce (unit rate) 

f" ¢& 0 

Sideforce~due to rate of yaw (lb. wt./rad./sec.) 

Sideways displacement, in units Ue~ 

Initial value of ¢ 

¢+T 
Dimensionless sideforce due to rate of yaw 

Value of Yv for a particular fin size 

- -  y ;  

Fin incidence at which theo.fin stalls (radians) 

Angle of climb of aeroplane (radians) 

Air density (slugs./cn. ft.) 

Time in airsecs 

Special values of T 
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LIST OF SYMBOLS (continued) 
Angle of bank (radians) 

As suffix, identifies the solution for unit initial angle of bank 

0 

4o Initial value of 

~ ' = 4 - 1  

,/, -- Angle of azimuth (radians) 
- T  

~ : = j  4& 
0 

7'o Initial value of 

(1), (2) As upper suffices, identify solutions for normal and fin-stalled conditions 
respectively 

No. A ulhor 

1 ' Mitchell, Thorpe and Frayn 

'2 Bryant and Gates .. 

3 Mitchell . . . . . .  

4 Nystr6m . . . . . .  
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A P P E N D I X  

The programme of work referred to in the text covers four aspects of the lateral response 
problem : - -  

(i) Lateral response of conventional aeroplanes at high speed (CL = 0.2). 

(ii) Lateral response of tailless aeroplanes at high speed (CL = 0.2). 

(iii) Lateral response of tailless aeroplanes at low speeds (CL = 1.0). 

(iv) Lateral response of .ultra high-lift aeroplanes (CL = 2.8). 

Each stage is described, under its appropriate heading, below. 

A1. L a t e r a l  R e s p o n s e  o f  C o n v e n t i o n a l  A e r o p l a n e s  at  H i g h  S p e e d s  (CL = 0.2) . - -The quantities 

* k = 0 " l ,  y ~ = 0 ,  . i e = 0 ,  y ~ = 0  . . . . . . . . . .  (AI.1) 

remained fixed throughout the whole of this stage of the programme. 
were treated as follows : - -  

(i) Basic values were attached to all of 

y~, lp, lr, ~%, iA ', ic ' ,  f~., • . . . . . . .  

The remaining quantities 

. . . . . .  (A1.2) 

and nv and lv were varied independently, n~ varying with n~ according to the laws 

n~ = n~o + n~j, m = - -  ln~i, . . . . . . . . . . . .  (A1.3) 

with basic values of n,.0 and the dimensionless fin arm l.: This part of the programme is referred 
to as " Basic " 

(ii) Similar results with independently varied n~ (n,) and l, were obtained with modified values 
of ia ' ,  ic ' ,  but with basic values for all other quantities. This part is referred to as " Variation 
of inertias ". The values of % and ~ were changed, with the inertias, so as to keep the standard 
dimensionless C~ and C,, constant. 

(iii) Similar results with independently varied n~ (n,) and l~, with all quantities basic excep~/*~, 
which was given modified values. This part is referred to as " Variation of ~ " 

(iv) With basic values of iA',  ic ' ,  with fixed ¢2, and with independently varied n, (m) and/I., 
the remaining quantities were altered one by one from their basic values to new values estimated 
for a particular aeroplane, which will be referred to in the sequel as Aeroplane K. This part is 
referred to as " Transition " 

(v) Finally, further calculations were made with the values of the derivatives for Aeroplane K 
with two values of ~ ,  and with independently varied n~ (n,) and lv. This part is referred to as 
" Aeroplane K " 

The graphs corresponding to this whole section of the programme are numbered S1 to $396, 
and bear, in addition to the number, a code caption indicating what they represent. The folloVcing 
conventions are used in making up the caption : - -  

(i) The type of disturbance is indicated by the letters S, A or R, indicating response to initial 
sideslip, unit rolling (Aileron) moment, and unit yawing (Rudder) moment, respectively. 

(ii) The stage of the programme is indicated by the letters B (Basic), I (Variation of inertia), 
~, (Variation of ~,~.) or T (Transition). In the case of Aeroplane K the results for ,*,2 = 5 and 
~,, = 10 are distinguished by the headings K5 and K10 respectively. 
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(iii) The component of the motion shown in any particular graph is indicated by the corres- 
ponding small letter, placed last in the caption. 

(iv) Where I,, is constant in all the results shown on a particular graph, "the value of 1001,, appears 
before the code letters indicating the part of the programlne or the type of disturbance applied. 

(v) Similarly where n~j is constant, the value of 1,000n~ 7 follows the code letters for part of 
programme and type of solution. 

As an example, the caption BS120v indicates response to initial sideslip for basic conditions 
with u,j = 0. 120, the component shown being sideslip. 

An index to the figures S1 to $396 for this stage of the programme, with the numerical values 
used, is given in Table 1. 

A2. Lateral Respouse of Ultra High-lift Aer@lams (CL = 2.8).--This programme splits into 
parts in a very similar way. The quantities 

k = 1.4, y, = 0 . . . . . . . . . . . . . .  (A2.1) 

were constant throughout, and the derivatives were assumed to be connected by the relations 

1 t 
7¢v = :  g/'vo -1- ~?~vf, 

n~ -=  n,o - -  I n , z ,  J 

(A2.2) 

Basic values were attached to each of 

Y~.o, lp, I, up, n,o, U~o, l, (4', ic', i~, ~ ,  .. (A2.3) 

and u,,j and l~ were independently varied, y,, y~, u,, and ~z~ varying with u 4. This constitutes the 
" High-lift basic " part of the programme. 

High-lift " Variation of ~ " and " Variation of inertias " sections were obtained by making 
calculations for basic values with ,,~, modified, and with i:,' and i,.' modified, respectively. 

A " High-lift transition " section was obtained, in which the effect of changing iE, and the 
effects of altering the rotary derivatives y~,, l~, l ,  up, n~o, were investigated. These parameters 
were altered separately from their basic values to new values aud back again, and not cumulatively 
as in the high-speed programme. 

An index to the figures $397 to $756 for this section of the programme, with the numerical 
values used, is given in Table 2. The captioning of these figures follows the general lines of 
those of the basic stage, except that 100n,,j is indicated instead of 1,000 n~.f. 

A3. Lateral Response of Tailless Aeroplanes at High or Low Speeds.--These programmes differ 
markedly from those for conventional aeroplanes, and are considerably simpler. As in the first 
part of the programme, i~, y,, y~ were assumed to be zero. Further, no relations between 
derivatives were assumed, and this makes it natural to work in terms of the modified quantities 
of equations (5), rather than to use tile standard dimensionless derivatives of equations (1). 
Variations of/*2 are then absorbed in those of ~ and ~ ,  and those of iA', ic' in these and in the 
remaining quantities. 
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quantities 
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For each speed, given values were assigned to the 

l~, l~, k, n~ ; . . . . . . . . . . . . . . . .  (A3.1) 

the quantities .9~ and n~ were then given all combinations of tw9 values each, while ~ and -#, 
for each combination of 35v and n~, were independently varied. All results have been plotted 
for fixed ~ and varying ~o, with captions of the form b34p, where the letters b or B indicate 
small or large CL, the suffix refers to the combination of 9v and n2 used ; the next numeral is the 
value of J~, and ib is the component shown. 

An index to the figures $757 to Sl188 for this stage of the programme, with the numerical 
values used, is given in Table 8. 

(7a82 t) 
B 
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