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SUMMARY

This note describes the measurement of boundary layers on two cones
of total angles 10° and 20° in a supersonic airstrean of M = 2.45 and
under zero heat transfer conditions.

Transition from laminar o turbulent flow occurred between four
and six inghes from the Eip of the 10° cone at a Heynolds mumber
between 10° and 4.4 x 10°; the layer on the 20° cone was laminar over
11:2 entire length of six inches, i.e. up to a Reoynolds mmber of 1.4 x
100,

Most of the laminar boundery layer measurements were made on the
20° cone and results agree reasonably well with the f£lat plate solution
of lonaghan? transformed by the theoretical cone-flat plate relations of
Fantzsche and Wendth, and langlerd.

A1l the date for the turbulent boundary lsayer were cbtained from
measurements made on the 40° cone and comparison with £lat plate datal
indicates that the cone-flat plate relation is within 6 per cent of an
empirical relation analogous to the +5 laminar boundary layer factor.
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1 Introduotion

The investigation of the boundary layer characteristios of a body of
revolution symmetriocally placed in a uniform supersonic airatream can be
regarded as a naturel extension of work of a similar nature on flat
plates?s3. A test programme was therefore set out to measure the boun-
dary layer on cones and to correlate the reaults with those obiained for
e £lat plate. This note 13 concernsd with a series of tests mede with
zero heat transfer conditions at the cone surface.

A single sided wooden nozzle deglgned for a nominal free stream
Mach number of 2,48 was used for all tests, the cone being mounted
axially on the centre line of the 5 inch square working seotion. Two
cones were constructed for the tests, a hollow perspex cone of 10° total
angle and a hollow copper cone of 20° totel angle. The perspex cone was
designed specifically for zerc heat transfer tesis. It was intended that
the copper cone should be a development awodel for subsequent heat transfer
cones, but it was considered that in addition useful comparisons could be
mede between results cbtained from the two cones under zero heat transler
conditions. In practice however this comparison was restrioted as the
boundary layer oyer the entire surface of the 209 cone was laminax
(Reg = 1.44 x 10P), whereas transition ogcurred at about 4 inches from
the tip of the 10° cone (Re; = 0,96 x 102). The investigation of the
turbulent boundary layer was therefore entirely confined to the 10° cone,
thg bulk of the laminar boundary layer investigation being nade on the
209 cone.

Temperature recovery factors were cbtained from measurements on the
109 cone only and because of the small tip angle the thermocouple
measurements were confined to the rear of the cone surface over which
the boundary layer wzs turbulent.

2 Experimental apparatus

The tests described in this note were mede using the game wind
tunnel facilities as used in previous £lat platc testsl,2,5, lodifications
were made to the working seotion to take a cone mounting (fig.1) but no
alterations to the instrumentation were necessary.,

2.7 Cones and supports

The 10° perspex cone shown in figs. 2, 3 and 4 is 12 inches long
and has an included angle of 10°. The body is moulded from 0.25 inch
perspex sheet to form a hollow cone., The tip is stainlesa steel (tip
redius 0,005 inch) to avoid ercsion and extends for 2,5 inches of the
cone length. There are six static pressure points (0.015 inch diameter)
and the same mwber of copper constantan thermoccuples made from 0,008
inch dismeter wirs, the positions being given in fig.2. Because of the
small total angle of the cone it wazm not possible to locate the thermo-
couples closer to the tip than 5 inches, The thermoocouple junotions were
cemented into the holes with durofix and carefully poaitioned so as to be
flush with the sarface without being covered with cement.

The 20° copper cone (figs. 5, 6 and 7) is 6 inches long, the base
diameter (due to blockage considerations) being the same as the 10° cone.
It was made in the form of & conical shell 0,050 inch thick, the tip
(radius 0,005 inch) being detachable. Static pressure points are posi-
tioned spirally eround the cone at 90° intervels and in half inch steps
(fig.5). They are formed from stainless steel hypodermic tubing
"Easiflowed" into the shell.



Each cone has its own support and sting which are of similar pattern.
The support is a machined forging of wedge section which spans the tunnel
and is held in steel blocks in the side wells., The trailing edge is
detachable and is in the form of a hollow wedge through which pressure
tubes and thermooouples are led via the support blocks to the outside of
the tunnel.

The cones are sligned in pitch by meams of pitch aligrment bars
which are rigidly attached to the ends of the supporte The cone is posi~
tioned visually with the aid of sighting wires and then locked into posi-
tion with lock nuts. No provision is made for adjustment in yaw.

2.2 The tumel working seotion

The working section (fig.1) is a single sided wooden nozzle with a
window fitted into each side wall end is of similar construction and form
to those used for the flat platel,2,3. Holes for the pitot holder are
spaced at intervels along the centre line of the profile wall. The
original nozzle was constructed with these holes offaet £ inch from the
centre line to reduce interference from the pitot support tube when
traverasing the centre line. The interference was found to be negligible
and because of the inoconvenience of using cranked tubes a mew nozzle was
mede with holes on the ocentre line, Pitot holders were drilled so that
the movement of the pitot is normal to the surface of the cone.

2.3 Tummel calibration

The nozzle (an adaptetion of a Kochel nozzle) was designed to give
& nominal free stream Mach mmber of 2.48. Static pressure measurements
on the flat wall of the nozzle indicated an average free siream Maoch
mumber in this region of 2.45 with a variation of % 0.5 per cent. Flow
conditions in the vicinity of the cone were cbtained from measurements of
total pressure and temperature just upstream of the nozzle and from static
pressurses on the cone surface. The Mach muber distributions along the
top generators of the cones are shown in £ig.10 indicating a variation of
+ 41 per cent and good agreement with the theoretical wvelues.

3 Potential flow over ooneg

The potential flow over a cone in a supersonic stream is non~umiform
and thus for inbtegration of certain boundary layer functions normal to
the suxface it is important to define !free stream' conditions immediately
- outside the layer.

Taylor end Macoll have demonstrated theoretically that the potential
flow field around a cone in a superscnic flow is one in which the para-
meterh pressure, density and velocity are all constent over conical sur-
facas 1lying between the cone suxface and the attached Mach cone and
having vertices coigciden‘b with that of the cone. M.T.T. have produced
numeriocal solutiona® and from these Mach number distribubions are plotted
in figs. 9 and 10.

The potential flow distribution shown in fig.9 for a 10° cone shows
thet within 3 boundary layer thiocknesses of the outer edge of the layer
there is a variation of 0.15 per cent in the Mach mmber dlstribution
(the presence of the boundary leyer itself will alter the overall level
of the Mach mmber by sbout 2 per cent), This velocity gradient is so
amall as to have little or no effect on the definition of the edge of the
boundary layer end there is no practiocal difficulty in seleoting free
stream boundary conditions, (It is diffieult to compare the experimental
variation with the theoretical one but pitot traverses indicate that
meagured chenges in Mach nunber are no larger than the corresponding
theoreticsl values. )

S S



The theoretical values of the Mach number My Just cutside the
boundary leyer are shown in fig.10 end overestimate the measured values
by between 1 and 2 per cent, The former are uncorrected for the presence
of the boundary layer and for the purposes of calculation the following
velues of 1}y are used

H

2035
2423 »

10° cone » M_1

it

20° cone ’ M'I

L. The boundary layer: general definitions and measurements

4.1 Boundary layer definitions

The characteristics of the boundary 1a.yer are described below:

Displacement thickness & = f ( ) (1)
Pty
Homentum thickness B = f —E%‘ ( - _}}_) &y (2)
Pathy b
5
&
Shape parameter i = 5 (3)

where p is the density in the boundary layer
u is the veleocity in the boundary layer parallel to the surface

¥ is the ordinate measured perpendiculasr to the surface (in
thisg case the oone surfaoe)

6 1is the boundary layer thickness
and subscript 1 refers to free stream conditions.

The values of & and O are caloulated from experimental readings
in o manner similar to that described in ref.2,

For zero pressure gradient along the cone surface the looel skin
friotion ocoefficient is given by

T
a
Cf = ——-—”——*—'2 = 2£+2§‘ (li')

P4
(The corresponding flat plate equation is cp = 2 %’i}

o]

where x is the distence measured along a cone generator from the tip
T = dy (p is the viscosity)
subpoript w refers to conditions at y = 0,
By integrating equation (4) along the cone surfaoe from the tip to
position 'x! the total skdn friotion coefficient is given by

-7 -



¥ . 48
CF = 1 2 - ox ° (5)
R
(The corresponding flat plate equation iz Cp = % )

where F 1= the overall viscous forve experienced by a section of
the cone

S is the corresponding wetted ares.
le?2 Boundary laver mesasurements

Boundary leyer characteristics on cones were cbtained from measure-
ments of total pressure in the boundary layer, static pressures at the
cone surface and from surface temperature measurements with thermocouples
fitted fiush with the surfece of the cone. Plitot pressures were measured
through the layer with small bore steel or quartz tubes.

Transition from laminar to twbulent flow was debeoted by measuring
pitot pressures along a cone generator. This was carried out by mesans
of a 'creeper! tube which ensbles a conbtimuous traverse to be made
parellel to the swrface. The boundaries between laminar and transition
regions, transition and turbulent regions are characterased by marked
changes in total pressure (see fige15).

4.21 Effects of pitot size on the measurement of the boundary
Jdayer

The effects of pitot size were confined almost entirely to the
laminar boundary layer, With boundexry layer thicknesses of the order of
0,030 inch (at transition on the 10° cone and at the rear of the 20° cone)
the relative inaccuracies in measurement were also found to be of greater
significance for the laminar boundary layer than for the tuwhulent layer.

The asize effects are deacribed in detail in ref.7 and it was found
that apperent distortions in the boundary layer srising from measurements

with pitot tubes could be related to the paremeters %) and (—‘13-)

(where & is the boundary layer thiclmess and (%) is a Reynolds numher

Pbased on leocal copditions within the boundary layer and the tube dismeter
d)e It was found! that to avoid apprecisble exrors in the calculation of
8 and € from experimental data, observaticn of the rough criterion

(%)-q 0,2 was gsufficient; the parameter (5?) was lesg important in

this respeot, lHowever, boundery layer measurements described in this
note and the size effects of ref.7 were carried out to a large exbtent in
parallel and it was not possible therefore to fully utilize the findings
of ref.7 in the plamning of this fest serises. It is useful however to

compare present results on a 4 basis and the experimental data have been

&
divided into two parts, the first cobtained from pitot traverses falling
into the category % > 0.3, the second chtained from pitot traverses

£alling into the category 5 < 0.3 (The limit has been avbitrarily
raigsed for the present test series because of the relatively asmall pro-~
portion of pitot traverses which come into the categery % < 0.2.)

—8"



Points plotted on graphs taken fram data conforming to (%) < 0.3

ere termed 'limit points' and show less scatter than those in the former
EX0UP.

This is not an entirely satisfactory way of dealing with these size
effeots but in future it is intended where possible to select pitots so

that the % value is approximately the same for 211 traverses.

5 The laminar boundary layer

It has been shown theoretically by llantzsche and W enﬂ'bl*, and
Ietanglexx& that a simple relation exiagts between the laminar boundary layer
solution on a cone and the corresponding solution on a flat plabte (see
para., 5.3). Experimental results cbtained on the 10° and 20° cones are
therefore compared direotly with

{(a) an approximate flat plate solution’ by Ifonaghen,
(b) flat plate results cbtained from tests?s3 in the seme tummel.
5«1 Experimental results

Heasured velocity profiles over the forwarl portion of the cone are
shown in fige11s The profiles for the 10° oone were cbtained from pitot
traverases having considerably larger % ratios than those for the 20°

cone and are not so consistent.

COreepar traverses show transition to cormmence at =x = L inches
(Rey, = 0496 x 100) on the 10° cone (fig.45) ard not at 211 on the 20°
oone, This is not inconsistent with the trends shown by the velocity
rrofiles.

Figs. 12 erd 13 show the variation of displacement and uomentum
thicknesses for 100 and 20° cones. The experdimental points can be repre-
sented by the following squations:

1C° cone
1
§¢ = 3.18 (Re,) = x (6)
0 = 0.49 (Re ) " = 7)
200 cone
L
§° = 2430 (Rex) * = (8)
1
6 = 0.2 (Re,) “x, (9)

5,2 Compariscn betwesn the oone sxporimental results and s lsmdnar
boundary layer approximate solutdon’

Theoretical squations corresponding to equations (6), (7), (8) ani
(3) are for

10° cone (M_1 = 2435)

4

¥ = 2,445 (Re,) © x 40)
1
6 = 0,57 (Re,) " = (11)

-0 -



20° cone (M,] = 2423)
J-n
2,30 (Re,)  x (12)
1

0,571 (Re) " x . (13)

5)(

Q

These are cbtained from Monaghan's flat plate laminar boundary layer
approximate solution’ transformed by ‘thecretical flat plate-cone boundary
layer relations (para. 53 and Appendix I). Direct oomparison as made
between the theoretical curves and experimental points in figs. 12 and 13
In Table I below, however, results are corrected to a Mach number of 2.35
(see Appendix V). ‘

Table T
4 comparison between the exveorimental and

Zheoretiocal Jlaminer boundary laver functions
for supersonic flow over 10° and 20° canes

Comparison between Nxperimental Data and a
Laminar Boundary Iayer Approximate Solutiond
Boundary .

Teyer Bxperimental
Munotion Theoretical o o 200
Xz -t

8" Rel x 2445 3.18 2454 2,21
% =1

6 Ref x 0. 371 0.49 Oal2 0439
H 6. 61 6e5 6o 06 5.65

Experimental data have been corrected where necessary to conditions
corresponding to My = 2.35. The test Mach numbers imediately outaide
the boundery layer are My = 2,35 for the 10° cone and M4 = 2,23 for
the 20° cone.

These comparigons show that agrecment between the results from the
20° cone and the approximate solution are reasonably goods The 10° cone
results show a boundery layer growth much in excess of that predicted by
theory. Greater relisnce oan be placed on the results from the 20° cone
because of the superaior tip Joint and becausc the effeots of pitot size on
the meagurements are much less mexked. The d/ 6 ratics were mch smallew
for traverses on the 20° cone than thosc for the 10° cone and this is
rveflectod in reduced scatter and greater accuracy in the 20° oone results.

5.3 Comparisons between measgured cones and flat plate boundary layers

Before comparing the experimental resulis of the cones and flat pla'bez
it is convenient to siate the theoretical relations derived by Hanbschs
and W end‘bll-, and Manglex”, The boundery layer equations, for a flat plate
and a body of revolution in a uniform supersonic flow are shown to be
simply related by a funotion of the co—ordinates of the body of revolution.
For & cone the function is independent of cone angle and becomes the simple
factor shown in the come-flat plate relations given overleaf:

- 10 -~



Displacenent thickness

[ae)” < ]

1
I = = ('”-l-)
T -] V3
[8%@e,)" =],
Hemepntum thickness
1.
o) Ty (15)
oo 1] 7
o
Local skin friection
1
[ca(Re )]
— 2. (16)
R 2
[cf( a:.»:) ]P
Overall skin friction
1
[CF(RB:K)QJG 5
———x— = 53 (17)
[CF(Rex)ZJ
P

where subscripis ¢ and p relfer to cone and flat plate respectively.

Corresponding relabions derived from test results of the 10° and
20C cones apd the flat plate show considemable divergence from the
theoretical rclations and no real conclusions can be drawn. This lack
of agreement and consisbency should be considered with the following
facts in mind., Tests on the flat plate and 10° conc were carried out
with the emphasis on the measurement of the turbulent boundary layer,
measurement of the laminar boundary layer being of a morc incidental
nature, Only in tests on the 20° cone was special attention paid to
flow conditions in the tip region and to the effects of pitot size on

boundary layer meagsurements.

5.4  The shape parameter H

X

Experimental volues of H = -E-’é— are phovm in fig.14. Date for the

laminar boundary show a large amount of gcatter and are in general over-
estimated by theory. The values of H (for the leminar layer) for the
109 cone tend to increase with x, but those for the 200 come do not
vary appreociably with .

5.5 Skin Priction

The overell skin friction coefficient Cp is plotted against
Reynolds nurber in fig.18, and excevt for a few '1limit points' experi-
mentsl data are undsrestimated by the theoretical ourve.

5.6 Some conclusions reparding the laminar boundary layer resulia

Conclusions regarding the laminar boundary layer regults may be
awmmarised as follows. Theoretical results cbtained from the approximate

-t -



solution’ of lMonaghan and the +3 theoretical cone-flat plate transforma-
té.gn factors are reasonably supported by experimental results from the
20% cones.

fixperimental results from the 10° cone and the flat plate tests ara
less satisfactory because of the incidental nature of the laminar boundary
layer investigation in these two cases. Cone-flat plate relations obtained
from comparisons based entirely on experimental results from 10° and 20°
oone and £lat plate tests are therefore not relisble and do not support
the theoretical ¥3% factors.

It is clear from the previocus paragraphs that the acouraste measure~
ment of the laminar boundary layer of the order of thickness described in
this note requires considerable care and attention to details. Particular
attention mist be peid to the smoothness of the forebody, the profile of
the tip or leading edge and flow conditions at the model entry., Scabier
of the measured results may be roduced by greater ocontrol of pitot size -
pitots should conform as closely as possible to the limits proposed in
I'efo?u

6 Trangition from a laminar to & turbulent boundary layer

The position of the transition was determined by means of a creeper
traverse along the surface of the cones. Hor zero heat transfer condi-
tions the boundary layer on the 20° cons was laminar over the entire
surface, Transition ococurred wder these conditions on the 10° cone and
& gurface pitot pressure plct is shown in fig.15.

This indicates that the layer is laminar fram the tip to =x = 4",
that transition extends over the range (4" < x < 5.7") the layer there-
after being turbulent, The tranaition pegion corresponds zo a Reynolds
mumber range based on x of (0.96 x 10° < Reyx < 1.37 x 10°). This is
supported by the plots of displacement and momentum thickness (figs. 12
and 13) and shapes of the velocity profiles in the transition reglon.

The velocity profiles show clearly that for x = 6,0" (fig.711a) the
departure from the laminar profile is very marked; similarly at x = 5.5"
(£ig.16) the departure from the turbulent profile is large.

7 Turbulent boundary layer

The measured turbulent boundary layer on the 10° cone (the boundary
layer on the 20° cone is entirely laminar for zero heat transfer conditions)

is inbterpreted on

(a) & power law velocity profile basis (para. 7.1), leading to

(b) a log law welocity profile basis (para. 7.2) .

Cone~flat plate turbulent boundary relations are cdbtained from
experimental data from 10° cone and {lat vlate tests. These are com—

pared with resulis from two semi thooretical analyscs by Young!? and
Van Driest!3,

7.1  Velocity profile snalysis (Power law velooity profiles)

Some typicel velocity profiles are shown in £ig.16 and are com~
pared with 1/6th, 1/7th and 1/8th profiles of the type

-2 -
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The measured profiles are not perfectly ropresented by & power law
profile, but the 1/7th power law is probably the best and eanalysis of the
data on the basis of this profile is considered justifiable.

where n can be 6, 7, 8 ote.

7.11 Digplacement and mcuentum thicinesses

The experimental wvelooity profiles being represented by the 1 /Tth
power law, we shall assume that the displacement end momentum thicknesses
are given ag in incompressible flow by

N
4 (Rey) 7y (19)

5X

A
B (Rey) /5 X (20}

L]
i

where X = x - C, C being the disbance between the origin of the
laminer boundary layer and the effective start of the turbulent layer.

Equations (19) and (20) may be rearranged to be Linsar in X (or x)

S5/ Uk 5
&° /&<—-1>4 S (21)

Y4

1

05/4 G—:—j} = :85/2* b (22)

where v is the kinecmatic viscosity (*?) and subscript 1 refers to
conditions at the edge of the boundary layer.

Experimental results ere first plotted in this form (£fige17)e
Linear laws for each set of experimentol points are cbtained by the
method of Least Scuares and values for A, B and C dbiaineds In fact
four constants 4, B, C and C' are chtained, two for each equation.
Evaluation of these constents gives

* 8%, 0 and § are related by the integrals

3] B

8% - ~ EE“) g = L2 ( _-‘-'}-> araely) o
[ ( P4y v P4 b v (e

[»]

These intcgrals are debermined in ref.10 in terms of & with the free
stream Mach number and index n as parameters.

For gero heat transfer, My = 2,35 and n=7
5 = 3.728% end 8 = 13.9 0.



5 = 0.0566< o Xy (23)

8 = o..o165< 1}{6)" X (24)
vy 8

whers X& x =172

i

n

Xe X o= 2677

The effective start of the turbulent boundary layer is usually taken
to be the position at which the momentum thickness is zero. This is
given by equation (24) end ocours when Xg =0 or x = 2.77.

7«12 Boundary layer thickness

The relations between the boundary layer thickness 6, the dis-
placement thiclmess &X and the momentum thiclmess € are given in

para. 7.1, Using equations (23) and (24) two expressions for & can be
obtained

1
=/5
X
5 = o.211<u1v16) Xs (25)
1
uy X\ /5
8 = 0,229 (——— X (26)
) %

the former being derived firom the cquation for displacement thickness
end the second from the equation for momentum thickness.

Taking sn arithmetic mean of the constents for these equations and
assuming x large so that X5 ~ Xy ~ x, then

-5

/U._IX
80 = 0,22 —-;;-) x (27)

where subscript o refers to cone in compressible flow.

The comparable equation for incompreasible flow over a flat plate is

1
u, X ~/5
bp, = 037 (—;1-) x (28)
whore subscript p; vefers to flat plate in incompressible f£low.

Fvidence from ref.? indicates that the boundary layer thickness for
a flat plate at il = 2.45 is also given by equation (28), i.e.

u,x /s
g, = 0.37<-;1-—> x . (29)

Comparisor between equations (27) and (29) rolates the oons and flat
plate boundary leyers in compressible flow, l.e.

-l -



T % T.e8C (30)
P
This is within 3 per cent of the theoretical laminar xelation
o . 1,
Bp V3

Provided the V3 lominar factor is accepited as appliceble to the
turbulent boundary layer (this is discussed in detail in para. 7.2),
then support is given to the conclusion reached in ref.2 that there is
little variation in the boundary layer thickness in changing from
incompressible flow to a Mach number of 2,5.

7.13 Ekin frioction

The mean skin friction is given by

. (31)

The experimental data is represented by the mean curve (equation

(2))
1
/5 B

oy = 0.066<~;3-—> (.;Q) . (32)

This is shown in £ig.18 together with the asymptote

u, -1
Cp = 0,066 (;—;) . (33)

7«2 Log law profile analysis

The general log law profille

)
%
T, uy
where u, = ? and. e = 5 T being the local skin frictiom,

is used as & basis on which to interpret results (fig.19). Ixperimental
points were plotted using density and viscosity evaluated at free stream
conditions. The local skin friction is given by

W T P Y™ iE&Tx

the terms inside the bracket being obtained from the mean curve in £ig.13.
Three profiles (at x = 7.6 ins, 9.0 ins and 10,71 ins) are given in £ig.19
The profiles at x = 7.6 ins and 9,0 ing are consistent. Agrecment with

the profile at =x = 10,1 ing is not as gocd but all three profiles may

be reasonably vepresented by the mean curve

- 15 =



k|
2. = 14,93 + 5.56 log, . ¥. (35)
ooy 10 Yy
h © .m T
ere = = 7. = Ty
waer u’i‘w )\1' PW IFW VVV'

the subscript w referring to conditions at the surface,

For comparison the representative curves of ref.2 and ref.3 are also
shown in fig,19

2 = 5,5+ 5,75 logy, Yz, (ref.2) (36)

T

(the profile deduced from incompressible pipe flow) and

1

U
oy 5elp + 5040 logy, ¥ (37)

(the profile cbtained experimentally from flat plate results at zero heat
transfer in ref.3).

Present results show better agreement with the profile of ref,3
(equation (37)).

7.2%1 The shape parameter H

A relation between the campressible and incompressible flow leading
from the assumption of the log law profile is

T
—T—:f + 02 H,%  (ref.2) (38)

1 4+ 0,379 M12 (for zerc heat transfer conditions)

1]

5
By

n

3- 09 for M,l = 2 35 ')

A more recent aq_ua‘bicn3 is

7
¥ -1
%=ﬁ+oﬁ.“"—"( > )M12 (39)
1

1+ 0,36 M12

It

i

2e 99 for M.1 = P 35 .

Taking a velue of H; = 2/7, walues for H are

H

R

3497 from equation {38)
H = 3.8, from equation (39) .
These ere shown in fig.1he
The power law walus of H = 3443 is derived fram the definition
8)(

H:-a‘

-6 -
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and the equations (23) and (24)., This is in fact the asymptote to which
the experimental values of H tend as x +tends to infinity. It right
be inferred therefore that eguations (38) and (39) overestimate H, bukb
the length of run of the twbulent boundery layer is insufficient to make
this a firm conclusion.

7.3 Relating the twbulent boundary layers on a oone and a flat plate

Because of the present incomplete state of the twbulent boundary
layer theory no rigorous mathematical relations can be derived between
the turbulent boundary layers on cones and flat plates.

Two semi-theoretical analyses have been uade by Van Driest!? and
Youngl2, These are discussed in Appendices IL and IIT, whers Ven Driestis
analysis is extended to remove an apparent inconsisbtency in the order
(mathematical) of his results. The formulae cbtained by application of
these analyses are given in sections 7.311 and 7.312. Section 7.313 con~
giders the implications of uging e "laminar type" relation.

Numeriocal values are given in Teble IT at the end of this seotion,
where they are cowpared with the present test resulis., The comparison
is discussed in sections 7.32 and 7.33.

731 Theoreticel relations between cone and flat plate boundary
layers

T+314 Co igon aasumi gimidar log law profiles
{extension of Van Driestis ana];rsisigs

The assumption ie made that the log law profile

!
'a—f-rw = A+ DB Logm y,rw (-’.{-0)
or e = D4 x log ¥
u,.rw k G

will apply to the cone and flat plate boundary layers with the same
values for the constants A and B, This is in fact borne out by
experimental data (sce section 7.2). Application of the momentum
equation indicates that the cone and flat plate relations for skin
friction are the same when the Reynolds numbers are related by

(ve,) 5
oM e (1)

(omitting texrms of 0O LN less, see Appendix II)
32

where £ = ’6-‘?;-—
fw

and Cp =
4.
TR Y

To

2 *

The corresponding result of Van D::':i.est13 ig that the relations for
skin friction are similsr when the Reynolds murber on the cone is twice

17 ~



that of the flat plate. The log law result contains an additional term

—kjs—t which mekes an appreoisble difference to the results for conditions

considered in this note. Taking the modified Blasius formula for flal
plate skin friotionih

1
—L . 0.0296 (Rew-m-;) (42)

and the incompressible value of k = Ouk then ot (%Lé ? 2435, under zero
X

6 C
-&{?xj— = 2439 The

P
variation of the Reynolds muber relation (equation (41)) with (Rey)
is shown in fig.20, P

heat tronsfer conditions and for (Re x) = 10
P

For the some Reynolds number, Mach mmber on cone and flat plate and
for zero heat tronsfer conditions the results given below follow:

c /5
Lo i 177
S = 1_2 {1 +*§—kg] (43)
; _
I
) _ /5
-2 2 4
ep = [2 {1 +5 l:s] (4)
Cp H/s
1
-@j - 2[2[“*‘3"155]] . (45)
cf o O
Volues of —— , =2 5 ore included in Table II for
cf b B,
g P
(Re.) = 107,
*'p

7e312 Compariascn using an exbension of Young's c.nal;y‘sism

The analysis of Young assuning the power law

- T ——

%2 _ CGf') 1] (46)

Vv
Py Yy 1

lecads to the result that the relation between fturbulent boundary loyers
on a flat plate and a cone i= solely o function of the exponent n
(Appendix IIT). The varistion of n within norpal limits (i.e. corres-
ponding to velocity profile changes from 1/5 to 1/9) produces changes in
the boundary layer relations of only % 2 per cent. The relations corres-
ponding to the 1/7th power law velocity profile are given in Toble II

the variation of these factors with n being shown in Fig.21,

7313 The empirical Ylominar' type relations

The agsumptions in this cose are that for similar Reynolds mmbers
the thicknesses of the twbulent boundary layers on a cone and a flat
plate may be related by a constont, and that the momentun thickness is
given by

- 48 ~



-1
n
8 = const (Rex) X .

It follows that the mean skin friction relation is constant (of.
section 4.1) but the local skin friction relation is dependent upon the
exponent n {Appendix II). The results shown in Teble II asre for a
boundary layer thickness ratic of 1/v3 (i.e. the same as for the
laminer layer) and for a 1/7th power lew velocity profile (i.e. n = 5).

7e32 Comparison of cone flat plate experimental results

Experimental results obtained from the 10° cone (section 7.1) are
compared in Table II with the flat pilote results of ref.2 on a power law
basis. Hach muber corrections (Appendix V) similer %o those made for
flat plate laminar boundory loyer resulbs are mode to the flot plate
results as given in Table IX.

7+33 Comporisons between the experimental cone-flat plate relalions
and thoge derived from theory

The thecreticel ond experimental relations discussed in the previous
paragraphs are compared in Table II. There is no dircet support for
either the *semi theoretlcal! annlysis or the empirical relations. An
overoll conclusion is that comparing the turbulent boundary loyer on o
cone with that on a flat plote, the measured rote of growth and skin
friction are larger than thot predicted by theory. Although the empiri-
cal !'lominar! type relations most nearly approoch the experimental vaolues,
the consistency of that of the measured log low profiles for the 10° oone
and the £1lat plate suggest that the initial assumptions of the log law
annlysis hove the strongest support from present experirental data.

The choice of a suitchle function by which the twbulent boundary
layers on flat plates and cones may be related is therefore in doubt
until further experimental data are available. lMeontime, olthough the
log law analysis has o sounder physical basis the tentoative odoption of
the empiricol 'lominor! relations is to be preferved.

/Tcble IT
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Tabls IT

A comparison of experimental turbulent boundary layer funotionsg for supersonic flow

over o flat plate® and the 10° cone with some 'semi theoretical! functions

Cone/Flat Plate
Relations Derived

Cone/Flat Plate

Cone/Flat FPlate

Bo Flat Plate Cone/Flat Plate from a Iog Law Relationa Da::-ivod Frprrica]
undary (Corrected 10° . ! Analysis from Young's .
Layer cone Experimental N Relationg
Punoti to Relations EAPPM ) Analysis (Appendix IV)
Lon My = 2.35) Values for (Appendix IIT) PP
(Re,) = 10°)
Section 7. 311 Section 7.312 Section 7.313%
X A 1 A LT
5 0.102 0. 0566 1.80 2,01 1.91 v5 o 1.73
1 . . I DR
5 0.027 0.0165 1.0 2,01 1491 Y3 T 173
00 033 008 + 2{- -
Cf 0.043 { x‘_y} 1438 1.19 1.176 % V3 = 1.30
+ 0,059, as £+ 1
O 0,052 0 066 1,22 04995 1,045 % V3 = 1.16
ax

The term cone/flat plate relations refers to —g-i

b

o axd p refer to cone and flat plate respactively.

etc. for ocorresponding values of = and Reynolds mmbore. Subscripts




8  Temperaturs recovery factors on the 10° cons

The recovery factor § is the ratio of the temperature rise in the
boundary leyer with zero heat transfer to the corresponding adisbatic
rise, i.e.

B = s - (47)

Reocovery factors wore obtained experimentally by measuring the stag—
nation temperature T, upstream of the throat with both a mercury ther-
nometer end a thermocouple, and under zero heat transfer conditions
measuring the boundary temperature Ty, at the surface by means of siz
copper constantan thermocouples installed as shown in fig.2. The static
temperature T4 wos evalunted from the energy relation

T

5:-’- - [1 +12'11—m12} . (48)

The experimentnl date together with the positions of the thermo~
couples are given in £ig.22. The two sets of points in the turbulent
region (thermocouples 5 and 6) give an average recoyery factor B = 0.888
which is a 1little below the formula given by Squirel? for the recovery
factor of o turbulent boundary layer

1

T
Bo= (o) = ("f‘) (49)
vhere ¢ is the Prandtl nuber (token ag 0.72 for air)

Gp the specific heat at constant pressure

k  the thermal conductivity
A
ie€e B = 0.72° = 0.896.

Thermocouples 1, 2, 3 and 4 are in the transition region and
measurenents show congidersble scatter; this may be due to asyrmetry in
the transition position around the cone. It was not possible to install
thermocouples neaxrer to the cone tip than 4.9 inches because of the
small vertex angle of the cone and no direct comparison with the thoeore-
ticel laminar recovery factor

1
z

g = (o) (50)

haj—

= 04727 = 0,849
is possible. There is, however, some indication from the transition
values thot the recovery foctor approaches the theoreticol value in the
laprinar region.
9 Conclusions

Considerntion of data from tests on the 10° and 20° cones of
¥, = 2.45 and under zero heat transfer corditions allows the following
conclusionsg to bhe drawns



(1} The boundary layer on the 10° cone is turbulent for Re, > 1.k
x 108 but at this Reynolds mumber on the 20° cone laminer flow i still
maintained, This is thought to be due to differences in surface finish
(perticularly at the tip joints) between the two cones.

(2) The measured lsminar boundary layer on the 20° cone agrees
fairly well with Monaghan's approximete flat plate theory? transformed
by the theoretical cone-flat plate factors derived by Hanbzsche and
Wendt¥, and Manglerd.

(3) The measured turbulent boundary layer on the 10° cone has been
analysed on a power law basis and o log law basis. In the former case
the velocity profiles are in olosest agreement with the 1/7th power law
profile. In the latter case the skin friction velocity profiles are
consistently represented by the log lew

— = A+ B log,, ¥
oY
U, w

the constants being A = 2,93 and B = 5,56, This is in reasconsable
agrecment with the log law representation of the f£lat plate profiles of
I‘ef.3 in which A = 5.11-5 and B = 5.)4-0.

The correspondence between the turbulent boundary layer on a cone
and that on o flat plate dis examined on the following hases:

(1) a cowparison of mcasured boundary layers on a cone (this note)
and a flat plate (ref.2), the data being reduced on a power
low basis;

(i1) 2 log law snalysis similar o that of Van Driest ”;

.(111) o power law anslysis by You.ng'l’z;

(iv) empirical relations annlogous to the V3 laminar boundary
layer factors.

Agreement between the meagured skin friction profiles for the 10°
cone and the flat plate supports the boasic asswwption of the log law
anolysis., However, factors derived from the cxperimental data do not
completely support any one of the theories (Table IT) but until further
experimentel dato are availoble it is suggested that the empiricnl
tlaminer! factors set out below are sufficiently acourate (within 6 per
cent of the measured factors) to be used for engincering purposes. The
factors ere:

5% (Rex)1/5x-1 ]c

S

® 1/5_~1
(6" (Re,) ""x ]P

[6 (Rex)1/5x"1]c

y
[o (Rex)1/5x—1 , 3




1
(o5 (Re) 721

.
(% (Re) °1

- Z
—31/3-

() Recovery factors for the turbulent boundary layer measured by

surface thermocouples on the 10C cone are in reasonsble agreement
{average experimental value § = 0,888) with the accepted value g =
1

(c3 } = 0,896 for o= 0.72. TNo measurements were possible in the
laminar region because of thermocoupls installation difficuliies near
the tip of the cone.

Tiagt of Svubols

distance along cone gencrator from tip

distance ncrmal to cone surface

radiveg of axi-symmetric body

velocity at a point in the boundary layer parallsl to the surface
velocity immediately outside the boundary layer

velocity at a point 1n the boundary layer normal to the surface
stagnation temperature of the flow

static temperature of the stream immedistely ocutside the boundary
layer

temperature of the boundary layer at the surface
the temperature of the wall

density (subscripte as Tor temperaturs)

dynamic viscesity

Kinematic viscosity (subscripts as for temperature)

Reynolds No. based on length x, with free stroam viscosity and
velocity

thickness of boundary layer 5
displacement thickness of the boundary layer = f ( - ﬁ) ay
1™
o
&
momentum thickness of the boundary layer = f -—f;e%l- (1 - i—) dy
1

local skin friction
x

total skin friction on length x, = f %, dx

o
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List of Symbols (Contd)

locel skin friotion coefficient

o
) de 6
2= 2 -—)
_ o _ < ax * /aone
i
)
ax
flat plate
for zero rwessure gradient
7
O
CfW o= T 5
Eey
CE' mean skin friction coeffioient
(+3)
B " cone
= 7 5
2Py S
(2 ;e:-)
\ */plate
for no pressure gradient
0p = T
En 2
w 5 PW u1 g
1
TN
w o= (=2
i) p1
L
To\Z
u’cW ) (pw>
u
1
U ¥
y =
T Vg
T -7
LA 1
B temperature recovery factor = T 7
o 1
pe
o Prendtl No. (——E-'E)
CP gpecifio heat of air at constant pressure
k thermal conductivity of air

Subseript w refers to conditions at wall temperature Tw
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APPENDEX T

The laminar boundary laver (approximate algebraic solu‘bionsgl

The theoretical solution for the laminar boundery layer in this
note is taken from ref.9. Simple approximate algebralic solutions are
obtained by using the following relations for shear stress and tempera—
ture distributions and viscosity:

(a) Young's shear stress wvelocity relation

2

T - \1/1 -&) (1.1

where F, the shear stress at the wall is defined by

F, = ©p Jnex 3 (T.2)

(b) =2 temperature velocity relation

2
T EF:'__G%(TW"TWO) (—-‘1—>..¢(Y"1)m2(~11—)
T1 T‘I T,1 u, 2 1 uy

- )@) =

(¢) =& viscosity temperature relation

|

i

" P
_— e
H 4

C being a constant derdived from the Sutherland formula to £it the
variation of viscosity with temperature over the temperature range
concerned.

From these relations the following analytic solutions of the laminar
boundary layer integrals are cbitained:

= 22 x[@_@£_31] I.
Fo\f“li'e?;c 2) 2 (B+1) (To)
- o2 X [ﬁ"-:..lt} L5
8 %ﬁg - (L.5)
X
Bo= & o ﬁ‘&{( _-g-)g-@m] (1.6)
';Z%\ff?e-x = %{( -%) sin—1z+ C—DEZ-+B)\‘1~52~B} (1.7)
Q
where z = -,



For the boundary layer on & cone in a supersonic flow

46 €]
5 (EE+ 2—3;) \}Rex

J 2% o /5 from equation (L.5)

0.655 V€ V3 (1.8)

ki

{

fl

tr

1.8, (Fo)c = 3 (Fo)p .

Substituting for C in equation (I.5)

) (Fo)c . '
6 = =3 J_—f{-;'x {I.9)

i.ee equations (I.5) and (I1.9) are identical for the relation
Fo= 0,655 V0 V3.

Q

However, in ref.2 Crocco's relation for a flat plate

iy = O. 661|- "’c

Q

has been used and to allow compariscon to be made with these results the
corresponding value for a cone is used, i.e.

F, = 0,664 Y€ V3 . (z.10)

Equations (L.5) and (I.9) are not consistent for Croccols relation
between Fy and C and it is necessary to define 6X and 6 as
1

6 = §(5,), (Re) "x (1.11)

5% = H.e. (I.12)

A value for C can be determined so that equation (I.3) gives a
good approximation to the Sutherland viscosity formula over the appro-
priate temperaturs range, A detalled derivation of the expression for
C 1is given in ref.2 but only the results neced be stated here, i.e.

m
s

L
Jﬁ @ "'3{)
T

where Tg = 116°K and T' is a temperature intermediate between T
and, T.] given by

c = (L.13)

T. 1 (Ty ~ Ty )
T W o (¥=1) 2

H]



For zero heat transfer conditions

T 1

A ;—.;9-.—.[1+c‘2%1} (I.15)
1

B = O

Tt T, (y=1) . 2

T1 T‘I !

- {1 2 (& - o 2730‘)}

1
O_(Y )Mz

D - 7] 1 [}

For My = 2,35 these give
A. = 1.938, B = O, C = 01936 81’16- D = OQ 796

which wnen substituted into equation (I.6), (Z.7), (Z.10), (Z.11) and
(1.12) give the laminar boundary layer equations used for comparison.
with experimental data:

1

8 = 2.445Re - x (T.17)
4
8 = 0.371 Rexﬂg}c (1.18)
H = 6.6} (I.19)
iJRe = 14682 {1.54 sin” T2+ 0398z V1 -2 . (I.20)
For U, = 2423
A = .86, B = 0, C = 0,93 and D = 0.716
giving
;
8% = 2,30 (Re,) " x (I.21)
6 = 0.374 (Rex)"%x (I.22)
H = 6,22 (T.23)

I [he, = 1,682 {1.488 sin™'z + 0.358z J1-22 . (T.on)

x
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ADEENDIX. TT

A ecomparison between turbulent boundary layers on a cone
ond. T1ot plate based on o log Jaw enalysis (refs.15 and 2)

The anelysis in this appendax ls samilar in form to that of
Van Driest!? but is baced on the congtancy of velocity profile advanced
in ref.2, The relaticns obtained bebtween the houndary layers on flet
plates and cones are diffcrent from those of Van Driest, the differences
peing due to second order terms in the salutlon.

The sssurnption will be made that on both flat platos and cones the
velocity profile in compressible flow is given by

u 1
S D + 5 log, Vo (I1.1)
u'cwy
wherae o = E and Fp =
v NPy w Vaw

the subscript w referring to conditions at the surface.
Eqguation (IL.7) cen be written

a v
w S kez

y = ———¢ (11.2)
1
2
aks v,
and dy = - W 58 gy (I1.3)
1
1, o
where S._____'L=.,_2.._ and 7 o= ==,
W

The relation between the temperature and densiky profiles and the
velocity profile is acsuzed to be

T ) E
= ] = B2 - = 1T,
Tw P i P ( L")

Bquations (II.3) and (II.L) are substituted in the momentum
ecquation

&
2
pp ¥y 6 = f pu (“1 - u) dy (I1.5)
[+]
1,8 T , 4 - kaz dz
giving -v-f‘—- = ﬁlaks‘j‘ a(i-z) o 5 . (11.6)
W w (4 ~ Bz ~az )

The solution of this integral (see ref,2) is

u,8
L. éeksp +o<—12-)]. (IL.7)

3

-

- 30 -



Thus for

5 largs

for £lat plates and cones,

(2) Flat plate

The skin friction equation

Now from equation (IT.8)

L]

]

b A =
Vor k
o e _ 15
dx 2 sZTw
M | pa(ef®)
dx - Lk dx
w
u,x T
4 1 a 2 ks
-‘:’——-@—:E[s a(e™) .
w W
T11C ks k252

ignoring the aecond order term.

(b) Cone

The skin friction equation

may be written

and from equation (II.8)

and

®.8 _1h
dx  x SZTW
() | '
dx S2TW
u.lex _ Efeks
v Tk
W
aglex) _ 2.4
) dx - kdx

-3 -

(11.8)

(IL.9)

(11.10)

(31.11)

(I1.12)

(IL13)

(II.14)

(1T.15)

(I1,16)



Thus -V—J]- x = -@i— -TJV—-%C (x eks) . (11.47)
W 1
s :c2 T -
Integrating %—;—- = %%[32 eks X o 2 fx eks 8 dsJ . {11.18)
w 1

Thus for 5 large x is given to a firgt order by

U, X T
1 8w 2  l=a
ez e 8T (I1.19)
va k ‘1‘,1
T 2y .
ks Lo oaw w3 2ks 5
f X e s ds = % T"‘ "'u"—'-l f 8" € ds
_ 5262ksa[s~3+ 3. 1.3 }f_‘_ﬁjTW
k:2 2k 2k2 2} mész Uy T1

X
P R N
= 21’:8 [u n2k+ O(S) coc}c
Substituting in equation (I1.18) =x= is given to a second order

2
u, X T
L 2ks s

end from equation (I1.19)

2
X
2 9 (1)
~= = 4 w1+ O0{==1.
(x,l) ka 52

Tgnoring second order terms

2o [y
x,l - ks
Thus to a sccond order
i, X T
17 . Fa 2 . L
v, TR S T-5se (TL.21)

Comparing this equation with the corresponding one (equation (11.42))
for the flat plate and assuming that the skin friction coefficient cp
and the heat trensfer parvemeter Tw/T, are the same then

-39 =



- 2 [1 R g—i-} (L. 22)

for large values of s.

If the skin friction coefficient cp is represented by a power law
formule then

1
='/5
cfc (Rex)c
cfp (Rey) ~1/5
8y D
Then for the seme skin friction coefficients
1 1
(Reg), " N
e s
1/5 2 ks
(Rex)P
and thus for the same Reynolds munber
Cp 15
c 1
E}; = {2 (1 + '%E{";)] . (IIaz-l-)

From equations (IT.8), (IT.12) and (IT.21)

e e et e (1434

B

®]o®
roho

"

8 °r
Cp [2 (1 +2ks)}
P c

end for the same Reynolds number

]
ls

<D

8, 3 4 “#/5 (
— = )21 e Il.25
5 - (3] )
and since
(CF)o 20,
(cF)P A "

2 [2 (1 . % '1'}@)] . (IL.26)



Some results taksn from equations (IT.22), (TL.24), (IT,25) and
(II.26) are tabulated below. Values of corresponding skin friction
coefficients are taken from the £lat plate formuleld

C, M "'1 5
Ly 1 1
'-é-—- = -—é‘ = 0.0296 Rew 'fﬁ'"':) . (II.E?)
s W
T4 Wy Ty s
The Reynolds nuiber (Rew Ot T is a significent parameter
w w W
for the cone flat plate relations, but corresponding values of
u,x
(Rex = -v-l-> for a Mach nmumber of 2,35 and zero heat transfer condi-
1

tions are included in the *teble for genersl comparison. The parameters
marked thus * are for equal cone and flat plate skin friction coeffi~
cients; those marked ** are for equal cone and flat plate Reynolds
nuebers.

Ty 6 7
Rew-,j}-; 107 10 10
Re_ 6l 5 100 | 6k x 165 | 6ut x 107
Cf-_ 1
% =4 1 0,00296 0400187 0,00118
8
(Rex)c
" 2,408 2,320 2,258
(Rey)
P
ch
£
P
- 2o 1 1 1
g, 5,005 1,962 Te917
Cp
c
e oS 0,988 1,019 1,043
“my







APPENDIX TTT

A summary of Young's comlation12 between the turbulent
boundary layers for 2 dimensiopal and axi-symmetirio
flow extended to the cone-flat plate case

Young assumes the skin friction for both two dimensional and axi~
symmetric flow to be given by

T u, 8, 11
°y = C ({7—?\ n(i, ) (III.1)
p_lu.1 1 /

C and n being constants identical for both cases. The campressibility
functions h(My) are likewise assumed to be identical for two dimen-
sional and axi-symmetric [low in the analysis below.

The momentum equations for two dimensional and axi~symmetric flow
are respectively

r— ou, o T
20 1.0, 1P 0
22 L 0| (H+ 2) e = | = (IT1.2)
ax B uy ox pq oX P1u12
— ol op or -~ T
28 i S N N Ve N S -
ax+6(H+2)uax+pax+rax_J = 5 (IIL.3)
L 1 1 © P4

where ¥, 1s the radius of the axi-symmetric body.

The solubions to these equations are cbiained by substituting for
T T

POZ: 5 and 0
1

most general form these sclutions involve integrals of flow and body
shape parameters. If es in the coses considered in this note the two
dimensional flow is waiform flow over a flat plate and the axi-symmefric
flow i8 supersonic flow over a cone then the momentum equations simplify
and the complexity of the solutions is correspondingly reduced, Thus
for a flat plate in a uniform £low equation (III.2) becomes

53 can then be chiained in terms of . In their
T

dx 2
P
—
u18,p n=}
= G(T) h(M) (III.J-I-)
and for a cons
ax Tz °
P4
.3
U.19c n-~]
= c( v ) () . (111.5)



Tha latter ocan be written

. _n

- =1

E-E-?-- = c(——) h() (x 6,) 1 . (II1.6)

Assuming that the boundary layer is turbulent from the leading edge
or tip of the body and that h(i) is not a function of x then
equations (IIT.4) and (IIT.6) can be integrated to give

- p——

B 1 N1
o1 | n g (..1) nM) = (III.7)
hol n-1 v,
B -
&) = ——— G- hid) x I1L8
. o (J (20) (1IL.8)
respectively.
Thus n—1
8 n
¢ _ |n~-1 )
G l:—zn-‘l] (115.9)

The value of n corresponding to the 1/7th power law im n =5
which gives
% o2
— 1’ L]
BP 91

The relations for skin frietion follow

C
o _ oot
¢ T n<q

fP

= 10176 for n = 5
c ............
and "-E':E =

CF 211""1

Y

1.CL5 for nn = 5.

i

These expressions axre relatively insenszitive to the value of n L'sed
within the normal ranga of n. That ig, values of n =4 and %
corresponding to 1/5th and 1/9th power laws give a voristion of
of * 2 per cent from the value given for n = 5.

- 36 -



wPEENDIX IV

Some empirical relations between the turbulent boundary
layer charscteristics for flow over ccnes and flat plates

The following transformation equations (anslogous to the thecretical
laminar boundary layer transformations of Hantzsche and Wendtz'-, and
Mangler5) between the displacement and momentum thicknesses functions for
the turbulent boundary layers on cones and flat plates are used to com-
pare with corresponding funchions obtained from experimental data:

v/
8 (RBX)1 }c = oponst B (1Iv.1)
{8"(e,) /n;p
1
6,) /B
o {e(r X)1/ i, -z . (17.2)
{e(ReX) }P

where subseripts ¢ and p refer to cone and flat plate regpectively.

The subsequent fransformations follow: If the momentum thickness
on a flat plate can be represented by

-1/11
&, = A (Re};) X
Am
then 8, = B.A (Rex) X,

The lecal skin friction coefficients are

240 - Y
(o) = 2 = 201) (o) (1.3)

dec ec
{cf) = 2 ["-* + ""'"}
e

o

2BA [3%1} (ReX) . (Iv.4)

il

1
Log Rey /7] _ B(an-1)

Then . (1v.5)

1 n=1
Il
[Gf Re}; / ]P

Similarly for the overall skin friction coefficients
28

1
- - ~'/n
) = 5 = 2 (Re) (1v.6)

.-57...



Lo -1/n
(Cp) = "‘5{2 = LRA (Rex) (1v.7)

(GF Re;/n)g

Then = 2B. (1v.8)

(p e/ ",

If the '/7th power lew velocity profile is accepted (i.c. g = 5)
and the factor B assumed to be -36- ag in the laminar boundary layer

case, then equations (IV.5) and (IV.8) become respectively

1
/5
[Gf Be ]
e V3 (1v.9)

Bl

o
—

1
[cf Rey /5]13

1
[0g Re, /%]

(Iv.10)

o=

wilno
S

[% Rex1/5]p

~ 38 =



APPENDIX V

Corrections to the experimental data due to dafferences
in Mach number between the cones and flat plate

To cbtain correspondence between the boundary layers on the cones
and flat plate it is necessary to account for the effect of the Mach
nunber My (immediately outside the boundary layer) on the boundary
layer functicns (flat plate My = 2.45, 10° come My = 2,35 eand
20° cone My = 2,23).

The corrections are set out below:

(a) Laminar boundary layer

The theoretical boundary layer functions for the flat plat39 and
the cones (Appendix I) show that

8 (Fo) (G)
~2 - & o .
% " oy J © e

H
B (A—Q>-7E~B+1]
22
B
X
E_g i (#. 8), (v.3)
x -

where ¢ and B refer to different values of My; A, B, CandD
being functions of My.

Substituting the values of My appropriate to the cones and flat
plate, the following correction factors are cbtained:

(3)M1 =235 (O =2.23

B e = 1.00
(ehgy=2.45 (O 2.5
X
(H)M1 = 2435 (8 )M1=2.35 4
= T 1,05

(H)M1 = 2.45 (5X)M1=2.45

H ~— =
( )M1 = 2,23 (8 )11,{1..2,23 4
1-12

It

13

(H)M1 = 2,45 (5X)M1 = 2,45

—59.—



(b) Turbulent boundary layer

Assume that the boundary layer functions may be expressed as
followsd:

] 2.2
/5, T
Cp = A (Rey) / (-T-l> (V.4)
W
2.2
SN N
o = B (Re) x(@; (v.5)
P
B _ v 1.2
-H—i— = T, + g My (V.6)

where A ani B are constants,

For zero heat trangfer

iYy-t_ o
Tw = Two = T‘l {1-&-0‘3—5—1{[1]

and equations (V.4), (V.5) and (V.6) become

Cp = 4 (Rex):}/s [1 + c%f;— ij ? (v.7)
/5 ) - &2

o = B(Re)  x [1 + ﬁ%—l Mf] (V.8)

% = [1 + M,!z (35- + Gé%i)] . (v.9)

Thus for M, = 2.45 (flat plate) and M, = 2,35 (10° ocone)

(Cply, =2, (®)y =
My =2.35 ) Wy =235 1,02

(UF)M1 = 2,45 (e)m1 = 2,45

By, =235 4
(H>M1 = 2,45 1,06

X
(8 )y, =2.35 ]

B

(BX)M1=2.1!—5

- L0 -



To enable a comparison to be made between the varicus sets of experi-
mental results solely on a basis of body gecmetry, ald results in Tablea
I and IT have, therefore, where necessaxry, been corrected to a Mach mmber
of 2,35.

§¥TP,2078 ,CP, 284 K3 ~ Pronted wn Greatl Sritair.
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