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Summary.--It was shown in Aeronautical Research Council Report No. 54551 that the accurate stress4unction 
solution of certain two-dimensional problems of stress distribution may be replaced, with negligible error, by the 
approximate stringer-sheet solution (R. & ~. Nos. 2099 s, 21004). Tins report extends the comparison of the two 
methods to problems of stress concentration near holes. The stringer-sheet solution is not as accurate as before but 
the error in the direct stress is sufficiently low for the method *o be of practical use. 

It is proposed to apply the method to rectangular holes and to the problem of a hole reinforced at its edge. 

1. Introduction.--In A.R.C. Repor t  No. 54551, it was shown tha t  for cer ta in  types of loading 
the  stress dis t r ibut ion in a uni form fiat sheet  reinforced at  its longi tudinal  edges b y  h e a v y  flanges 
m a y  be obta ined  wi th  sufficient accuracy  by  the  s tr inger-sheet  method ,  p rovided  tha t  the sheet  
is considered fully effective in tak ing  direct  load as well as shear.  In  this report ,  the  m e t h o d  is 
used to find approx imate ly  the  stress concent ra t ion  near  a hole. The  str inger-sheet  solution is 
compared  wi th  the  accura te  solution for an elliptical hole in an unre inforced sheet  which  is sub jec t ,  
at infinity, to a uni form pull  in the  direct ion of one of the  axes (Fig. 2). 

2. Fundamental 
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Stringer-Sheet Equat ions . - -Wi th  axes as in Fig, 2, let 

d isplacement  in direction Ox, i.e. in the direct ion of the  applied load, 

d isplacement  in direct ion Oy, i.e. in the  t ransverse  direction, 

thickness of skin, 

thickness of s t r inger  sheet, i.e. str inger  area per uni t  wid th  of sheet  plus ~ 
effective skin thickness,  t 

equivalent  thickness of mater ia l  which  resists t r ansve r se  load, 

stress in direct ion Ox, 

~shear s,ress . . . .  

stress in direct ion Oy, 

shear  modulus  and  Young 's  modulus  respectively.  

* R.A.F. Report S.M.E. 3199. 
t Effective skin thickness is total thickness for unreinforced sheet in tension 1. 
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We assume tha t  the skin takes only shear and the str inger sheet only direct stress in the direc- 
tion Ox. With  the loading of Fig. 2 it follows that  ~v/Ox = 0 a n d  

p = E ~-~, q = G - ~  . . . . . . . . . . . .  (1) 

and the condition of equilibrium in the direction Ox of a small element gives 

t_~_~+tOyOt9 0q = 0 . . . . .  • . . . . . . . . .  (2~ 

On substituting from equation (1) in equation (2) we obtain 

Et, ~X~ + Gt ~ = 0 . . . . . . . . . . . . .  (3) 

If in equation (3) we now put  x~/(Gt/Et,) = X ,  . . . . . . . . . . . .  (4) 

it follows tha t  0%/OX 2 + ~%/~y2 = 0 . . . . . . . . . . . . .  (5) 

Either of equations (3) or (5) may be regarded as the fundamental stringer sheet equation for a 
plane sheet. The equation and its solution are, of course, not exact because equilibrium in the 
transverse direction has been neglected.  But  in many cases the unbalanced transverse forces 
are so small tha t  their effect is negligible and the stringer-sheet solution is sufficiently accurate 
for practical purposes. 

The change of co-ordinates defined by equation (4) makes X less than the corresponding x 
and hence gives an artificial contraction in the direction Ox, the distance .of any point from the 
y axis being divided by v'(Et~/Gt) (see, for example, Fig. 2), 

3. Boundary Condition at Edge of Hole.--  
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FIG. 1. 

Fig. 1 (a) shows a small element ABC of the sheet bounded by AB along ~he edge of the hole, 
by  BC in the transverse direction and by CA in the direction ,of the applied pull. AB is inclined 
at 0 to this last direction. Fig. 1 (b) is an enlarged view of the element A]3C together with the 
forces acting on it per unit length of its boundary. 

By resolving in the direction AC we obtain 

/~ ts sin 0 + qht cos 0 = 0 . . . . . . . . . . . .  (6) 

the suffix h indicating that  the values of p, q must be .taken on the boundary of the hole. The 
boundary condition is not completely satisfied as the element is not in equilibrium in the trans- 
verse direction. As stated above, however, it is assumed that  the transverse forces rt,' can be 
provided by the sheet without implying transverse movements so large as to vitiate the assump- 
tion that  such displacements are negligible. 
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4. Physical Anaiogies.--The contraction o2 magnitude .v/(Gt/Et,) given by equation (4) trans- 
forms the original hole into a different hole which will be called the contracted or transformed 
hole. Similarly a point in the original sheet becomes a different point which will be called the 
transformed point. 

I t  is readily shown that  there is a complete analogy between the stringer-sheet stress distribu- 
tion round the original hole and both (i) the flow of a perfect fluid past an obstacle of the same 
shape as the transformed hole, and (ii) the flow of electricity in a conducting plate containing a 
hole of the same shape as the transformed hole. 

If .6 velocity potential of fluid flow, 

U velocity of flow in the direction Ox, 

V velocity of flow in the direction Oy, 

then .6 corresponds to ~/(Gt/Et,), 
U corresponds to t,p 

and V corresponds to tq ~/(Et,/Gt). 
That is, direct load at a point in the sheet corresponds to longitudinal velocity at the transformed 
point and shear load multiplied by ~/(Et,/Gt) corresponds similarly to transvelse velocity. 

In the electrical analogy, 6 is the potential and U, V the currents in the directions, Ox, Oy 
respectively. 

5. Ell@tical Holes.--No restriction has so far been imposed on the number, size or shape 
of the holes in the sheet. If the stringer-sheet solution agrees with the accurate solution, where 
this is known, we would expect the former to be generally reliable in cases where the latter is 
not known. 

In order to provide a basis for comparison, an elliptical hole in a uniform unreinforced sheet 
is considered. The sheet is subject to a uniform pull at infinity in the direction of one of the axes. 
The transformed hole is also elliptical and the known fluid flow (analogy (i) of section 4) past an 
ellipse 5 gives the stringer-sheet stress distribution. This is compared with the known accurate 
solution s . 

6. Results.--Direct Stress.--If a and b are the semi-axes, a being in the direction of the pull, 
tile maximum stress, which occurs at tile ends of the transverse axis, is 

1 + 2b/a by the accurate method, 

and 1 + (b/a) ~/(E/G), by the stringer-sheet method, 

assuming in each case that  there is unit  stress at infinity. 

The maximum stress as given by tile stringer-sheet method is always less than the accurate 
stress since ~/(E/G) is less than two. For a 2 : 1 ratio ellipse in steel or dural sheet the error 
is t7 per cent. too small. For ellipses of varying shape the error in this stress is plotted in Fig. 3. 
Although the stringer-sheet method is not accurate tile error is sufficiently low to justify using 
the method as a good guide to maximum stress. Moreover when the sheet is stringer reinforced 
the error is less than for unreinforced sheet. If, therefore, the maximum stringer-sheet direct 
stress 1 + (b/a) @(EtJGt) for an elliptic hole be evaluated and the correction indicated on Fig. 3 
be added then the result will be on the safe side. Other shapes may often be replaced by roughly 
equivalent elliptical holes. 

The distribution of direct stress at points on the transverse axis produced iS shown in Fig. 4 
for the circular hole. Tile agreement is sufficiently close to justify using the method, in con- 
junction with Fig. 3, in estimating the direct stress distribution along this line. 
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On the basis of this theory the effect of reinforcing a sheet with stringers is to increase the 
maximum direct stress from 1 + (b/a) ~/(E/G) to 1 + (b/a) .~/Ets/Gt) and this gives a rough 
working rule for determining the maximum direct stress. This is, that  in a stringer-reinforced 
sheet the maximum stress is the same as for an unreinforced sheet with a hole of shorter 
longitudinal axis, the axes being in the ratio ~/(t/t,). 

Shear Stress.--The distributions of shear stress round the periphery of a circular hole are shown 
in Fig. 5. The ag~reement with the known distribution is not as good as that  obtained for the 
direct stresses but the values obtained are useful even on a quantitative basis, as they err on the 
safe side. 

It should be borne in mind that the stringers are assumed sufficiently numerous to be replaced 
by a continuous sheet. For this to be valid near the hole, it is necessary that  the stringer pitch 
be small in comparison with the transverse axis of the hole. A pitch of less than a quarter of the 
transverse diameter will probably be small enough to justify the assumption of a continuous 
stringer sheet. 

For cases where the stringer pitch is smaller than this it is probably best to treat the stringeis 
which are cut and the immediately adjacent ones as discrete members. The very fact that  there 
are only a few such stringers makes calculation easier. 

7. Conclusions.--Although the stringer-sheet method does not give accurate results for t h e  
stresses near holes it gives a good guide to the distribution of direct stress and its maximum 
value for elliptical holes. 
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