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ADDENDUM

4 constructional acheme for making pressure cabins inmune
from catastrophic failure without undue weight penalty

It secems desirable tc make some reference here to a construc-
tional scheme put forward by the writer in a sequel tc the present
report¥, This scheme has its origin in paragraph 6 of Appendix D
of the present report, where it is shown (see Fig.2D) that when the
former rings are reduced in pitch to 10 in. i.e, about half the
conventional pitch, they effectively limit the radial swelling of the
inter-ring skin-stringer wall to that suffered by the rings them-
selves. In other words, the rings reduce the hocp stress in the
skin almost as effectively as if the material in the rings were
incorporated in the skin to increase its thickness.

In the actual scheme described in the sequel the conventional
former rings are retained and the shell wall fitted with flat hoops
directly attached to the skin and pitched some 10 in. apart. These
hoops have a thickness about four times that of the skin and a
width of about 2 in. so that they have a total crosswsectional area
(for taking hoop tension) neacly equal to that of the skin itself.
They pay for their own weight howsver by reducing, as explained
above, the hoop—~tension taken by the cgkin. Not being integral with
the skin they should act as potent barriers o any crack that may
start in between a vair of hocps.

The scheme is described at length in the sequel report above
mentioned, and experimental work is in hand to prove that the
advantages indicated by theory are borne out in practice.

* R.A.E. Technical Note Nc, Structures 156 4 constructicnal
method for minimising the hezard of catastrophic failure in a
pressure-ctbin. March 1955,
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Pressure—cabin design - A Discussion of some cof the
Structural Problems Involved, with suggestions
for their solution

by
D, Williems, D,Sec., M,I.Mech,E., F.R.Ae.S

SUMMARY

The problems that arise in the design of a pressure cabin are
almost entirely due to the mumerous structural discontinuaities that
inevitably break up the otherwise smooth distribution of stress. Some
of the main discontinuities, such as are caused by windows, doors,
cencples, floors, formers, bulkheads and demes, are discussed here, and
design suggestions are made for dealing with them,

Particular attenticn is called to Appendix D and the Addendum
based on it, which refers tc a scheme for making pressure cabins safe
againat catastrephic failure with little weight penalty.
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1 Introduction

As pressure cabing have only recently come into use 1t is not
surprising that no generally accepted methods for their structural design
have so far been developed, It is obviocus at once that, with a pressure
vessel having the approximate form of a surface of revolution, and a
ratio of cross-sectional radius to skin thickness of something like
2000, membrane theory is applicable. There is therefore a tendency to
assume that, since menbrane theory 1s well-known to be particularly
s‘mple and straightforward, there are no serious structural problems
to worry the designer. A little thought however soon disposes of such
an assumption, and pressure cabins are seen to require - more than
most structures - the utmost care on the part of the designer in balanc-
ing the many conf'licting factors that enter into their comstruction.

What gives rise to most of the problems is the necessity for
introducing discontinuities and constraints such as are caused by windows,
doors, canopies, floors, bulkheads and domes. These interferences break
up the smooth distribution of membrane stresses in the skin, and tend
to cause stress concentrations that reduce both the static strength and
the fatigue life of the structure. The main task of the designer is
therefore to minimise the stress concentrations by preserving as far as
possible the original menmbrane stress distribution associated with the
unbroken skin.

That it is eminently worthwhile to go to some trouble in seeking
an optimum construction is well illustrated by quoting hypothetical
figures for a typical size of cabin, In a csbin with a main section
10 £t in diameter and walls of 20 gauge (0.036 in.) the maximum stress
is that associated with the hoop tension in the main section, and has a
value of 16,600 1b/in® (approximately) for an internal operating pressure
of 40 1b/in., For an ultimate stress in the sheet of 60,000 1b/in“ the
theoretical maximum pressure is therefore 36 1b/in?, The introduction
of a multiplicity of discontinuities must inevitably weaken the struct}gre s
but the maintenance, by good design, of a failing pressure of 30 lb/in
would not appear an unreasonsble target to aim at in spite of discontinu-
ities. Suppose however that the figure actually achieved is 20 1b/ n?,
The upshot is that, for the latter figure, the cabin is loaded to half
its nltimate load at every flight, whereas for the target figure it is
loaded only to one-third of its ultimate. Having regard to the shape
of the typical S-N curve, the value of such a reduction in the ratio
of working to ultimate load is cbvicus, increasing the working life,
as it does, same ten-fold.

The purpose of the present paper is to evamine some of the salient
structural problems, to discuss the design difficulties they give rise
to, and to suggest possible ways of overcoming those difficulties.

Among the problems touched upon are those connected with:-

(1) The design of frames for windows and similar openings.

(2) The design of doors.

(3) 'The design of the canopy.

(4) Interference or constraints caused by bulkheads and
transverse frames.

(5) The design of pressure domes.

(6) Constraints caused by the main floor and its supports.
-l -



They are all treated on the basis of existing shell theory or simple
deductions therefrom, and extensive use has been made of the formulae and
tables containei in Timoshenko's well known ireatise 'Theory of Plates and
Shells’ (Ref.1).

2 Membrane forces in a pressure cabin regarded as an unbroken surface
of revolution

If', as seems legitimate, we regard a pressure cabin as a surface of
revolution, end if, further, we assume that only membrane forces are
operative, the distribution of these forces is very gimple and readily
visualised,

L F

B

Figo A

The cabin shown in outline in Fig. A consists essentially of an
approximately cylindrical part DF, a rounded rear part and a streamlined
forward part. Every element of surface such as that at B, for example, is
1n equilibrium under the outwardly directed normel force due to the internal
pressure and the inwardly directed components of the membrane forces brought
into action by the two curvatures - lateral and longitudinal, As mentioned
in Appendix C, the centre of lateral curvature must lie on the longitudinal
axis, and for the element of area at B, is therefore the point A where the
normal cuts the axis., The longitudinal radius of curvature, while coinciding
with the same normsl, has a length BE deperding on the shape of the cabin
contour in side view, being infinite at sections aft of DD', If

I, = mexbrane hoop tension

= longitudinal tension

n

Te

r, = lateral (or hoop) radius of curvature

Ty = longitudinal or meridianal radius of curvature

P = intermal pressure,



we have the standard formula connecting pressure and membrane forces
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For a gven longitudinal cross-section such as Fig,A, the value of T,
is at once obtained from simple equilibrium considerations (Appendaix C),
whence knowing ry, ard r, we can write down the hoop tension T).

For small variations in the shape of the longitudinal section, T )
varies 1little, but its contribution to the local containment of the
pressure 1s sensitive to ry, being nothing over the parallel part of the
section and beccming progressively more important as the extreme nose
is approached. It follows at once that, so far as resisting the internal.
pressure is concerned, a cabin having the shape of Fig. A can have its
skin thickness progressively reduced from D to O without loss of strength.
If, for example, the nose takes the form of a sphericel cap with a radius
1/3 that of the main parallel section, the maximun membrane force at
the nose is obviously only 1/6 that of the hoop tension aft of DD'.
Under simple membrane fcrece, therefore, the skin in the nose region
will have either the seme strength as the main section at 1/6 the thick-
ness, or 6 times the strength for the same t hickness.

It is a fortunate fact that, for reasons of visibility, the canopy
is inevitably located well forward in a nose region where the maximum
membrane tension is little more than half that in the main cabin. If
therefore the same skin thickness is usem in the two locations, any loss
of strength due to the discontinuity introduced by the canopy is well
covered.

The above remarks apply to the wibroken cabin shell: the remainder
of this report is concerned with discussing the effects of various kinds
of & scontinuities.

3 Main-cabin discontinuities -~ windows etec,

Windows and doors are a principal source of discontinuities an
the main caban, and the designer's problem is to neutralise the rise in
stress level that tends to occur whenever a hele 1s cut in the cabin
shell, and the material sc¢ removed is replaced by a non-stress-transmit-
ting window-panel, The ideal tc aim at 1s to choose a window frame of
such a shape and frame section as t¢ cause nc change of siress in the
shell outside the frame. A hole with this kind of reinforcement round
1ts margin has been referred to as a ‘neutral hele', The theory of
neutral holes has been discussed by Gurney2 and more recently by
Mansf‘ield}', who has derived some elegant solutioms based on the stress-
function defining the stress distribution in the uncut plate. The
simplest case is that in which the two principal stresses in the plate
are equal, Under these conditions it is possible to deduce at once by
purely elementary considerations (see Appendix A) that a hole, to be
neutral, must be circular in shape and reinforced by a ring of constant
cross—-sectional area, That area, moreover, must be such that the weight
of the ring (of the same material as the plate) 1s about 2/(1 - v) times
that of the disc it replaces, where v stands for Poisson's Ratio.



If' the principal stresses are unequal, but still of the same sign, the
neutral hole becomes an ellipse, with its major axis in the direction of the
greater principal stress. The reinforcing elliptical ‘rang' 1s no longer of
constant cross-section but has a maximum and minimum at the ends of the major
and minor axes respectively.

341 Importance of cross-sectional shape of reinforcing member

In the theoretical treatment of neutral holes the problem is consiadered
solved once the shape of the hole and the cross~sectional variation of the
boundary member are specified in terms of the thickness of the sheet and the
ratio of the principal stresses. It is possible, however, while still
nominally satisfying these conditions, to lose much of the expected beneficial
effects by indifferent practical desaign.

As an example, consider again the simple case of equal principal
stresses for which the neutral hole is a carcle and the reinforcing member a
circular ring of constant cross-section.
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Fig. 1

Pigs. 1(a), (b) and (c) show various ways of reinforcing the edge of a
circular hole of radius 'a' so as to malke the hole neutral. In ‘f(a) the
reinforcement 1s all concentrated at the edge; in 4(b) it is spread out as
an annular disc, and in 1(0) it takes the form of an annular doubler plate
plus an inner ring. Scheme 1(a) hardly lends itself to practical design.
Scheme 1(b) 1s better from this point of view, but entails a circumferential
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stress at the inner edge scme 10% above the uniform stress in the outer
plate., The sudden and considerable change of section at the outer edge
of the reinforcing annular dise is also a disadvantage. A still better
scheme 1s 1(c) where the reinforcement takes the form of an annular disc
equal in thickness to the outer skin, supplemented by an irmer ring at
the edge of the hole.

It may be of interest to quote the values of the radial and
circumferential stresses op and oy respectively at the outer and inner
edges of the doubler plate and at the edge of the heole assuming o, to
be the uniform tensile stress in the outer sheet.

’z %o
Quter edge 0.5 a, 0.87 o,
Inner edge 0 1.05 cb
Bdge rin - 0.98 T,

From these results, which are deduced from a simple extension of standard
farmulae (see Appendix B), it is seen that the greatest stress is no more
than 5k above that of the uniform sheet stress.,

In scheme 1(c) the doubler plate performs the useful function of
minimising the otherwise sudden change of radial stress at the skin-to-
ring guaction, and at the same time constifutes a more flexible type of
connaciion,

Another advantage is that 1t provides a sligntly greater stiffness
for a given weight than the simple ring of Fig.1{a). This 1s because
the circumferential stiffness of an annular disce 1s magnified by the
Poisson's Ratic effect of the accompanying radial tension.

It will be noted that owing to the faitting of the edge-reinforeing
menber on the inside surface only of the skan, rather than symmetracally
on both sides, an undesirable couple is introduced by the off'set pulls
which tends to bend the edge of the hole outwards. Since external rein-
forcement a8 hardly acceptable, it 1s clearly advisable to reduce the
offset to a minimum. One way of countering this kind of bending moment
18 10 'build~in' (i.e. encastre) the edge of the window pane — a device
that would alsc reduce the bending moment in the central region of the

pane,

3.2 Ineffective types of reinforcing ring

A type of reinforcing ring that is of little use is that shown in
Fig,2.

\\\.AJQ

u:::nﬁ§l7 B l E@E::::::x:

Pig.2
.8~



Here the effective part of the ring consists of little more than the flange
AB, the greater part of the upright portion BC of the ring section being
rendered useless by the btell-mouthing tendency at B under the radial load.

3¢5 Effect of too stiff a reinforcing ring

The correct size of ring provides the same stiffness as the disec it
replaces, If the reinforcing ring is less stiff than thas, the circumferential
stress in both ring and sheet is greater than the uniform stress (0‘o say} in
the uncut sheet. On the other hand, 1f the ring 1s stiffer than the original
disc, the circumferential stress in the adjoining sheet is, as might be
expected, reduced - but only at the expense of an increase in the radial stress
gbove the origiral o, (since the sum of circumferentisl end redial stresses
must always remain constant at 2 o).

In other words excessive stiffness in a reinforcing ring defeats 1ts
obgect by actually attracting loads from the surroundang sheet. For example,
8 ring of double the proper stiffness induces a radial stress irn the adgjeoining
sheet that 1z 245 above the original stress og.

344  An wnteresting paradox

The problem of the edge-reinforcement of holes in plates raises an
intercesting paradox, which is not without design importance.

Censider a hole made in an infinite expanse of sheet in which, to fix
ideas, tne principal stresses are equal and the hole circular. If the uniform
tensile stress wn the uncut sheet is oy, 1t follows (see Appendix B) from
standard theory that the circumferential stress at the edge of the hole is
2 O, The actual formulse may be quoted in order to show how quickly this
gtress falls off with distance frow the hole. We have

2
circunferential stress O = o (1 + a_z) (2)
T

(where a radius of hole

i

r distence from hole centre)

which shows that at (say) 4 diameters from the edge of the hole (r=9a)

the circumferential stress has dropped from 2 o, at the esdge to 1.01 oy, or to
within 1% of the stress at imfinity., At 100 diameters from the hole the

stress given by the formula 1s 1,000025 o, and therefore practically identical
with tne stress at infanity, It might be thought therefore that, if the
thickness of the plate were doubled over an area extending to 100 diameters
from the edge of the hole, the edge stress would be reduced by half, This

is not so, however, as the stress at the hole is still 1.24 gy, (for a
Poisson's Ratio of -l;) a figure below which the edge stress cammot be reduced
however wide the area covered by the doubler plate.

The explanatien is at once evident 1f we visualise the infinite plate
as (say) 10 £t square and the hole as ¥ inch diameter. It is then clear
that a doubler plate extending to (say) 10 diameters from the edge of the hole
constitutes 1n effect a local reinforcement of the 10 ft plate by a 5 inch
diameter solid disc - since the effect of the % inch central hole has a
negligible affect on its radial stiffress. The result is that, as shown in
the previcus paragraph, the 'hard spot! attracts forces from the surrounding

-9 -
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area of the 10 £t plate so that the radial stress immediately outside the
doubler plate increases from ¢, to 1.24 0y Immediately insaide the doubler
plate this drops by half to 0.62 oy, which, in accordance with formula (1)
above (after substituting 0.62 o, for op) again increases to double value,
i.e. 1.24 oy, at the edge of the hole.

It need hardly be pointed out that this paradox, and the paragraph
leadirg up to it are not without relevance to practical design.

3«5 Superiority of neutral holes over holes of arbitrary shape

The great superiority of a correctly designed neutral hele over a
hole of arbitrary shape arbitrarily reuforced, is well illustrated by
considering again the simple case where, in the uncut sheet, the principal
stresses are equal.
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Fig.3

Figs.3(a) and 3(b) show a square and a circular hele, each rein-
forced at the edge., In comparing the relative effectiveness of the
reinforcements it is useful to remember that, when the principal stresses
are equal, the pull in the unbroken sheet is the same in all directions,
so that the net effect on any element of area is a pure dilatation. Thus
the disc that oraginally occupied the place of the circular heole .qust
have been subgected to a uniform radial pull. That radisl pull, in the
ebsence of the disc, 1s, in Fig.3(b), resisted by the reinforeing ring,
whose cross-section, in order tc make the hole neutral, has to be such
as to give the same overall expansion as the disc 1t replaces,

The way equilibrium is maintained between the ring and the adjoining
sheet is shown by the shaded sector abed of the ring. The radial forces
f are equilibrated by the radial component of the circumferential pull
T an the riag.

- 10 -



The important point is that the ring resists the pull in the sheet by a
simple tension, without any adventitious aid from its bending stiffness y in
the same way in faoct as the chain of a suspension bridge.

Compare now the behaviour of the circular ring with the square frame with
which the square hole is edge-reinforced. The forces £ in the middle region
of the side AA' can only be resisted by the bending of the frame, gince any
direct pull in AA' has no component in the direction of f. It is possible to
make the frame strong enough to resist the bending, but it is not possible to
malke it stiff enough without making it prohibitively heavy. For, to have
adequate stiffness, its bending deflection has to be comparable with the
stretch of the square of sheet that originally occupied the hole, What
actually takes place is that the sides of the frame try to resist the forces f
by Lending but, being much too flexible to do so effectively take up the shape
shown exaggerated in Fig.3(e¢), from which it can be inferred that excessive
tensile stress concentrations are brought into action at the inner edge of the
Coubler frame in the corner regions. mMeeting no resistance from the frame,
the forces f must largely change their direction tc that indicated in Fig.3(a)
by the dotted line EF. The same conditions obtain, of course, for the other
pair of sides,

It follows from these remarks that square or rectangular holes for the
windows of pressure cabins are to be avoided as structurally inefficient.

3.6 Qutline of suggestsd arrangement

It is clear from what has already been said that the prcblem facing the
designer who wants to use neutral holes for his windows is much simplified if
the principal stresses in the uncut sheet are equal. For the proper shape of
hole is then circular, and the reinforcing ring is also circular and of
constant oross-section ~ facts that simplify the design and facilitate the
constructional problems,

As it happens, however, the two prancipal stresses induced 1n the walls
of a closed circular cylinder, like a pressure cabin under internal pressure,
are not equal. The hoop stress in the main cabin is twice the longitudinal
stress, sc that it would appear i1ncumbent on a designer wishing to fit his
windows into neutral holes to use holes of elliptical shape, with the major
axes vertical. This, however, does not necessarily follow, because it is
posgsible, by a simple aonstructional device that can be justified on other
grounds, to reduce the effective hoop forces to half their ncominal value, so
making the hoop loads in the area that matters equal to the longitudinal loads.

The suggested construction will be understocd by reference to Fig.k,
which shows a part of the side of a pressure cabin and three windows.
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In flight the most important load, other than the internal pressure,
that has to be carried by the middle strip of wall hh'g'g is the vertical
bending shear, Under a downwerd teil load the direction of the shear
farces, as they affect the square a'db'd'c!, are shown by the arrows in
the figure. The distribution of bending shear stress round the hole is
best vasualised as made up of two additive parts - first, the simple
distribution appropriate to the continuous uncut walls, and second, that
directly induced by the cutting of the hole. The first requires no
discussion. The second can be conveniently regarded as four equal
forces applied to the square frame a'b'd'c' in the direction of the
arrows. In the absence of the material that has been removed to make
the hole, these forces have to be liguidated via the surrounding structure,
the vertical forces by inducing shear in the rectangular areas ac' and bd',
and the horazontal forces by shears in areas a'f' and c'm', In order to
distribute the shearing actions over a reasonably wide area of sheet,
and so reduce siress concentrations, it is desirable to introduce
stress-distributing mewbers. For the vertical couple these may take the
form of reinforcements of the existang fuselage rings AB and (D, and are
shown in the figure as ab and cd. Their function 1s to carry the shear-
ing action deeper into the eircular strip AD, and so reduce the shear
stress. The complementary horizontal couple is liquidated across the
panels a'f' and o'm, wéll enough by the agency of the existing longitudinal
stringers without the use of special reinforcing members.

It is now proposed to rely on these necessary vertical reinforcing
members ab, cd to relieve the intervening sheet from some of its hoap
load, the intention being that, in the immediate neighbourhood of the
hole, this relief should amount to half the original load. Experience
indicates that, in order to ensure the required redistribution of hoop
load as between sheet and ring-reinforcement members, the latter should
extend a distance a'a, sbout equal to the cross distance a'c!, along the
ring BA., The cross-sectional area of each tapered merber as it approaches
the hole should, for the present purpose, be equal to the cross-sectional
area of the intervening sheet, so that in this way half of the load is
taken by the reanforcing members and the remaining half by the sheet.

Such a construction makes the effective hoop load per unit wadth of
section equal to the longitudinal load, and therefore justifies the use
of circular windows.

There 1s, of course, always the alternative course of using elliptical
windows and of taking care of shear due to tail loads by reinforcing the
sheet, rather than the frames, adjacent to the windows. Choice between
the two methods is largely a matter of manufacturing comnvenience.

3¢7 Summary of main points covered in 3 above

The following 18 a summary of the main pcints discussed in section 3.

1 Holes cut in a pressure~cabin wall should be properly shaped
and reinforced so as to qualify as neutral holes under pressure
loads, for a neutral hole leaves the stresses in the surround-
ing sheet unaffected by its presence.

2 The simplest shape of hole and the gimplest type of edge-
reinforcement go with a sheet in whaich the principal siresses
are equal, and hence cause uniform dilatation throughout the
sheet. The hole is then circular and the edge-reinforcing
mepber is of constant cross—section.

- 12 =



3 A suitable type of edge-reinforcing member might well be an annular
disc, or doubler plate, equal an thickness to the surrounding sheet
and further stiffened by an edge ring as in Fig.1(e).

4 A stand-up type of ring (as in Fig.2) 1s unsuitsble as its real
stiffness under loads applied in the plane of the sheet is (due to
bell-mouthing) much less than its nominal stiffness.

5 Reinforcing a sheet by another of equal thickness extending beyond
the edge of the hole by several diameters will not halve the stress
at the edge - a paradox that 1s discussed in the text.

6 Stiffenang the edge of a hole beyond what 1s required io make it
neutral makes the reinforcing member stiffer than the original sheet
it replaces. The result is to create a ‘hard spot' that ‘attracts'
load to itself by magnifying the radial pull in the surrounding
sheet,

7 Square or rectangular holes for windows are not good design as they
produce stress concentrations however substantially reinforced.

8 Since ihe principal loads in a pressure cabin are not equal - the
hoop loads being twice the longitudinal loads - a method 1s described
for halving the hoop loads in the immediate vicinity of the windows,
thus meking the principal loads effectively equal and justifying the
use of the simple circular hole,

L Cabin doorway

Since, for practical convenience, the cabin dcorway must take the form of
a vertically elongated hole, the fact that the hoop tension is twice the longi-
tudinal tension may be turned to advantage., For the correct shape of a neutral
hole under such conditions is en ellipse, with a ratio of major to minor axis
of V2. As for the size of the edge-reinforcing member, Mansfeld? has shown
that the cross-sectional area A, which in this case must be variable, is given
Ay by the formmla
el RN
/ 3
\ B 2 (e xd) /2 (3)

{o
\ 7% by ] w2V + 3 xz/b2
/

in terms of the co-cordinates
Fig.5 x and y of Fig.b.

As already indicated in the case of circular hecles, it is desirable for
the reinforcing edge-member to take the form of a flat dise-like rang, so as
to lie as nearly as possible in the plane of the shell wall.

As it is desarable to strengthen the surrounds of the door frame
against accidental damage etc., this should be arranged in such a way as not
te increase the effective cross-sectional area of the edge-reinforcing member
proper. A convenient way is indicated in Fig.6 by a rough diagram. This is
intended tc convey the idea that it 1s possible to introduce a box-like
surrounding structure for the door frame which,

e e L Y F W T Y 3.
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due to its high depth-width ratio cammot pick up any appreciable fraction
of the tension T in the skin.

5 Pilot's canopy

The pilot's transparent canopy offers a more awkward obstacle to
shell continuity than elther windows or doors; 1t is much too wide %o
be effectively bypassed by any system of edge~reinforcing members alone.
Nothing less than its division into panels by stress—carrying members
that bridge the gap will here suffice.

Consider a lecng narrow rectangular gap in a plane sheet in which
the principal stresses are unequal but neither of them zero, If the
principal stresses ccincide in direction with the sides of the rectangle
it is natural to place the bridging members siraight-across the gap as
in Fig.7(a), the narrowness of the gap making 1t unnecessary to have
camplementary menbers at right angles to these, other than the loagitu-
dinal edge menbers themselves.
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The size of the bridge-members will be such as to make the cross sectional
area of each equal to that of the sheet between adjacent members, thus
maintaining the stiffness of the original unbroken sheet. Transference

of load from sheet to bridge-members is by shear action between the

sheet and extensions of the members intc the body of the sheet, as shown
by the dotted lines an the figure. The usual shear-reinforcement at the
corners, where the extensions meet the edge of the gap, is of course
necessary.

A point tc be noted is that such an arrargement of bridge-members
is satisfactory only so long as the directions of the principal stresses
are immtable. The slightest change of direction puts the slot under
shear forces which the upright bridge-members are powerless to resist,
and which, if the bridge-~members constitute the supports for a non-
stress carrying material (such as perspex), puts the latter under unfair
strain. To cater for small changes of direction of the prancipal
stresses 1t is therefore essential to introduce a diagonal bracing of
same kind such as that indicated by chain-dotted lines in the figure.

In the case where the main load across the gap involves (unequal)
prinoipal stresses that are oblique to the edges of the rectangle, as
in Pig,7(b), ease of load transference from sheet to bridge-members
demends that these (and their extensions) should lie parallel to the
directicns of the prinecipsl stresses, as shown in ithe figure, By
arranging these menbers so that their extremities meet to form a kind
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of Warren-girder bracing, two birds are killed with one stone; for the gap is
then adegquately braced against minor changes of direction of the principal
stresses, and no undue sirain can fall on any non~stress-carrying material
supported by the members.

If these principles are applied to the canopy, it will be traversed by
bridge menbers that are, in effect, contanuations of the hoop frames along
the cabin cross-section and of the longitudinal members in the darection of
the generators. A plan view of a canopy bridged on these lines 1s shown in
diagrammatic form in Fig.8, where 1t is seen that the hoop and generator
bridge-menbers make up a well-triangulated braced structure,

What has teen said sbove (in discussing Fig.7) regardang the cross-
sectional ares of the bridge-members and their extensions again applies,
independently of whether the latter coincide wath existing cabin hoop-frames
and longitudinel menbers or neot.

Pig.8

The canopy may strike one as somewhat unorthodex in appearance but it
also strikes one as highly funoticnall This sort of design admittedly requires
a greater nurber of panes in the canopy, but this is offset by their smaller
gsize and the smaller stresses that go with smaller size. Buch considerations
are, in any cace, of secondary importance. What matters i1s that a canopy
bridged in this woy is one, if not the only, logical answer to the demand for
strength at least cost in weight, Compared on a weight basis with a canopy
fitted with wore or less unidirectional bridge members, its strength is
likely to he several times greater.

6 Interaction between cabin-walls and bulkheads or transverse frames

Cabin transverse frames and bulkheads introduce discontinuities that
require the investigation of stresses other than membrane stresses. The
importance of such secondary stresses can most cenveniently be assessed if
they are compared with a datum stress that is basic to the shell ccnsidered
a8 a oressure vesssl, BSuch a stress is the nominal hoop stress in the
cylindrical part of the cabin., This depends only on the shell radius, the
skin thickness and the pressure, and for the typical case we are considering,
where the radius r = 60 ins,, skin thickness h = 0.036 1n, and pressure
p = 10 1b/in? this stress

pr/h = 16,660 1b/in° (%)
- 15 =
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€.1 Effect of frame-constraint on longitudinal stresses

The constraint exercised by a frame against the free expansion of
the cabin walls induces longitudinal bending stresses in the skin-stringer
shell, whose magnitude depends on the stiffness of the ring against radial
expansion. JIn the sbsence of stringers these bending stresses extend no
more than a couple of inches each side of the ring, but when stringers
are present, as they always are, the extent of the disturbance is more
like a couple of feet. The maximum bending stress in the skin-stringer
gshell - in each case occurring immediately over the frame - is however
not very different, as shown in Appendix D, although the reaction between
frame and shell is six to eight times greater for the stringer-reanforced
skin - a point to remember when designing the rivets or other fastening
connecting the two.

One needs %o consider two types of transverse frames - ordinary
former-frames and frames (ineluding bulkheads) specislly stiffened for
various purposes. It 1s necessary to consider not only the bending
stresses induced in the shell but alse the hoop and other stresses
induced in the frames themselves,

642 Constraining effect of stiff framea

The free radial expansion of the shell associated with the hoop
stress quoted above amounts to

W

2
——— a -
= B (1 - v/ (5)
where the Poisson's Ratio term takes account of the added stiffness
contributed by the longitudinal tension, which is assumed equally shared

between skin and stringers.

Since the radial deflection must be zero at a frame that is
canpletely rigid, such a frame applies in effect a radaal deflecticon equal
and opposite to w..

Now, at any cross section of the shell the relation between a radial
load P per unit periphery and the radaal deflection it produces in the shell
wall is given (as shown in Appendix D) by the formula

pe Px

153
8-D

(sin Px + cos Px) (6)

w o=

where B = Eh/iq.azD

D = longitudinal bending stiffness of the shell wall
per unit of circumference (7)

x = longitudinal distance from the section concerned
It is seen that the quantity B determines both the rate of die-away and
the periodicity of the deflection. At the frame (x = 0)

w = P/(BBED) (8)
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and the bending moment

M = P/4B (9)

pd
poth maximum values.
A perfectly rigid frame applies to the expanded shell a load P that is

obtained at once from (6) by putting wp {(of equation 5) for w; the bending
moment M_ follows, and hence the bendang stress o.

For the frame itself the corresponding relation between load and
deflection is gaven by (10).

Wframe = “A_E- (10)

where A = cross-section area of frame.

Thus, if the radisl constreint is not rigid, but is ovrovided by a frame
of area A, the load P is obtained by equating to wp the sum of (8) and (10).

This gives
1 az ( )
P + —T> = W 11
(8[33D AL f

With P found, the bending stress in the shell is obtained via (7) and the
hoop stress ¢ in the frame by

= Pa/A (12}

c.f‘rame

6.3 Humerical values for stiff-frame case

Some numerical values will put the various quantitres above discussed
in proper perspective, TFor this purpose we assume the 20 s.w.g. skain to be
reinforced by top-hat stringers at about 6 in. pitch and that the stiff frame

(or ring) has 2% in? of cross-sectional area. The numerical values are there-

fore as follows:-

p = 10 1b/in.

p, = 945 /1. [= p(1 - v/4)]

a = 60 in,

h = 0,036 in.

A = 2,5 in?

D = O.CO6E 1b in. or 0.012B with stringer locally reinforced

E = 107 1b/in2

4
From this B = (Bb/4a°D) = O.ik inT

- 17 -
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It works out that a frame of this stiffness produces a radial
deflection (fram the free-expansion position) some 80% of that due to 2
perfectly rigid frame, Also the loading P = 105 1b/in.

Nominal stringer-skin bending stress = 15,500 lb/inz.
Secondary tending- effect due to end-tension reduces this to 14,000 1b/inZ,

To this must be added the overall longitudinal-tension stresg of
about 4700 1b/in., the resultant stress thus becoming 20,200 b/ inZ.

This stress, if we wish to bring all secondary stresses well below
the datum hoop stress, must be reduced. Probably the most effective way
is to increase the bending stiffness of the stringers, either by increasing
the gauge thickness or the height of the top-hat section.

The radial depression csused by the frame extends to a point 3m/LB
either gside of it, so that if we stiffen the shell we must do so over
that distence at least. Suppose we merely double the stringer gauge.
This gives

ices /4P = 20 in.

80 that the stiffening should extend a couple of feet each side of the
frame.

The neg result is to reduce the bending stress from 14,000 to
40,000 1b/in“ ~ a worthwhile reduction that brings the resultant stress
of (10,000 + 4700), = 14,700 1b/in? helow our arbitrary datum.

The corresponding hoop stress in the frame itself is of little
account, amounting as it does to only about 3,000 1b/inZ.

6.4 Comstraining effect of former—frames

In the case of ordinary, or former, frames the emphasis in the
matter of stress swmtches over from the shell to the frame., The
flimsiness of the frame ~ of cross-sectional area 0,16 compared with
2.5 m2 for the staff frame — allows it to expand with the skin, with a
consequent substantial reduction in the constraining force P.

The problem of the former-frame, unlike that of the s1iff frame
where the adjacent former-frames were neglected, is complicated by the
close pitch of the rings. This mekes the couditions at one frame dependent
on those at the adjacent frames. This is dealt with in Appendix D on the
lines of Timoshenko's trestment, according to which the loading P is
obtained from the relation

o

2
X
Pﬁ(ﬁ-gé) = P1“% (13)

where the X's are functions of (B¢) defined in Appendix D, and £ = pitch
of frames. For any value of B and £, tables given by Timoshenko allow the
¥ functions to be readily evaluated, whence P 1s found. The consequent
longitudinal maximum bending moment 13 given by
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from which the stress is at once cbtained.

6.41 Swelling of skin between f rames

The daisturbance caused by & single frame is only local, and beyond that
local region the shell wall carries its full hoop stress, The pitch of former-
frames however 1s usually close enough to prevent the skin from reaching its
full unimpeded expansion, even at a section mid-way between two frames, where
obviously the expansion must be a maximum. It is shown 1n Appendix T that the
inward radial deflection (from the position of unimpeded expension) midway
between two rings is given by the formula

v o= W, (1 cos B sinh 6 + sinecosh(?)) (15)

“ sinh@cosh 6 + 2in 6 cos ©

where wJ! is the deflection at a framel
f (16)

and 6 = Bg/2

When the pitch £ drops below sbout 10 in. the second texm on the right hand
side of (15) becomes negligibly smell, which means that the shell wall and the
frames have the same radial displacement. It also means that material in the
frames is almort as effective as that 1n the skan itself in reducing skin hoop-
streas, The qualification is due to the 5% extra hoop stiffnesa of the skin
(for the same radisl displacement) derived from the Poisson's Ratio effect of
the longitudinal tension.

B2 Some numerical values

We assume a % section former of 20 s.w.g. sheet (0,036 i, ) and Q.16 :1112

cross-gectional area as shown in Fig.ID of Appendix D. It 18 cut away, or
notched, to allow the unimpeded passage of the stringers.

Two cases are considered, In cne the pitch 18 20 in. and the formers
have the section just described. In the other, the pitch is 10 in, and the
frame gauge is reduced from 20 to 24 (0.022 in.), the amount of material in
the frames thus increasing by 22%, For the first of these cases the longitudi-
nal bending stress in the shell wall is 4,200 1b/in? which becomes 9,000 on
adding the overall longitudinal stress. As the bending stress is lower in
the second case, it 18 clear that we need not be greatly concerned for this
type of shell-wall stress, whatever the pitch.

Making use of the above formulae (as described in more detail in
Appendix D) we obtain the following results.

TABLE T
20 s.weg. frames | 24 s.W.g. frames
at 20 in, pitch at 10 in. pitch
Radial losdaing P between frame 01
and shell 32 1b 20 1b ’
Hoop stress in ring 12,000 lb/in2 12,400 1b/in
, 2
Hoop stress in skin (interframe) 14,500 1b/ wm® 13,400 1b/in
Weight of frame material per ft
{_run of cabin o Hj_f_l}?_‘ | __f"‘“’ b
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The drop from 14,500 to 13,400 lb/m. in skin maximum hoop stress
(whese neminal datum value by (14.5 1s 16,660 1b/an?) is not in 1tself
impressive, but it is to be remembered that the stress in question is
the main stress for the whole cabin., The lower 1t can be brought, the
lower will be all the secondary stresses that vary directly with it,
and the longer the fatigue 1ife of the whole structure.

It 15 seen from the table that the hoop stress in the frame is
much the same for the two cases, This 1s a fundamental feature of a
shell structure of the type now ccnsidered, in that any acceptable change
of pitch or cross—-sectrional ares of former-frames can have little effect
on the hoop stress. Increasing the section-area of the frame merely
wncreases the constraint 1t applies to the shell almost in the same
ratio, unless of course an unacceptably large frame section is used.
Slender frames must therefore inevitably have hoop stresses little
short of that of the skin.

The stress of 12,000 1b/in. gquoted is reasonsbly low in 1tself,
being in fact no greater than that in the skin. It 1s objectionable only
because the frame is deeply notched at every stringer, with the result
that stresses perhaps twice that amount are induced at each of the
€0 odd notches in every frame throughout the cabin.

One way of reduciig this concentration is to use a favourable shape
of notch, the stringer section being modified to suit. An alternative, or
{preferably) further, step would be to reinforce the frame around the
notches,

6.3 Transmission of load between frame and stringer—sicn

The notching of former—frames has one curious result, which is to
allow comparative freedom for the outer 1lip of the frame to bend about
a circunferential axis, in the way described in Appendix D. Unless the
lip as reiwnforced in soame way, the bending stress thus induced reaches
semething like 20,000 lb/1inZ,

The only straightforward way to relzeve this stress is to fasten the
skin to the frame at a point on the lap as close as possible to the
Junction between lip and web, with some kind of corner washer for even
load daistrzbution., A solution of this problem by chenging the frame-
sectlc)m from Z to a deep-catenary shape 1s discussed in Appendix D {Last
Paré. ).

A further point to note is the local increase in the skin hoop
stress between the flanges of a stringer wherever the stringer passes
through a frame notch, This 1s dascussed 1n relation to Fig.3D in
Appendix D, where 1t is shown that any stress picked up between notches
by the frame outer lip is returned in more or less concentrated form to
the short skin span across the notch. From this point of view the
lighter frame that goes with a closer pitch, as discussed in 6.42, is
obviously to be preferred. It is to be remembered however that, for
light-gauge close-pitch frames ~ even more than with the oonventional
type - 2t 18 desirable, in order to minimise bending stresses, to
abandon the 2 type of frame-section and adopt a lipped U-section having
the shape of a deep catenary, as explained at the end of Appendix 3D.

14 may be noted here that, from one point of view, the method of
fastening a stringer flange by a single line of rivets has advantages
over the use of an adhesive for ilhe same purpose. For the adhesive
enables the stringer flange, which though narrow 1s wide in comparison
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with its thickness, to pick up its full share of hoop load, Considerable
shear stresses are thus induced at the edges of all stringsr flanges,
No such stresses are induced in the riveted flange.

In sludying the stress distribution in a former frame it is necessary
to take account of the rather unusual way in which the stresses are induced.
This is fully discussed in Apperdix D, where it is shown that the inner lip of
the frame, and the web region lying below the level of the notches, are loaded
indirectly by the radial loading P applied at the outer 1ip. Were 1t not for
the direct fastening between skin and frame-lip the latter would be free of
circumf'erential stress, Such fastening however enables the lip to pick up its
share of hoop tension, but only, as already cobserved, by a concentration of
shesr force at the two ends of each inter-notch length of frame lip.

7 Rear dome of pressure cabin

On the basis of the argument put forward in Appendix E the best shape
for the rear dome of 2 pressure cabin is the hemispherical. Assuming this to
be correct, we are left with the problem of choosing the most efficient method
of joining the hemispheracal dome to the forward cabin shell and to the rear
fuselage. In this we are guided by two basic considerations:i-

(1) Owing to the comparatively heavy membrane forces involved, at is
desirable to avoid any radial offset between the shell and the
dome skins,

(i) Therc must not, in the neighbourhood of the joint, be any reduction
in the longitudinal bending stif'fness of the fuselage wall, on the
ma.ntenance of which the elastic stability of the wall depends.

It is not easy to cutline a scheme of design that satisfies both these require-
merts, and the nearest approach put forward here is that shown in Fig.3E of
dopendix B, where 1t is described in detail,

The scheme entails local stiffening of the dome around i1ts base, both
on its inner and outer surface. The Joint itself is made by sandwiching
together {over the region AK of Fig. 2E) the three skins - of shell, dome and
rear fuselage - to form a single lap~joint. The dome and the rear fuselage
wall are further directly connected by fastening the latter %o the outer stub-
stringers that form the extermal reinforcement of the dome.

The problem of determaining the forces and moments introduced by the
differential free radial expansion of shell dome and rear-fuselage wall is
fully discussed in Appendax E, It 1s alsc there shown, by reference to a
typical numerical example, that the maximum resultant longitudanal stress -
from bending and longitudinal tension - is under 8,000 1b/in?, As thas is
only azbout half the datum stress we have set up, it 1s entirely acceptable.

3] Constraint due to oabin floor

Since the longitudinal tension stretches the cabin in the fore-and-aft
direction by an appreciasble amount - sbout # in. for a cabin 80 f+ long under
the longitudinal stress of 4,700 1b/ 1n¢ we have previously assumed - the
constraint exercised by a stiff floor cannot be neglected. The problem is
one of stress—diffusion and its implications will be understood by reference
to Fig. 9, which shows a diagrammatic view of a pressure~cabin in side eleva-
tion, and cross-seection. The line ADB represents the floor in the side view
and the line D,D in the sectional view.

- 29 -

¥



L]

(G C

/ ] o 7
e \ Q I/ 0
- D ‘Q—* { e .
.k B
‘\““-_.____ E"/ D1\N.....t"" \
o Sectzon CC!
Fag.9

The radial coastraint introduced by the floor induces no undue
stresses in the cabin and need not be discussed,

The problem of the longitudinal constraint 1s reduced to its simplest
terms 1f we imagine the floor attached to the cabin wall only at section
CCy in the first place. Whale then the cabin is elongated by the pressure,
a sultable external agency extends the floor to precisely the same amount,
If the cabin were cylindrical in shape from end to end, the external agency
would need to apply tensile losds Q (say) only at the two ends A and B of
tae Tloor.

If the floor is now fastened tc the cabin wall at ail sections and
the external agency removed, the stress field induced, additive to and
superposable on the original longitudinal-tension, 1is that due to the
application of compressive forces Q at A and B to the complete structure
{with cabin and floor as integral parts).

Having regard to the length of the arc Dg C D, in relation to the
half-length AD of the cabin, we conclude that, at section CC', the
compression force Q will be wniformly distributed over floor and cabin
wall. This means that considerable shear stressss must be induced in the
cabin wall adjacent to the floor in the region of the two ends.

The problem of finding the magnitude and distrabution ¢f such shear
atresses is one that should, however, not be allowed to arise, The real
problem is rather to design the csbin-to-floor connections to allow the
differential expansion of floor and cabin-wall o take place unhindered.
This is not a dafficult problem, for there are many cobvious ways in which
this object can be achieved without detrament either to the efficaency or
economy of the structure. They need not therefore be discussed here.

9 Conclusions
The main conclusions may be summarised as follows:-
1  Main csbin
The highest stress level (directly due to pressurisation) in a
pressure-cabin - the datum stress as we may call it - is set by the

nominal hoop stress in the main cabin, and, if this is the design case Tor
the fuselage, a prime objective of the designer should be to keep all
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stresses throughout the cabain below that level. The actual hoop stress can
be reduced well below this datum level by takaing advantage of the fact that
former~frames a little more closely pitched than usual effectaively prevent
the skin between frames from expending to a bigger radius than that of the
frames themselves. The material in the frames in this way helps the skin fo
carry its hoop temsion. The effect in a typical case is to reduce a nominal
stress of 16,000 lb/in? to an actual stress of 13,400 1b/in.

2 TForward cabin

In the streamlined forward part of the cabin, where the cabin
dizmeter 1s smaller and the longitudinal tension helps to contain the pressure
by virtue of the longitudinal curvature, the skin membrane stresses are much
lower. It is therefore much easier in thais region of the cabin to keecp the
stress concentrations at the various discontinuities from rising above the
datum gbove mentioned. This is fortunate, since the most considerable das-
continuity in the whole cabin - the pilot's canopy - occurs i1n the nose region.

3 Windows

In the main cabin the windows are the chief cause of discontinuity
in the smooth surface of the skin, but 1t has been shown that, by a slight
modif'ication in the design, 1t 13 possible to make round windows the ideal
shape for eliminating stress-concentrations, 4 window frame of constant
section goes with the round window, in contrast with the variable-section
frame required for the elliptical window which, in the absence of the modifi-
cation, would be the ileal shape.

L. Doors

To reduce the stress-concentrations liable to occcur around door-
frames, 1t 1s suggested that these be of ideal elliptical shape with the edge-
reinforcing member satisfying the theoretical requirements for least stress-
concentration. Incidental structure should not be allowed to interfere with
the main skin stresses round the deor.

E  Pilet's canopy

In the design of the pilot's canopy the members that brace the
transparent canopy should lie in the directions — hoop and longitudinal - of
the main stresses. They may well be centinuations of existing frames and
longitudinal members, and arranged so that, where they cross the canopy, they
form a braced tri-angulated structure. A cenopy braced in this way is lakely
to be far stronger than if braced in the conventionsl way,

6 Frames ~ stiff and former-frames

3tiff frames are not themselves critically stressed but they cause
heavy longitudinal bending stresses in the stringer-reinforced skin. The
use of heavier stringers in the neighbourhood of the frame - 2 £t or so to
either side - is advocated, in order %o reduce the stress well below the
set datum,

Former—-fremes cause no troublesome gstresses in the stringers but
themselves esperience hoop stresses comparable to those of the skin. Being
netched to ailow passage to the stringers, they are subgect to stress
concentrations at the notches that may be well above the datum. Usang a
good shape for the notch and reinforcing the edge 13 a palliative,

Bending stresses in the lips and web of a Z-saction frame can be
very high -~ particularly the outer 1lip which takes the full radial reaction
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between skin and frame. A lipped U section in the shape of a deep catenary
would obviate bending stresses in all bub the outer lip, the fastening
between which and the skin should be as close to the spring of the
catenary arch as possible,

7 Rear dome

To use membrane strength to advantage, the rear dome should be
hemispherical and unreinforced except near its Junction with the maan
shell. Here stub-stringers are used in order to ensure continulty of
caban-wall longitudinal bending stiffness without introducing radial
offeet of dome and main-cell skin.

8 Floor
Floors should be designed to allow differential longitudinal

expansion relative to the caban-wall, otherwise undesirable shear stresses
are set up.
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APPENDIX 'A'

Neutral hole in plane sheet with equal principal

stresses
a trdB sind Let t = thickness of plate
T 111 A = cross-section area of

5206 trdf cosb reinforeing ring

r = radius of curvature of

a4 element of arc of ring
3 T = +tensile force an ring
Y 3]

' o, = principal stresses

Fig.14

Consider the equilibraum of tne element of arc rdf of ring. 4s
shown 1n Fag.1A, the horizcntal and vertical forces exerted by the sheet
on the element of arc are respectively (o, trd8) cosé and (o, trde) sin®
the only other forces are the tensions T at the ends of the arc.

The resultant tengential force in the positive direction of 8 is

(T + 7, trd@, siné,.cosd) - (T + o, trdf.cosb, sind)

which is identically zero.

For equilibrivm in the radial direction the ocutward resultant is

(0‘0 trde) s3in8 + (0‘0 trd6) cos?6 =T a8 = O
so that

T = o tr (14)

which shows that, if the tension T is to be constant in the reinforcing
menber,

r = const. (24)

and therefore the hole mmust be circular.

For compatibility of displacement in the tangential direction the
gtrain in the ring arc must equal that of the sheet, i.e.

T 66
= =5 (-
T
or A = = R
0
tr
= 75— by (1) (34)
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Since the circumferential strain of the ring is thus equal to that of
the adjacent sheet their diametral strain must also be the same. In other
words the radial strsteh of the ring is identical with that of the disc that
previously occupied the hole,
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ATFENDIX 'B!

Design of reinforcing rings for circular holes - useful

data derived from standard formulae

M1t o

Fig.1B

A eircular hole of radius 'a' is supposed cut in a large expanse of
sheet in which the principal stresses have the same value o,

Unreinforced hole

For an unreinforced hole with free edge the radial and circumferen-
tial stresses are respectively (as given by standard formulae)

R

o3
o

2
&

)
r

2
a_

g
r

a
r

(..

0'6 = GC(1+

o’

Tt follows that the sum of the two stresses is constant at 2oy.

(1B)

Where

therefore the radial stress ¢, is zero at the edge of the hole, the circum-

ferential stress rises to 20'0.

If, at the hole, there is an inward pull of p; per unit arc

a.2 P:‘).a.2
I = Go( __5) Ty 2
r r
. ( (2B)
2 .
8, ia
G‘B = Uo<1+"2-> ""'t——a‘
r L




Hole roeinforced by srmular disc

If the hole is reinforced by an annular disc of outer radius b, the sheet
beyend b may be regarded as having a hole of radius ‘b' subjected to an inwerd

radial pull per unit arc of amount pye
be regarded as having zero radral stress at the edge of the hole and an
outward pull p, at its outer periphery.
nececsity for identical circumferential displacement (which ensures equal

The annular disc, correspondingly, may

The value of p, 18 determined by the

radial displacement also) of annular disc and cuter sheet at the common radius

b.

For an armular disc of thickness

sheet) under radial pulls per unit arc specified as

P

P, = inward

"

" 4] "

outward pull per unit arc at outer radius 2}

inner " s

the stresses (from standard formulae) are

-t

O.I' o= (bz

]

—

2 F

(azbz

a = (
& 'b2

For the anmular dise o (= pi/t) = 0, so that we have

1
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At radius b the circumfersntial strean is
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For the outer sheet (with hole of radius b under pull py)

(Se)b = F

i

%[2«0 - %—’- (1+ v)} (é8)

by (2B), (after substituting b for a).

Bquating (5B) to (6B) gives

39. _ 2no‘o (?B)

¢ (;?%;5)[&2(1-v)+a2(1+u)]+n(1+u)

It may be noted (in relation to the paradox mentioned in the text)
that 1f n = 2 (which corresponds to doubling the original sheet) and
¥ = ﬁ, the radial stress po/t in the sheet, when b 13 very large
compared with a, becomes equal to 1.24 S

Equation (7B) applies to any thickmess of reinforcing member. For
the original stresses o, in the sheet to be unaffected by the hole, the
anmular disc must have such a thickness nt that po/ t, the radial stress
in the sheet at the edge of the anmular disc, is still equal to o,
Putting py/t equal to o, in (7B) gives

- @)

Neutral hole reinforced by annular disc plus dinner ring

When the inner edge of an armular disc, 1tself insufficient to
neutralise the hole, 1s reinforced by an inner ring of eross-sectional
area 4, the disc 1s then subjected te radial pulle at both outer amd
inner edges. Bquations (3B) therefore still apply, and in place of (5B)
we have

(og), = -;—(;@—-1—-5) (% (2, = 21+ 9) + (0" = 321 - v>] L (98)

- a

The correspondang straim in the outer sheet is again given by (€B).
By equating (6B) and (9B) for campatibility of displacement, we obtain

A 2 2 2 1
Lkbz 3 a2> [a po(‘l +Vv) +b po(‘l - V) = 2a pi}+npo('l+ v)-Jt =2ngo_ (10B)
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and since p c/t mist equal o if the hole is to be neutral, this gives

2
p,/t = %9- {(1 + V) +§E (1 =v)(1~n) +n (1= v)} (11B)

For equal strain of ring armd annular disc at the edge of the hole {(r = a)

(Ee)ring = (Ge)a for anmilus
or
= i), - v, ] (128)

Using (%B), and substituting o, for po/t, we find the cross-sectional
ares of the ring to be

2
(bz-— az)i(‘i +v) +b-§ (1=v)(1 =n) +n(1 =)}
A = nat., (13B)

2
lrbz- ib2(1 +v)+a2(‘1-- i1+ v)+b—2- (1 =v)(1=n) +ni-v)}

The case where there is no snnular dise, and the sheet is reinforced by the
inner ring alone, is represented in (13B) by meking n = 1., The value of A is
then at/(1 - v) as already given by equation (BA%. An snnular disc of the
same thiclmess as the sheet (n = 2) gives, for b%/a2 = 2 and v = %,

A = 0.63 at (14B)

which 18 the value appropriate to the arrangement of Fig.(1C).
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APFPENDIX C

Membrane forces in a surface of revolution under
internal pressure

A pressure cabin may be regarded as aprroximately a surface of
revolution about the fuselage longitudinal axis, and consequently the
standard membrane theory for thin shells can be applied. For a shell
under internal pressure the membrane forces are very simply derived, and,
as applied to a pressure cabin are briefly given here for convenience.

=ia

Pig.1C

Fig.1C shows a surface of revolution for which the axis of symmetry
is the longitudinal axis x.

In membrane theory 1t is well known that the outwardly-directed
pressure p on any elementary unit area is equilibrated by the inward
camponents ¢f the pull which the merbrane exerts by virtue of 1its
principal curvatures.

In any pressure vessel, if the principal planes of curvature are

the X and Y planes, and if Ny, Ny and r,, r, are the corresponding

menbrane forces and radix of curvature, it {s well mown that

HEIMZ
+
%sz
It
3
a

where p 1s the internal pressure.
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Prom this we see at once that, 1f both the radii of curvature are known
together with either force Ny or Ny, the other force is at once known in terms
of p. This fact i1s made use of here,

Consider, for example, an element of unit area at B in Fig.1C, where the
meridian line OB cuts the cross-sectional circle BB'. By symmetry, the normel
to the element, on which both radii lie, nmst cut the axis of revolution, as
at 4 1n the figure. Also by symmetry, the radius of curvature in the plane
4B perpendicular to the meridian must be equal to AB or y/sine¢, where ¢ is
the supplement to the slope a of the tangent at B, and y is the radius of the
eross-sectional circle BB!, The other radius of curvature is that of the
meridian at B with centre at E (say).

If T e = nmembrane pull in longitudinal direction
Th = hoop tension perpendicular to T P
r, = transverse, or hoop, radius of curvature (= y/sing )
r, = longitudinal, or meridian, radius of curvature EB

we have, from (1C),

3
=

Ladh oo (20)

¢a
=2

For any section BB' the value of T, is at once written down by using the
equation of overall equilibrium for the nose portion OBB'. Thus

eny o T g COS @ ’J'Eyap

i

or Ty py/2 cosu (zc)

It follows that the longitudinal membrane pull is not sensitive to the precise
shape of the curve OBD. Substituting for T, in (2C) we have

Th = rh( -—i—f-) (40)

from which we see that the hoop force Ty is very sensitive to the precise
curvature of the meridian curve. It can therefore be changed quite viclently
in a short distance in the longitudinal direction by changes of meridian
curvature that have little effect on the general appearance of the meridian
curve. If, for example, the slope a iz kept constant for a short daistance
along the curve, the local radius of curvature rg, being then infinite,
makes the T, term in (4C) daisappear, leaving T) to resist the pressure alome.
The consequence is a sudden change in the hoop temnsion, which produces local
bending of an amount depending on the skin bending stiffness,
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In the shape shown an Fig,1C the longitudinal curvature falls off
gradually from the nose O until at D, where the meridian pecomes parallel
to the x axis, 1t becames zero, Beyond D the pressure 1s resisted entirely
by the hoop tension. .t the nose, nct only is the resistance to the
pressure well shared between the two membrane forces T, and Ty, but, owing
to the smaller radii of curvature, their ahsolute values are also much
reduced. If ihe exireme nose is cpherical in shape, for example, with a
radius 1/3 that of the main parallel section {beyond DD') the mermbrane
stresses al the nose O -~ hoop and Jonpgztudanal - have a value only 1/6
that of the main hoop stresses beyond ID'.
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ATPPENDIX D

Constraining effect of cabin-frames on shell expansion

1 Pree radial expansion of the cabin shell is restricted at the frames,
or foimers, and the amount of restriction depends on the radial stiffness
and pitch of the frames.

In his "Theory of Plates and Shells" Timoshenko shows that, for a
eylindrical shell, the relation conneoting the inward radial deflsction
and any inwardly-directed radial loads Z per unit area (both assumed
constant circumferentially) is given by the differential equation:-

I
p&E L g (1D)
cx &

where h skin thickness

longitudinal bending stiffness of the shell per unit width,
including the effect of stringers, if any.

o
It

The equation can be regarded as governing the deflection of a
longitudinal strip of unit width under a longitudinally variable load 2,
the radial support for the strip deriving from the stiffness of the skin
against radial displacement and its accompanying circumferential stretch.
Following Timonshenko's treatment, we write this in the form:-

a

W L Z
==+ 4w = 2 (2D)
dx}"“ D
where
g (3D)

. En
4D

Bquation (2D) can be used to solve any problem in which internal
frames interfere with the free expansion of the shell and its stringer
reinforcements.,

Equation {2D) as it stands applies only when longitudinal tension
is sbsent. In a typicel cabin shell the longitudinal stress ¢, in the
skin (owing to the stringers taking approximately half the load) is & of
the hoop stress and to take account of this, {2D) is written in the form:-

4 Eh
+:§E=Z+V'§‘0‘6 ("-&-D)

£
|

D

& |

In the cabin problem the only externally applied normal force is
the pressure p snd therefore:-

0“6 = P&/’-&-h (BD)
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whence equation (4D) is finally written:-

+

d'w Eh
D= +~=w = =p (1-v/k)
dxl" a2
(éD)
= wp_1
where P, = pl1 - v/4) (7D)

Thus the constraint exercised by the longitudinal tension 1s allowed
for by taking a reduced pressure p, instead of the actual internal pressure.

2 Single frame 1n long expanse of shell

A single frame in an otherwise uniform cylindrical shell applies what i1s
effectively a concentrated inward radial load P per unit length along the
circumference when the shell is under internal pressure, and the corresponding
anward radial deflection, as deduced from the appropriate solution of (2D),
(with Z put equal to zero and with a shear B/2 at x = Q) 18 given by
Timoshenko in the form:-

Pe - Bx
W o= = (sin Px + cos Bx) (8D)
& B7D
where x is the longitudinal distence from the loaded section.

The corresponding bending moment is gaven byi-

(sin Bx - cos Bx) {9D)

Both w ard Mx have their maxamum values at the loaded section, x = 0, where:-

)
() e, = 13 (11D)
2 () (2

It 1s seen from these equations that, for a given shell diameter and
skin thickness, the weaker the stringer reinforcement the more local the
disturbance and the greater the bending stress.
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3 Rigid frame with unreinforced skin

Teking typical figures - a shell radius of &0 in,, a skin thickness
of 0,036 in, and a pressure of 10 lb/in - we find the unimpeded radial
expansion p1a2/Eh of the skin to be 0,094 in.

If at a given section the skin, unreinforced by stringers, is rigidiy
held against expansion, the effect is to cause an inward local deflection
of 0.094 1n., which by (10I) requires a distributed force P of 21 1b/in.

We then have:-

B = 0.9 in~

which, by (8D) , means that the width of the circumferential groove 1s
2 x 3m/4B or 5.2 in.

The meximum berding stress at the bottom of the groove is, by (11D):~

. 2
O, 28,500 1b/in
L Effect of stringer reinforcement

The longitudinal stiffness of the shell wall is greatly increased by
the stringer reinforcement and, for a typical stringer section and pitch:-

8 = 0.1 in~]

and the width of the dip in the skin increases from 5.2 in. to 33 in.
The force necessary to prevent radial expansion is now 132 1b/in. and

19,000 :I.b/;m2

(o)

max, ' skin + stringer

Thus, although the radial florce necessary to prevent expansion of
the shell u1s much greater for a siringer-reinforced sktin than for the
skan alone, the increased stiffness that brings this about alse reduces
the bending stress, which is of the same order in both cases.

5 Stiffoess of typical actual frames specially stiffened

The ordinary typical frame is not stiff enough to provice the kind
of constraint requared to produce the above loads and stresses, but a
stiffened ring wath (say) 2.5 1n2 of oross-sectional area would, for the
size cabin here considered, have & radial expansion of only 0.C19 in, 1.e.
1/5 of the free shell expansion under the 125 lb/in. loading., The amount
of frame flexibility this implies reduces the value of P te 105 1b/in.
and the stringer maximum bending stress by some 20% to 15,500 1b/in?
under the 10 Ib/in? operating pressure.

The above figures neglect the relieving effect of the secondary
bending moment due to the overall longitudinal tension, but this moment
will be less than 10% of the total. A resultent stress of 14,000 1'b/:'1.n2
for the above case 1s therefore near the mark.
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One way, and possibly the most convenient, of making a substantial
reduction in the stringer stress is to double the gauge of the stringer over
the disturbed region - here covering a distance of about 18 in., to each side
of the frame. By doing this, we obtain the following wvalues:-

B = 0,118 in™1

I (of stringer cum skin) per unit length = 0,012 in’
Radial force between shell and frame = P =120 1b
Stringer bending stress (max.) (after - 10,000 1b /in2

allowing for end tensicn relief)

é Ordinary former frames

The problem of the constraining effect of the ordinary former-frame is
many-sided, in that the effect on the frame itself is just as umportant as
the effect on the skin-stringer shell wall, Perhaps the best way to demon—
strate this 1s again to consider a typical case, For this purpose we choose
the type of skin~former fastening in which the formers are notched to allow
the passage of the stringers, rather than the type where the stringers ride
over the formers.

Bearing in mind the extent of the disturbance caused by the constrain-
ing effest of a frame - sbout 18 in., to each side of the frame for a typlcal
stringer-reinforced skin -~ one perceives that, with a typical frame-pitch of
20 in., the effect of any one frame cannot be considered independently of
that of its neighbours,

A typical section used in the past for fuselage formers is that shown
in Fag.1D{a).

0.036"

FPig.1D

in which the sheet thickness is 0.036 1n. {20 s.W.ge).

Again following Timoshenko's* treatment, and using his notation, let

¥ A reference to the original work by I.G. Bocbnov on this subject is gaven
by Timoshenko.

....3?....



P = reaction force between ring and shell-wall per inch of

are
£ = pitch of rings
A = cross—~sectional area of ring
a = radius of cylindrical shell
h,B = same as used already
P, = p(1 = v/b)
{2a) = Po
3(1(2a) = (cecsh 2¢ + cos 2a)/(sinh 2a + sin 2a)}
x2(2a) = (sinh 2a ~ sin 2a)/(sinh 2a + sin 2a)
xj(?_a) = (cosh Za ~ cos 2a)/(sinh 2a + sin 2a)

The radial loading P on the shell wall 1is then given by the
relation:~

2
S(2a) -
e [xy(20) :—3(2—7} Ly (120)

which, by means of Table 46 in Timoshenke's book where the ¥ functions
are given in tabulated form for various values of {2z}, can be easily
solved to give P,

The maximum skin-stringer bending mcment at the frame 1s given by

P, - Ph/A
Mmax. = -——;gé-——xg(m) (“-i-D)

from which the meximum stringer stress 1s at once found. The correspond-
ing radial deflection wp at the frame is given by:-

pps? x(22)
w, = =2 {x1(2a) - -;—x—jm} (15D)

Here the hoop stress in the frame 1s obtained directly from P, and
the bending stress in the skin-stringer cabin wall from B,y e Both these

stresses are therefore affected by the pitch £ of the frames via the
quantity 2af= {36). By reducing the pitch, not only are both these stresses
reduced, but another important advantage is gained., This is a reduction
in the maxirmum hoop stress itself, which comes gbout from the fact that, if
the frames are not too far apart, the skin in between is effectively held
down against radial expansion. By symmetry, the skin will have its
greatest radius midway between two frames, and the nearer thais radius is

to the radius at the frames the nore effective are the frames in lamting
the maximuas skin hoop-stress.

- 38 -



Now the local inward radial deflection caused by a frame or ring measured
from the freely expanded skin (minus frames) is gaven by (15D} in which P s
given by (13D), but to obtain the corresponding deflection midway between two
rings it 1s necessary to consider again the general solution of equation {&D).
This gives:-

{ =1

w = \ Ty sin Px cosh fx

)+C1 sin Bz sinh[3x+02

3 co8 fx sinh Bx + Glp cos Px cosh Bx {41éD)
Taking the origin for x midway between t wo adjacent frames, and assuming
for the moment that the frames are completely rigid, we see that, since by
symmetry w must be an even function, Co and 03 are both zerc. The remaining
two constants C4 and Gh— are determined by the conditions that both w and dw/dx
are zero at x = + &/2. We thus cbtain finally the outward radial deflection

curve (-w) of the skin beyond the surface defined by the frames:-

+ C

5 -
—y = bl 4 - {5100 p0sh O - cos0sinh0) sinPx sinhBx + (cosBeinn® & 100 cosh 6) cos Bx coshBx
Eh 81nhG coshB + sinBeos B

(17)
where 8 = B&2.
At x = O, midway between the rings, the swell of the skin above the
level of the rings isi-
a2
W) . = Py , _c0s88inh 6 + 8inBcosh 6 (18D)
x=0 Eh sinh 8 cosh 8 + sin 6cos ©

where the expression in the square brackeis approaches zero as { approaches
zero and unity as ¢ becomes large.

If the coefficient p1a2/Eh in (17D) is regarded as the inward radial
deflection caused in the freely expanded cabain wall by the rigid frames, it is
clear that for a constant frame-pitch &, (and therefore constant 8) the corres-
ponding skin deflection at any inter-frame point defined by X is a constani
fraction of the deflection at the frame, The shapes of the curves in
Fig.2D are therefore independent of the stiffness of the frames, =nd so we
can make use of (18D) to cbtain the inter-frame skin deflection if the
deflection at the frame is lknown.

The argument put forward here is again best illustrated by considering
typical numerical values., Thus let:-

js) = internal pressure = 10 1b/ in2
. 2

py = (1 - v/k) = 9.5 1b/

a = cabin radius =5h £t
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k = skin thickness = 0.036 in.

D = YPending stiffness of skin~stringer cabin wall per unat
width = 0,006 1n3 x E

q = height of stringer crown from neutral axis = 0.5 in.

A = cross-sectional area of frame {or ring) = 0.16 1 or
0.098 in? {according to pitch)

& = pitch of frames {or rings), given various values

B = (ER/5a®D)* = 0.1
Consider first the case where the frame-pitcl. £ has the typical value
of 20 1n, This makes:-~

20 = PL€ = 2.8
From equation (43D) we find:-

P = 32 1b/ain.
From (44D}, the stringer bending moment

M = 50.5 1b/in.,

max.
which makes the bending stress

g 50,5 2
o =3 0. COE * 0.5 1o/in

]

It

4,200 lb/in2

This is additive to the overall longitudinal tension stress of
L, 700 1b/1n2, making a total of about 9,000 1b/inZ,

The corresponding aversge siress in the frame is:~

If- = 12,000 1b/in”

and something a good deal higher than this at the notches - a point
considered again later.

Consider next the effect of halving the frame-pitch and reducing
the frame gouge from 20 to 24 (i.e. 0.036 to 0.022 in.). This gives

P = 20.2 1b/in.

stringer M = 16,6 1'b/in2
max.

stringer o = 1370 1b/1_n2

frame stress 12,400 1b/in?

"



Thus, by increasing the total amount of material in the frames in the
ratio 2 x 0,022/0,036, i.e. by 23%, the stringer longitudinal bending stress
is reduced from 4,200 to 1370 1b/in?, i.e. by 67%.

This however is not the whole story, for, by reducing the frame pitch
from 20 in, to 10 in. the material in the frames becomes nearly as effective
as the skin itself in reducing the basic hoop stress (the absence of a Poisson's
Ratio stiffening effect on the frame accounting for the difference). The
reason for this 1s illustrated by Fig.2D (a), (b} and (c) which shows how the
character of the skin displacement changes with frame pitch.

%_’ _________ j_-.:“ :_\::‘\_Tq-_. ;Q )
Free skin

(a) ¢ =30 in. expansion
(b) £ = 20 in.
Z - Z\/frame section
(c) & =10 in.

Fig.2D

In each sub-figure the dotted line marks the level of the constraining
Trames, the chain-dotted curve marks the position the expanded skin would
take 1f unconstrained by the rings, and the full curve represents the actual
shape 1t takes up.

In Fag.2D (a) where the pitch 1s 30 an., it 1s seen that the displace-
ment of the skin midway between adjacent frames is unaffected by the constrain-
ing frames.

In F1g.2D (b), with the conventional pitch of 20 in., the skin still
swells out between frames to about L4LJ% of the swell associated with a very
long frame-pitch. In (c) however the frames are close enough together to
prevent anything more than a negligible amount of swell between frames. In
other words, the hoop strain 1s the same 1n skan and frames, and all the
material put into the frames is, in the matter of hoop stress, nearly as
effective as if it had been used to increase the skan thickness - not quite
as effective because, as mentioned above, for the same strain the hoop
stress in the skin is greater than that in the frame by v times the longitudi-
nal stress, i.e. by 1000 lb/inz.

Table I summrises the situation as between 20 gauge frames at 20 in.
pitch and 24 gauge frames at 10 in. pitch.

-4 -



20 17l Pltch 10 17le Patch

Radiel pull between skin and fraae per

inch of are 32 1b 20.2 1b
Hoop stress in frame 12,000 1b/in2 12,400 lb/1n2
Maximwi hoop stress in skin (midway

beilween frases) 1,500 *® 13,4L00 "
Stringer bending stress at rings 4,200 " 1,370 "

Stringer resultant stress from bending
and longatudinal tension {4,700 1b/in) 8,900 " 6,000 "

Weight of frame material per ft run of
cabin length 3.5 1b Let1 1b

It is seen fran this that, at the cost of an extra weaght of
1 Ib per £t run of cabin, a worthwhile reduction in skin and stringer
stress 1s achieved. Unfortunately there seems to be no way to reduce the
hoop stress in the frame, either by reducing frame pitch or increasing the
frame cross-sectional area. Any acceptable 1ncrease of frame cross-section
merely increases the radial constraint on the shell, which imnediately
reacts to cause a higher hcop stress on the frame itself. Although the
frame heoop stresses guoted an the table are a little lower than the
maximum interframe skin stresses, the frame notches cause a further
concentration that must make the resultant stress around the rotches
considerably higher,

A possible way of reducing the notch stresses is to use a more
favaourzble shape of notch, This implies a shape of stringer section
wider and wath a crown less sharp than that norwally used.

6 Interaction btetween former-frames and cabin walls — frame-lip
gtresses etc,

To understand the stress distribution in a former-frame 1%t 1s neces-
sary to consider the precise way in which load 1s transmitted tc it by the
skin-stringer cabin wall.

Qé_ Q
B VBT

(v)

(
="

Fag.3D
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Fig.2D(a) shows part of a notched frame and the primary forces applied
to 1t by the skin. An enlarged inter-notch part of the frame is shown in
Fig.2D(b) under radial forces P per unit length.

6.1 Frame hoop-stresses

If the load applied by the expanding skin were purely radial, the frame
would be able to resist expansion by virtue only of its unbroken inner region
lying below the notches, the circumferential tension having little chance of
diffusing into the progecting portion AB lying directly between the notche..
This would entail heavy stress concentration around the bottom of the notches
and practically zero circumferential stress along the outer edge of the ring.
Actually, however, owing to the direct fasbtening to the frame over the region
AB, the skin tends to stretch the outer lip of the frame over that region.

Thus the ring is extended in two distinct ways - over its imner part indirectly
by raedial extension, and cver its outer part directly by contact with the

expanding skin,

In considering the stress distribution in the ring the easiest way is
to superpose two systems of stress distribution. In the firat we assume that
the outer lip (BA of Fig.3D) is continuous over the notches. The whole ring
section is then extendei ain the first of the two distinet ways menticned in
the previous paragraph, and the skin is not called upon to stretch the outer
lip darectly, Under this condition the load P is obtained from equation (13D)
and this gives the tensile stress in the ring. The stress concentrations round
the bridged notches are treated as 1f they occurred in a straight bar under
end tension with the same bridged notches. The bridging of course consider-
ably reduces these concentrations.

In the second system the continuity of the outer lip over the notches is
assumed to be brcken, which is equivalent to removing the bridge portion and
applying the loads Q that the bridge previously carried, as shown in Fig.3D{c).
The loads Q are now carried in two ways:-

(i) By compression of the combined former-lip, stranger-flange and
skin over the inter-notch portion AB, and

(ii) By tension of the skin across EB',

The stringer i1s too springy to carry any load and is therefore
negligible.

Although the thickness of the skin over BB' is smaller than the
ceorbined thicknesses of skin and lip over AB it still carries the greater part
of the load Q by reason of the greater stiffness it derives from its much
shorter length, This means that the end rivet connecting the ring 1lip to the
skin and stringer flange takes a considerable amount of shear as well as
direct radial tension., The consequent local stress in the skin around the
rivet (or bolt) is greatly reducei if skin and stringer-flange are continuously
comected, such as by a metal adhesive of some tyre. It 1s to be apprecirated
however that the use of a continuous adhesive introduces an adverse effect
that is practically absent when each flange of a stringer is comnected to
the skin by & single line of rivets. With an adhesive, each stringer flange
within the confines of 1ts own width packs up and again discards its appropri-
ate share {(depeniing on the relative thicknesses of skin and flange) of the
hoop tension in the skin, so introducing heavy shear stresses in the adhesive
between skin and stringer-flange at the flange edges. The loecal reduction
in the skin hoop stress offers no benefit since the inter-stringer skin is
subgected to the full cabin hoop stress in any event. With a single line of
rivets per flange this kind of hoop-tension pick-up cannot take place.
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6.2 Frame lip-bendinpg stresses

One importent effect that has to be considered is the bending of
the cuter 1ip under the radial forces from the shell wall, Owing to the
notches, radial displacement of the lip canbe greater than that of the
ring as a whole, because of the bending of the lip as a short beam in
the wey indicated by the lip shown in Fig. 1D(b). If ¥he ring lip
or flange has & width £, this bending moment amounts to (Pf/2) x 6/5 per
inch periphery (assuming the notches to occupy 1/6 of the ring periphery
and the corresponding bending stress o is gaven by

g (19D)

With P = 32 1b., 2nd £ = 0.8 in. this gives a value of 70,000
lb/1n2 for o. The flexibilaty of the lip largely relieves the situation,
but even so the siress amounts te¢ over 2C,000 ib/an”,

Stresses of this mangilude are unncceptable, but they are difficult
to aveid in frames with a Z or sumilar section, particularly as the
wmer lip suffers from simalar, :f smaller, bending stresses from the
same cause, There i1s no doubt that, from thais point of vaew, a uore

suitable section i1s the lipped U sectrion shown in Fag.4D. Here, since
the resistance to radiai

expansion of each element
of cross-section 1s propor-
ticnal to the area of that
element; the appropriate
i shape of the section is a
N v deep catenary. The lips
\ may be any convenient width,
but the fastening between
lip and skin, or stringer-
flange, should naturally
be as close as possible to
the spring of the catenary
arch, in crder to cut down
Fig.hD vending stresses.

As the berding 'modulus' (g/I) of the sheet comstituting the frage-
lip drops wore rapidly than its thackness, the bending stresses above
discussed vary inversely witn the thickness and hence more or less
inversely with the frame pitch. The closer the frame-pitch therefore,
the more desirable it is tc adopt the kind of catenary section above

advocated,






LPPENDIX E

Rear dome of pressure-cabin

Ir considering the design of the rear dome of a pressure cabin,
the cbjective is tc achieve a minimun weight for the deme 1tself and a
minimum amount of interference stresses at the junction of dome and
cabir walls,

As a matter of academic interest 1t may be proved that a circular
opening with completely rigid edges 1s most exoncmically closed by a 609

spherical cap &s shown in Fig.1E, Here the ragid circular edge su'
applies the tension T

that 1s the ccnstant
menbrane tension in the
cape The cabin wall is
¥ adequate to contribute
& the horizontal component
- = 60° of T but the vertical
component must be provided
f“")? ~ by an outside agency if
—_—_— e —— N the mecbrane stresses
/ are to be preserved in
the cap. The true lcads
in dome and wall are
A obtained by adding the
\ stresses Just noted to
T those produced by an
inwardly applied radial
load T cosa around the
Pig.1E circle 4A'. Unless a
very heavy ring i1s fitted
at n, the stresses and
displacencnts that such
an wnward load would
produce,. are quite unaccep-
table - hence thc academic
character of this type of
X ™~ solution. . hemi-
L 1 \,i spnerical dome, 28 sShown
2 a in Fig.2E does away with
*%_ h ! the unbalznced vertical

} ,/ component of the merbrane
f\i\ E ' e stress, and weighs only
A

- a little more. The only
problem lef't is that of
' connecting together the
dome, the cylindrical
shell, and the aft porticn
of the fuselage to the
g, 2R best advantage.

One essential condation of the Joint 1s that 1t shall allow no
radial offset between these three components, Another i1s that there
must not be any reduction in the elastic stability of the aft fuselage
(1.e. the unpressurised fusclage aft of section AL' of Fig.2E).

The arrangement visualised is that shown roughly in Fig.3E.
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Fig.3E

Here the cabin skin SK with its reinforcing stringer T and aftermost
ordinary former-frame G projects a little beyond the framne in order to pick up
the dome skin AFC and the aft-fuselage skin ADB. Short stringers ARF, simlar
in pitch and section to the forward stringers, are fastened to the imner face
ef the dome. The i1nner edges EF of these stub-stringers are parallel to the
longitudinal axis of the cabin, so that they taper from full-section at (E to
nothing at F,

isnother set of stub-stringers ADF, their cuter edges in line with the
forward skin, are fastened t o the outer face of the dome and terminate at D,
where they attain full depth of section after starting from nothaing in the
neighbourhood of K. Aft of D the stringer-reinforcement for the fuselage skin
is of the standard type. Connection between aft fuselage-skin and the curved
dome - additional to the direct fastening over AK — is made by finally attach-
ing the otherwise unreinforced length of skin KD to the outer faces of the
stringers KFD,

The object of the arrangement is to ensure that the aft fuselage skin
over the region KD is adequately stabilised against buckling under emnd-loads,
without introducing sny radial offsets at the joint AK, thus satisfying the
two conditions already set down., The size of the stub-stringers should be
such that the longitudinal bending stiffness aft of section A is maintained at
approximately the same velue as that forward of A.

Numerical values

If we amagine the cabin cut through at A while the internal pressure and
longitudinal tension are maintained, the forward shell at A will have a
greater radial expansion than the dome and rear fuselage at Ai.

For the forward shell, the radial deflection (in the absence of a
frame) is

2 \
pa v .
LA (1 - E:) = ©,095 in. (1E)

as already found.

For the dome unconnected to the aft-fuselage skin

2 .
pe A
wy = B Q -3) (22)

- L6 ~
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(v/2 being token insteed of v because about half the longitudanal
tension 1s accounted for by the stub-stringers).

For the aft-fuselage, supposing 1t resisted the pressure by itselfl,

a2
W5 = %i— (3E)

Thus,

Radial stiffness of aft fuselage + dome
radial siiffness of dome alcone

= 1+ (1 - v/2)/2 = 1.4, (4E)

With dome and aft-fuselage connected, therefore, the deflection
w, 18 given by

L

K}

2
w, = 2. . <’i —-2) + 1y = 0,03 din. (5E)

4 Tedtds 2Eh 2

{assuming the dome skin thickness to be the same 15 that of the cabin
walls 1.e. 0.036 in. ).

In the above we have assumed (justifiably for the ratio a/h here
considered) that the longitudinal bending deflections of the dome in the
region &D are rearly the same as they would be 1f the dome were replaced
by a cylinder, ! ;

To re-establish continuity of displacement at A, a radial loading
and a moment per unit length of arc has to be applied to the forward
shell at A4 and equal but oppesite loading and moment to the dowe af't of
A.o

For tne forward shell

Eh
gt o . (0.1)* (68)

Sml‘.a

o]

where hO and Do refer to the forward shell.

For the dome (and aft fuselage)

Ezh
L 0 4
Y = ——=— = 28 (7E)
d aaZDo S

Jince D is the same for both cases.

- L7 -



w, o= inward deflection of shell relative to w,
wd = outward deflection of dome relative to WL'_
we must make (WS + wd) = (w,l - wh-) (8E)
Also if
is = inward slope of shell edge fram horizontal (approaching joint)
i, = outward slope of deme edgef rom horizontal ( " ")
i o= 4 (98)

Now the deformations of the open ends of a shell and dome under the
loading shown in Fig.4E is given* by

Fig B
-8%

=

267D

for the shell, and the same expression but with the sign of P reversed for
the dome. From this it follows that, at x = 0,

W =

{BM(sin Bx - cos Bx) - P cos Bx} (10E)

w o= - —— (G 4 P) (11E)

287D

(positive inward)

dw 1
& . 1 (28K + P) (128)
Y. %

for the forward shell,

* See Ref.1 equation 232
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Thus, using (62) and (78) with (11E) and (12E) we have

w, o= -28313 (BSM+ P)
3 Q
w = —-——3-1--—(6dM - P)
2BdD

= W, - W

1 4

Putting D = 0.00¢€E,

we have

= 0,095 -~ 0.03 = 0.065 in.

B, = 0.,

1.3 M+ 48P = =650

Taking the slope dw/dx next, we have

dw
i_._......%_
s dx
L 3
a - ax -

From {98) therefore

1

2
EBSD

- (28, ¥ - F)

2

%

2
- (213s M+ P)/ B, = (2B, ¥~ P)/B

which, on substatuting for Bd and BS gives

ar

26,2M +15.5P = O

P

Substituting this in (16E), we fand

M

P

8.2 1b an/in.~

~4.8 1b/1n.

43 -

By = 0.168,

(:z:aS M+ P)

2
d

(13E)

{(14E)

(15E)

(168)

(178)

(1€8)

(198)

(20E)

(21R)



Thus the bending moment a2t the camon section is the reverse of a hogging
moment.

The bending moment distribution in shell and dome nesr the common section
(hogging moment positive} is given* for the forward shell by

DL = -ug(p) -5 (B¥) (228)
dn
where -Bx
¢(Bx) = e

(cos B sin Bx)-
cos Px + J (238)

2(Bx) = e % (sin px)

and by the same equation, with the sign of P reversed, for the dome. The
functions ¢ and Z are conveniently tabulated in ref.t.

30 :
Ib ins per inch of arec.
20 Bend ing-moments
for dome and shell.
10 (hoggling moments| + ve)
/ e \

15 10 5 0 5 1(]#; 1P
Inches sh dome /I_m:)leg

|

3

P VA U S —

Fig.58

Pig.BE shows how the bending moment varies each side of the common
section., It is seen that the greatest bending moment occurs in the dome -
15 1b in. per inch of circumf'erence - and, since the stiffness D has been
assumed the same for shell and dome, the greatest bending stress alse., This
is satisfactorily small, having the value

o e = 15250 1b/in.,

* Ref.1 equation (236)
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the corresponding maximum stress in the shell being 550 1b,/ in? The
addition of the longitudinal tension stress of 4,700 1b/ 1 brings these
stresses up to 5,950 and 5,250 1b/in? respectively.

Bffect of frame at common section

Nothing more than an crdinary former frame seems tc be required at
the common secticn of shell and dome,

It slightly increases the inward radial deflection of the shell
and reduces the outward-deflection of the dome. Its effect is small and
car easily be found by the method discussed in /Appendix D.
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