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Summary.--A theory  for ' the  calculat ion of the  ae rodynamic  forces ac t ing on wings of finite span and any  plan form 
is developed,  and  from it  an app rox ima te  me thod  which reduces the  amount  of numerical  work is derived.  Sat is fac tory  
agreement  wi th  the  exper imenta l  evidence avai lable  is obta ined.  
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1. Introduction.--In an earlier report 1, a method is suggested for the calculation of the pressure 
distribution on a wing of any plan form in steady motion• The theory is now extended to-include 
oscillatory motion. As it is based on vortex sheet theory, it is subject to the usual limitations• 
The amplitudes of the motion in flexure and torsion are assumed to be small, and the mean angle 
of incidence of the wing is small or  zero. 

( 7 8 2 9 4 )  A 
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The flow around the wing is reproduced by a linear combination of simple doublet distributions 
over the wing area and the wake. The normal induced velocity due to each doublet distribution 
can be calculated exactly. A suitable combination of simple doublet distributions can then be 
determined by collocation to satisfy the boundary conditions for any mode of oscillation. If the 
condition for tangential flow is satisfied at n points on the wing, n complex simultaneous equations 
will have to be solved to determine the arbitrary constants of the required ~otal distribution of 
doublets. Unfortunately, however, the solution of large numbers of simultaneous equations 
with the computational aids now available is very laborious, and, in view of this, an approximate 
method is suggested which reduces the number of equations to be solved. This method has 
already been used to calculate the aerodynamic derivative coefficients for rectangular wiflgs e. 
It is applied in this paper to the calculation of aerodynamic derivative coefficients for tapered 
wings. Satisfactory agreement between theory and experiment is obtained for both rectangular 
and tapered wings. 
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L i s t  o f  S y m b o l s - - c o n t i n u e d .  

/'o' = 2 [cosec z9 -- (1 --  C) cot ~ t  

-- cosec 0 + ion' sin 

i~ '  
/'~ = --  2 sin v~ + cot ~ + -~- sin 2~ + io)' sin 

n > ~ 2 . . .  P,, 

N O  t 

Eo'(n ) 

Eo" 

E1 

~sin (n + 1) ~ sin (n--  1) v~] 
= - - 2 s i n n a + i m '  k n-T1- n - - 1  

ico . exp (ico' cos #) I ~' = -- ' F o'. exp ( - -  i~o' cos ~} sin ~9 d~9 
, 0 

= - -  2~i~o'/t~ 

= --  2i co' sin v~ 

= --  ico' Isi22v~ + sin z~] 

['sin (u + 1) e 
n >~ 2 . . . E , , =  - -  iro'  k n + l  

sin (n - - l )  ~] 
n - - 1  " 

2. General  T h e o r y . - - T h e a x e s  of co-ordinates O X ,  O Y ,  O Z  are taken  as shown in Figs. 1 and 2. 
I t  is assumed tha t  the leading and trai l ing edges, when the wing is in its mean position, lie in the  
plane z = 0. The  wing itself is replaced by  a th in  sheet, and the  z ordinate of any  point  x,  y 
on the  sheet is t aken  to be the  mean  of the  ordinates for the  upper and lower surfaces of the  wing 
at  x,  y .  The x,  y co-ordinates sat isfy the  relat ion 

x = R ( y )  c (y)  c o s  e ,  . . (1) o , o , . ° . ° . o 

where ~ = 0, oz/2, ~ define the  leading edge, the  mid-chord line and the trai l ing edge respectively. 
I t  is also assumed tha t  the  deviat ions of the mean  surface from the plane z = 0 are small. 

Let  V + u, v, w be the  veloci ty components  of the  dis turbed motion of the  surrounding air, 
where u, v, w are small  compared to the  veloci ty V of the  undis turbed airstream. If  second 
order terms are neglected, Euler ' s  equations then give 

du 1~ dv 1 ~  dw_ 1 ~  
. . . . .  _ _  - -  - - - -  o o o ° . 

d'--i = -  7 ~--x' d-t = o ~Y '  dt p Oz '  " (2) 

where 

( 7 3 2 9 4 )  

dtd _ Ot V O_~O . On integrat ion,  (2) yields 

® 

d ~  = _ _~ + r ( t )  = 4 ,  . . . . . . . . . . . .  (3) 
dt p 

A 2  
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where ~, 'b are respectively the velocity potent ia l  and the acceleration potential .  
t inui ty  in the pressure field is related to the discontinuities* in (b and $ by 

The discon- 

d ( q ) _  q)b) - -  fi~ - - / $ b _  ~ __ ~,, . . . . . . . . . . .  (4)  

Since t3~ --/5 = p Vy, where ~, is the  bound  vorticity, and since % -- u,, - ~, -I-- F is the total  
vort ici ty at any point,  equat ion (4) yields 

( c o -  ~,,)  = - V ~ ,  (s) 

where ,; represents the free vort ici ty distribution. As the wing is describing simple harmonic  
motion,  let 

(l) - -  q~, = K e %  7 == /'eiJ't, s = E e %  

Then subst i tut ion in (5) and differentiation with respect to x yiehl 

OK . . . . . . . . .  (6} iP -ox = ip  (I '  + E ) - - = - -  V ~E 
Ox" " 

On integration,  (6) gives 

K(x) = 
V E  I" (r + E)dx, 
~ p  " x I 

---- C - ipx/V ( j x  
x l 

e - ipx/V f xt 
d xl 

['e il,*/v dx . . . . .  x ~ x t 

Fe i~,/v dx, . . . .  x >~ x t 

(7) 

where xz, x, define the positions of the leading and trailing edges of the section y. It  is clear 
from (7) tha t  the value of K at any point corresponds to the total  circulation forward of tha t  
point.  In the wake, Ke ~*-~'v is constant  along the di rect ion of flow, but  variable along tile span. 
The discontinui ty K in the ampli tudes of the velocity potentials  can be represented by a distri- 
bution of doublets of s t rength  K over the wing and the wake. 'The induced velocity w ( -  We  i,~t) 
due to  such a distr ibution is then  given by 

if; W(x, ,  Yl, zl) = ~ K ~TI~ dx dy, (8) 

where r 2 == (x- -x~)  2 + (y--y1)2  + z/~ and Zl-'--)'0. Since the wing oscillations are of small 
ampli tude the doublets  can be assumed to lie in the plane z = 0, and K can be regarded as a 
function of x and y only. Let z(=-z'(x,y)eiP9 denote  the displacement  of any point  on the 
mean wing surface. Since the doublet  distribution is such tha t  the corresponding induced velocity 
is equal to the normal  component  of velocity of the wing at all points, the following condit ion 
must  be satisfied : - -  

W =- ipz '  + V Oz' ~x . . . . . . . . . . . . . .  (9) 

* The suffices a, b refer to the flow above and below the surface respectively. 
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Let the bound vorticity distribution be represented by 

5 ,  + ...... . .  (,0) P =  

where _P,', Fo", F,, ele. are defined in the list of sFnbols, and where At, A2, etc. are simple 
functions of the spanwise parameter. The corresponding doublet distribution is then represented 
by 

. .  (ll) 
m = 1 ~* = 1 m = l 

where 

and 

K o ' ( X )  = e - ' ~ ' l ~  t o '  e~*~f ~ d x ,  . . . . x < x ,  
x t  

=_ ~ _ _ e _ i p C ~ _ , t ) / 7  . . . . . . . .  X ~ X t 
f f  

] 
t 

J 
(12) 

Ko" --- c sin 0', 

K~=.O sin~ + - -  

n ~ > 2  . . . .  K,, 

sin_ 2~'~ 
2 . / '  

c (sin (n + 1) e sin (n.--  1) 0'~ 
/ 

l • • • ,(13) 

I t  is shown in the Appendix that  

where 

K o' cS(O) = c. exp (ko' cos 0) X0t~ + 2 ~ "  (--i) ~ X,, si ~ , 

x , ,  = c j , (  ~o') - ¢( ~ - c )  j , /  ( o,'). 

Values of S(0) for various values of o~(---- 2co') are given in Table 1. It  will be noted that  Ko" , 
K 1 . . . K,, are independent of the frequency parameter. When ~o = 0, K o' : c~ on the wing 
and cn in the wake. If W .... denotes the amplitude of the velocity induced b y  the doublet 
distribution K,~ A,,  at the point xl, Yl, z~, then by  (8) 

W 

The evaluation of integrals of this type is discussed in detail in the appendix to R. & M. 21451. 
Values of W~,, for various values of n and m are given in ~Tables 3-5. The induced velocity 
~.Vo,,, ~ corresponding to K 0' A,,,, which can be calculated as shown in the Appendix to this paper, 
is grven to sufficient accuracy by Cicala's method (see §4). Hence the total  induced velocity 
W can be expressed as 

[ 7 ,  ,, 1 
W = V  X C , ~ ( g o , ,  + W o , , ) + Z  Z ' C , , , , ~ W  ...... . .  (i5) 

m=l n=l m=l 

where Co,,, C~,,, etc. are'arbitrary constants which can be determined to satisfy (9) at a number 
of points on the wing. When their values are known, the pressure distribution p V I '  is given by 
(10) and the aerodynamic forces can then be calculated. 
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3. Lyon's Theory.:--In this theory 3, 4, the bound vorticity distribution is given in the same 
form as (10), but 

F o ' -  2 Icosec O - - ( 1  -- C)cot ~,,~' 

where C is here a function of y as well as ~. The vorticity distribution is represented by a system 
of superposed rectangular vortex sheets with constant vorticity strength in the spanwise direction. 
For any given value of ~, the function C is determined so that  a vortex sheet extending from 
- -y  to + y  with a chordwise total vorticity distribution 1" o' + E o' gives zero induced velocity 
at the mid-chord mid-span point. This complication appears to be unnecessary, for (10) reduces 
to the form 

/1 -= B 0 cot ~ + ~ .  B~ sin nO, 

where Bo, B1 • • • B,, are functions of y and ~o, whether C is a function of y or not. As the 
method is also based on rectangular vortex sheet representation of the vorticity distribution, 
it cannot be applied to the calculation of derivatives for tapered or swept-back wings without 
considerable modification. 

4. Cicala's Theory 5, °.---This method is in effect an extension of Glauert's lifting line theory 
to oscillatory motion. In two-dimensional vortex sheet theory, the normal induced velocities 
corresponding to Ko', Ko", K~ . . . K ,  are 0, 1, 1 + cos 0 . . . . .  cos nO respectively, and 
Cicala assumes that  the induced velocity W due to (10) can be expressed as 

= v Iwo' + Z Co,,,.4,o + + cos o) C,oAm + Z cos Co,,Ao], .. (16) W 

where 

1 ~ (y  1 [  ip ) ~ K  
VWo' 4~ J_, Fo dy, . .  (17) -- Yl V -~- . . . .  

and K - VKo'(X,) Z Co,, A,,. I t  should be noted that  Ko'(X,) , as defined by (12), is a function 

of o. Cicala's function F 0 is given by 

o~ 1 J 1  1 (18) 

o5 
where Y - - ~ ( Y - - Y l ) .  When Y i s  negative Fo(Y  ) . . . .  F o ( -  Y). The values oi F 0 for a 

range of values of Y are given in R. & M. 21422 . When p-----0, as for steady motion, 
(17) reduces to the usual formula for the downwash induced by the circulation K. By the use 
of (9), (16) and (17), the arbitrary coefficients Con, CI~, etc., can be determined when the induced 
velocities W0, ,' due to the spanwise distributions Ko'(Xt) A,,, have been calculated. However, 
it is shown in Table 3 that  the assumption on which (16) is based is not justified for wings of 
aspect ratio 6, since the velocities corresponding to Ko" Am, K1 A,,, K,, A m are not An, 
A,,(½ -¢- cos 0), A m cos ~0 respectively. For wings of large aspect ratios, however, this method 
might give fairly accurate results for low values of ~o, since in the limiting case when (o - - 0  
it reduces to Glauert's lifting line theory. 
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5. Alternative Theory . - - In  this method, which was first suggested in A.R.C. 47057, it is assumed 
that  the induced velocities due to K o' Am, Ko" Am, K~ A,,, K,, Am are proportional (but not 
equal) to the values 0, 1, ½ + cos 0, cos nO appropriate to the two-dimensional theory. On this 
basis, the velocity distributions are given approximately by 

Wom'(Y, 0) = Wo,,'(y), WOm"(y , 0) = Wo,,/'(y), "1 
I 

W:,,,(y, 0) = W:,,(y)(½ + cos 0~, ~ . . . . . .  (19) 

J n >>. 2 . . . W,m(y,O) = W,m(y)COSn0,  . 

where Woj (y ) ,  Wom"(Y), W:m(y), etc. are dependent on y but not on O. Thev are chosen to 
satisfy (19) for a particular value of z9 which need not necessarily be the same {or each relation. 
Equations (9), (15) and (19) then give 

io)z' 8z' 
--~ ~-~ --  ~ .  [Co,,l/Vo,,(y ) @ CimWlm(Y ) (~- @ cos 0) @ . . . @ C,,mW, m (y) cos ~¢0]. . .  (20) 

m = l  . • 

For the section y = Yl, (20) yields the relations 

I f  ~ (io~z' ~z'~ .... ~'~ C°'W°"('Y:) ==~ o (1 ~ cos ~9) , , -7 -  + ~ /  dO, 

,,,=, ~ 0 ~-T-  + ~ / c o s  nO dO. 
, e  

The values of the coefficients C ..... are determined to satisfy (21) at the required chordwise 
sections. 

When % - +  oo, Worn'--+ O, and even for % values in the neighbourhood of % = 3, the error 
introduced by the assumption that  W o ' =  0 is not large. The velocity distributions Wo,,", 
W:m, etc. are independent of %, so that  the assumption that  Worn' is zero simplifies the problem 
considerably as shown in §6. At low values of %, however, the trailing vorticity effect repre- 
sented by the W d  terms cannot be neglected. 

Formulae for the calculation of aerodynamic derivatives by this method are developed in the 
next section. 

6. Aerodynamic  Derivative Coefficients.--For simplicity, it is assumed that  the mean wing sur- 
face is flat, and that  each chordwise section is rigid in bending. Let the flexural and torsional 
modes of distortion bef(~) and F0~ ) respectively when referred to the line* x = x/(y). The ampli- 
tude of the displacement at any point x, y is then given by 

z' = l$'f(~) +. (x - -  x/) O'F(r/), . . . . . . . . . .  (22) 

where 6', O' denote the angular displacements in flexure and torsion at the reference section 
~7 = y / l  = 1. Alternatively, (22) can be expressed as 

z' = 1¢7 + - o.  5 cos o) c ( y )  o ' F ,  . . . . . . . .  (23) 

where Nc(y)  - R(y )  --  xj,(y), and where N may also be a function of the spanwise parameter. 
On substitution for z', (20) yields after reduction and a comparison of the coefficients 

C o 4 C O 

and t . . . . . .  (24) 

i oc o'F. I 
• Z C , m W : . , ( y )  - 2Co J 

* This is usually taken to coincide with the flexural axis. 
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for n ~> 2 are not required. Let 

Co.~-  i°)l°~' Eo,. + i%0'Go.~ + O'Ro,,~ "~ 
Co 

and . . . . . .  (25) 

C~m - -  i % 0 '  DI,, ' 
2 

Then the conditions to be satisfied at various points along the span may be written as 

( 1) c F , "  I 
Eo,~Wo,~-- f '  ~-" Go"Wo,~ = ~ q 21 c o 1 . .  . .  " (26) 

c F ,  J W R0ow0 -- F, ZDImW ,. 

where E0~, G0~, Ro~ and D1. ~ a r e  arbitrary coefficients which can be determined by collocation. 
Since W0m == W0~' + Wo~", where W0~' is complex and a function of the frequency parameter, 
the complex coefficients Eo, ~, Go, ~ and Ro,~ will also vary with frequency. However, when 
%-+o0,  Worn'-+ 0, and Wo, ~--+ Wo, / '  which is real ahd independent of frequency. The 
systems of equations in (26) would then be real instead of complex and more readily soluble. 
When Eo, . Ro, . etc. have been determined by collocation, the coefficients C0~ and C,,. can be 
calculated. The appropriate pressure distribution is then given by (10). 

Tile amplitudes of the downward force and the pitching moment per unit span at y = h7 
are given by 

and 

OZ' = - -  p V  f P dx  - -  
S~ pcV P sin OdO, 

2 o 

b M '  - -  - -  o V  f 1-' (x - kl) dx,  

- -  pVc~ f~ r (2~ -- cos z~) sin 0 dO 
4 o 

1 

I" 

. .  (27) 

Let C o -  ~ ' .  Co.,A., and C1 

cA. ,  

= Z C1.~ A, , ,  and assume that  

= s  - - s '  - - sT, , , .  

Then, on substitution for P from (10), (27) gives 

~Z' = - - ~ t ,  c V  ~ [~Co + ~C~], ~ 

,~M' = - - ~ p c ~ V  2 [~Co + ,5C1], 

where 
ico C 

a - - C +  ~-, ~, = N ~ - -  ~-, 

i fD  

f l - - 8 '  8 ~ = i c o ( ~ - - 1 ) - - 1 ,  
o 

(28) 

(29) 

(30) 

and C is defined in the list of symbols. 
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~0-- ~' .  Eo.,T .... g o - ~ . .  G, , : r  .... 
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r 0 - ~ .  R0,,~ T .... d 1 - ~ .  DI.,T.. 

t h e n  b y  (25) 
ioo l¢ '  eo Z CoroT,,, - -  + io~ogoO' + ro O' | Co I 

! 

a n d  ~ . . " . . . . . .  (31) 

~ ,  C . , , T , ~ -  i°%dI0'2 j 
! 

T h e  local  force a n d  m o m e n t  a re  g iven  b y  

OZ' = - -  ~psV ~ ~ - -  t- (ro + i%g.)O' 
t_ Co 2 

a n d  

~SM' = --  zpcsV  '~ r [[- c0 - -  + (ro + *'o0go) 2 / " (32) 

Since  ~, fl, r a n d  b are f u n c t i o n s  of t he  local  f r e q u e n c y  p a r a m e t e r  , o ( - p c ~ V ) ,  t h e y  will v a r y  
a long  t he  span ,  e x c e p t  w h e n  c ---- cons t ,  as for  a r e c t a n g u l a r  wing.  T h e  a m p l i t u d e s  of t he  f lexura]  
and  to r s iona l  m o m e n t s  a t  t h e  re fe rence  sec t ion  are g iven  b y  t he  in t eg ra l s  

Fit 1 
L '  = oZ'l~fdn aO 

a n d  . . . . . . . . .  . . .  (33) 

r 
s]l 

M '  ---- OM'lFdn. aO 
I f  o '  : coo'~1, t h e  a e r o d y n a m i c  m o m e n t s  can  be  exp re s sed  in t he  f o r m  

L } pV~l ~ - -  LI~ ¢' + L~4O' 

and  . . . . . . . . . . .  (34) 

M '  
M O' pV212co --" M12¢' -~- 3 ( ' ,  

w h e r e  t h e  a i d o a d  coeff ic ients  Lx2 

a n d  

=- LI + iL2, etc. are g iven  b y  

L~2 --  zd COoS [~/~ eo~f d~ , 
C 0 .'0 

G -- uo ~o [ro + i~ogo~ 2 

MI~ ~iO, oS ['" c . 
=: _ ~ [ro + i % g o ]  

C O aO 

io%6dll 

(35) 
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As % - +  m, let eo-+ go, go -+ go, ro-+ to, and write da for da which is independent  of %. 
in the  limit, (38) yields 

a~--  O)o 2 -- 4C o~o 

d 3 = - -  , - -  - -  f d ~ ,  %2 4Co~ ° ?,, 

%5-4c0~0~ ~ aoF&, 

% 2 - - 4 c o ~  o --7~ ~ )  (7o) F d ' '  

which are the  formulae for the aerodynamic inertia coefficients in still air. 
of the classical type are then given by 

Ma~ -- ~I a 

= c, + i % b , ,  

= c, + i O~o b~, 

= ka + i%j~,  

= k a + i% ja ,  

where Cl, b 1, etc. correspond to the derivatives used in R. & M. 1782 s. 
menta l  derivat ive coefficients Zj, ha', ,"o', I~', etc. are such tha t  

Cl = '~¢" ~o 

r ,./~ c fFd~ 
Ca = ~°t , 'o  C o 

Then, 

. .  ( 3 6 )  

Derivat ive coefficients 

. . . . . .  (37)  

The corresponding funda- 

. . . .  ( 3 8 )  

b~ = h i '  ;0 Co" 

~/' (Co) 2 f  F d ,  ba = ~8' f o 

ja = /,a' ao ,,~o / F"drl 

[,I, CofF d k, = t% Jo 

, F~drl, ka --  I*o ~o 

Similarly, the fundamenta l  aerodynamic inertia coefficients a g', i .~ ' , /~ ' ,  ~,'~' are given by 

'/' c 2f~d~7, d 3 = ~ . ,  f F d r l  d 1 = 2~' ~o ~o 

, F ~ d ~ .  = -o f F d ~ ,  g3 =t '~ '  Jo 

By the use of (37) and (38) the values of the fundamenta l  derivatives can be calculated when the 
airload coefficients are known. The values of i~', .&,', etc. refer to the reference point  of the  
reference section. If this is at a distance hc behind t he  leading edge, the fundamenta l  derivat ive 
coefficients* referred to the leading-edge point  of the reference section will be given by the usual 
formul;e i , =  ~ ' ,  Jl o =  z 0 ' + h~ ' ,  & - - - I ~ '  + h~ ' ,  

t*o = ~,o' + h(l**' + L') + as ~,', 
and so on. 

*Z~, Z$, etc., correspond to the fundamental derivative coefficients of R. & M. 1782 s. 
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7. Numerical Applications.--The aerodynamic forces acting on a symmetrically tapered wing 
A and a tapered wing B with its 0.3 axis at right angles to 4~he root chord are considered. Both 
wings are of aspect ratio 6 about (exact value = 5.84) and have the same taper ratio. The local 
chord c is defined in terms of the root chord Co and the spanwise co-ordinate as stated in Fig. 3. 
In the calculations the reference section is assumed to be at the wing tip /l = s). 

Tile modes considered are ( i ) f  = 7, F = ~11'~, and (ii) f = ~2, F = ~? ; and they are referred 
to the mid-chord axis ofwing A and the 0.3c axis of wing B. Both symmetrical (S) and anti- 
symmetrical (A-S) motions are considered. 

The calculations are based on the method suggested in §5. In the first instance, fundamental 
aerodynamical derivative coefficients are deduced for the case when Wo,,,' = 0 for a range of 
values of oo. The values obtained are given in Table 6, and co0,l~, ~o0~ ~ and ~0 plotted for 
comparison with various experimental results in Figs. 4-7. By use of these curves as guides, 
more accurate values of the coefficients corresponding to the case when W0~' terms are included 
can be estimated when the true values are known for two or more values of ~0 in the practical 
range. In steady motion, Wo, ~' corresponds to the velocity induced by the trailing vortices 
and cannot be neglected. For oscillatory motion, however, the induced velocity due to the 
vorticity in the wake is not as important, and for large values of ~0 it can be neglected altogether. 

Tile values of ~ were determined with particular care, and it is believed that  the values obtained 
would not differ appreciably from the values which would be given by the exact theory of §2. 
The validity of the assumptions made in §5 is confirmed by the insensitivity of the results to the 
values of #~ chosen in (19). For' instance, the values of ~ obtained are practically the same 
whether tile normal velocity conditions defined by (26) are satisfied along 0.3c or along 0.75c 
of wing B. They are also the same when the values of Worn" along mid-chord of the symmetrically 
tapered wing A, which are easier to calculate, are used instead of those corresponding to 0.3c 
of wing B (see Table 7). 

Values of the remaining derivati:ces are also given in Table 6. They are applicable for wings 
of thin symmetrical sections. In general, however, they might well be dependent to some extent 
on thickness and shape. 

The aerodynamic inertia coefficients ~ ,  etc. for the modes considered are approximately 
0.755 of the values given by  two-dimensional theory as compared with 0.744 for a rectangular 
wing and 0" 87 for an elliptic wing of the same span and area 9, 10 

8. Experimental Comparisons.--Values of the fundamental  flexural damping derivative 
coefficient ,l~ for rectangular and tapered wings have been measured recently by Brat t  11. 

• cp 

Experimental  values for the fundamental torsional damping derivative coefficient ~ '  for a rigid 
aerofoil oscillating about its 0.5c axis have also been determined in the Compressed Air 
TunneF n. These results are in good agreement with the theoretical values of this paper as 
shown in Figs. 4--7. Experimental  values obtained by Jones and Lambourne 13 from tests 
carried out on wing B with distortion modes f  = 7, F = ~1~ (Mode I) are somewhat higher than 
the theoretical values. This is not surprising as the experimental results include the apparatus 
damping a n d  frictional effects present in the system. 

Further  confirmation of the theoretical values for ,1¢, etc. for rectangular wings as given in 
2 1 4  R. & M. 2142 can be deduced from the experimental results of R. & M. 1155 . I t  has now been 

established tha t  the modes of the model wing used were as shown in Fig. 8. Both the flexural 
mode and the torsional mode can be represented approximately b y f  = ~j7/6 = F. No theoretical 
values of the fundamental  derivative coefficients corresponding to these modes are available, 
but  they should not differ much from the values given in R. & M. 21422 for the modes f =: ,~ = F,  
as derivative values are not very sensitive to mode variations. From the derivative values given 
in R. & M. 11551~, the following leading-edge fundamental  damping derivative coefficients were 
deduced : ~  

/,~ = 1-13, t~ = 1"08, /~ = 0"35, #~ = 0"56. 
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They  correspond to a mean  frequency parameter  value of ~, -- 0.7.  The corresponding theoret ical  
results from R. & M. 2142 ~ for ~, = ~  are 

h~ = 1.24, ,th --  1.12, ~,~ == 0.30,  ~; -- 0.54. 

The exper imenta l  value of ),~ is lower than the theoret ical  value, as one would expect,  since 
for a parabolic flexural mode,  h; = 1.01. In R. & M. 115514 it is s ta ted tha t  L b and 3I; were 
difficult to measure,  bu t  tha t  L;~-t-Ma could be measured with reasonable accuracy.  The 
corresponding mean  exper imenta l  values of ~;-]- ,-~ is 1.43 as compared  with the theoret ical  
value of 1.42. The values of L 0 and Mo were measured statically,  and  they  give ,t 0 - 1. 485 
and I~o == 0 .34 as compaied  with the theoret ical  values '~0 = 1.45 and ~0 == 0 .36 respectively.  

In  Ref. 15 it is pointed out tha t  the  stabil i ty der ivat ive Lp == 2L~ approximate ly .  On the 
basis of this assulnl~tion it can be deduced tha t  the non-dimensional  s tabil i ty der ivat ive  coefficient 

L~ -~ c . 
z,, = ;;v 2 . . . . . .  .J,, 

where c,,, is the  mean  chord and ,/ --= y/s. If tile local chord is defined by  c = c., (1 -- fi~j), 
it is readi ly proved tha t  

(1 - -  0.75 ) 2 ;  
- - ' , '  = (1 - -  

where c, is the chord at 0.75s. By  the use o f m e a s m e d  values of lp, the  fundamen ta l  coefficient 
h~ can then be est imated.  The expe l imenta l  results given in Ref. 16 yield a value of Ip = --0" 44 
for a rec tangular  wing of aspect rat io 6, and give lp = - - 0 . 4 6  for a tapered wing (c~ == 0"5c~) 
of the same span and aspect ratio. Hence,  for a rec tangular  wing, ,t~ = 1-32, and ,t, -- 1.66 
for the tapered  wing. These values correspond to low values of %, and are in fair agreement  wi th  
the theoret ical  and exper imenta l  values given in Figs. 4 and 5. 

Since the values of 1, for the tapered wing and its equivalent  rec tangular  wing are near ly  
• • J ~  . 

equal, it can be assumect wi thou t  serious error tha t  lp = --0" 45 for bo th  wings. This leads to 
the relat ion 

o,), 
a s ( R  ) = z (T) 

where ,t~(R) and h~(T) refer to the  rec tangular  wing and the tapered  wing respectively.  I t  is 
interest ing to note tha t  Bra t t ' s  mean  exper imenta l  values hi(R ) -= 1.15 and h~(T) = 1.35, 
w h i c h  correspond to values of % in the pract ical  range, also satisfy this relat ion approximate ly .  
For  wing B, /~ = 10/21, and C,/Cm = 0"844, and if the value Z~(R) = 1.15 is assumed, the above 
relation gives hi(T) = 1.36. 

A cknowledgment.--The writer  is great ly  indebted  to Miss Sylvia W. Skan and Mrs. L. A. Toms, 
who were responsible for most  of tile nmnerical  work of this report .  



13 

A P P E N D I X  

Evaluat ion of Integrals.--( i)  Doublet Distribution K o ' . - - O n  subs t i tu t ion  for x in (12), the  
fol lowing expressions for K o' are ob ta ined  : - -  

c j 
K (  = ~ exp (i~o' cos 0,) .9/'o' exp (--iro'  cos ,9) sin .9 d*9, 

0 

= cexp  (io '  cos *9)fo ~ [cosec .9 - - ( 1  --  C ) c o t  2] exp ( - - io /  cos  *9) s in  .9 dO, 

= c exp (i~o' cos *9) fig. [C --  (1 --  C) cos O.] exp (--ia, '  cos o) d,9, 
0 

pc ~o 
where o~'-- 2 V -  2"  Fur the rmore ,  

rjo 

exp ( - - io ;  cos *9) = J0 ('~') + 2 ~  (--  i),~j,,(o~') cos I¢,9, 

. .  (39) 

(40) 

and  by  d i f ferent ia t ion  wi th  respect  to co' this  gives 
oo 

' i~ I ! cos .9 exp (--ico' cos *9) = i [J0'(~°') + 2 ~ ,  ( -  ~) J ,  ( o )  cos n*9~, . .  

where J , /  oJ,~(m') It is t hen  read i ly  deduced  t h a t  

where  

and 

I f  

f*9[C - -  (1 --  C) cos *9] exp (--im'  cos *9) d O , - - X o * 9 +  2 ~ . ( - - i ) " X .  - -  
0 n ~ l  

x , ,  = c j , ,  ( ~ ' )  - i (a - c ) j , , '  ( . , ' )  

2 j , / =  j,,_~-, j , , , .  

i co S (*9) = exp ( io '  cos*9) Xo*9 + 2 ~ ,  ( - -  i)" X ,  sin n*9~ 
.=1 -~i j '  

equa t ions  (39) and  (42) then  give 

K o' = cS (*9). 

A.t tile traili.ng edge, .9 = ~, and  

w h e r e / ,  ----- ei°//Xo . 

~zC 
K o' = c e -  ~o~, Xo ~ _. , 

fz 

But ,  b y  defini t ion,  

sin n*9 
n 

• • 

. .  (41) 

, . .  (42) 

.. (43) 

. .  (44) 

. .  ( 4 s )  

X o = C J o  + i ( 1 - - C ) J 1  

H~ c~) J0 - Ho (~) J~ 2i 
H,  (~) +. ill(, (2) ~ '  (Hll ~) + iHo I`l) , (46) 
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t 
5'1:0.} 

so t h a t t ~ - -  2 __ _ _  e,o,, (H , (2 / -  ill(2)). In  the wake, F,,' : O, 

and Ko g ¢p./v f xt elpx/v ' = - 1 'o '  dx, 
• X l 

~C 
- -  - e - ~t, (.~ - ~ , ) /v  . . . . . . . . . . . . .  ( 4 7 )  

When  ~ '  = 0 as for s teady motion, (44) and (47) reduce to K o' = c~9 over the wing and Ko' = ~c 
in the wake respectively. 

' 1 (ii) Calculat ion of  Wo,,, . - -T  ~e normal  induced veloci ty Wo,, is given by  

0(~o,,/ f f Ko'A, ,  ~ ( 1 )  
W°"' .... Oz, - 4~ Ozl 2 dx  dy,  . . . . . . . .  (48) 

where tile integral  extends over tile area between the leading edge of the wing and infini ty down- 
stream, and z~ --~ 0. Firs t ly,  consider the  integral  

ff 4~ o,. - -  z~ Ko' Am dx  dy  
r a 

S'S(°)dxdy 
= - -  z, cA, .  r a 

- -s  x 1 

_ _ Z l  f s ~ c A , .  f ~ e - i P ( ' - ' ) Z V d x d y "  

- s I z  ~ t ~,3 

(49) 

S inceexp( io ,  c o s ~ 9 ) = J 0 ( o / )  + 2 Z "" - Z - - -  ' ~ J~ (co') cos r~9 and a --  v~ sin n0. the function 
r ::l 2 ,,=l n ' 

S defined by  (43) can be expressed as 

= Jo [Xo,  + 2  ,,:1 ( -  i)o x,, 

+ 2 r=l ~ '  i~J~ cos r#  [Xox  - -  2 Z,,=I (X°  - -  ( -  i)" X , )  

I t  is then evident  tha t  

f ~, S (79) d x  f "  cS (~) sin 79 d~9 
~3 J 2V3 x I 0 

s i n n O ] .  (50) 

can be expressed in terms of integrals of the following types  : - -  

f - o  sin o d~9 f - s i n  n # s i n O d O  f"  
o D ~ ' o D 3 ' o 

cos nO sin v~ d~ 
3 

,," . . . . . . . . . . . .  (51) 



where  

a n d  
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D 2 = (a - -  cos 0) 2 + b 2 = 4r2/d ,  

ac = 2 JR(y)  - -  R(y)d  + c~ cos 0~, 

bc = 2"v/(y - - y l )  2 + 212. 

(52) 

In t eg ra l s  of the  first two  types  are  expressed  in t e rms  of 'elliptic in tegra ls  in Ref .  1. 
t y p e  of in tegra l  can be e v a l u a t e d  b y  m e a n s  of r e d u c t i o n  formulm.  I f  

F cos*0 sin 0, dO 
I ,  -- D ~ , 

0 

t h e n  it  ca, n be deduced  t h a t  

1 [ a + l  
Io = b~ [(a + 1) 2 + b~] ~/2 

_ a - - 1  ] 
[ (a  - -  1) 2 + bV/~ , 

The  th i rd  

.. (s3) 

a n d  

11 = a I  o + 
1 1 

[(a  + 1) 2 + b2] v2 
m 

[(a - -  1) 2 + b2] v2 ' 

a + 1  + [(a + 1) 2 + b2] 1/2 
I0 = (a - -  1) 11 - -  a l o  + loge a - 1 + [(a - 1) 2 + b2] ~/2' 

( - -1)  , - i  
r L =  [ 2 a ( r - -  l) - -  a] l,_~ - -  (r - - 1 )  (a 2 + b  2) I,_~ - -  [ ( a + l )  2 + b 2 ]  1/2 

1 
+ [(a - -  1) ~ + b2] ~/2 " 

Since 

COS nO' ~ 2 '~-1 COS" O 
~V~ ° 2 / ~ - 3  

1! 
COS,~ - 2 O 

n . ~ - -  3 . 2  "-~ 
+ 21 cos "-4 O - -  etc., 

t h e  r equ i r ed  in tegra l  can  be expressed  in the  fo rm 

f ~ cos nO sin 0 dO _ 2~_1 I ,  n .  2 "-3 
0 D 2 - -  I I I"-2 + etc. (54) 

B y  the  use of the  p reced ing  re la t ions  a n d  the  resul ts  of Ref.  1 the  in tegra l  def ined b y  (51) is 
g iven  to sufficient a c c u r a c y  b y  a finite n u m b e r  of t e rms  of the  series expans ion  for S(,,9) for a 
v a l u e  of co' in the  p rac t i ca l  r ange  (0 < ~o' ~< 2). 

N e x t  cons ider  

f~o e - ~ p ( , , - 9 / v  fo~ e -~px/v d X  _ y't e - ~ p ~ - ' ) / v  dx  
r8 d x  = e* Is - ~,l/v r2 , . .  (55) ,, o ( x  ~ + (y - y ~ ) 2  + z?F~ ,~ 

w h e r e  X - x - -  Xr 
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The second integral  can be expressed as 

4 exp [i~,'(1 + c o s  ,O)j'7_.'sln 0 d'O , 4e,,,/ (= Jo k 2  ~_~ , J , , c o s n 0  sin 

C 2 .1D,~ 1 . . . .  O 3 . . . .  - -  C 2 .I O, 1 O 3 
(56) 

which can be integrated in the same way as the integral  of the third type already considered. 
The first integral  in (55) can be expressed in terms of Bessel Functions.  Let x - p X / V ,  and 
c~ ~ -= p~ [(y --  y,)~ +. z,2)]/V 2. Then 

j .~ e-o~x/v d X  f~o e - ix  d x  

.,, IX 2 -}- ( y -  y , )~  + z,~] '/2 = o (x  2 + ot'~) ~/2 ' - -  K ° ( ~ )  - -  iT°(°~)'  (57) 

where Ko(ct ) denotes the usual modified Bessel Funct ion of the second kind. The function 
"l'o(~ ) has been discussed in the Appendix  to Ref. 17. There it is shown tha t  

j-a i(/ 
K°(~) de. -}- K0(c~ ) /o(~) de ,  T<,(~) = 2 L ( ~ )  - L ( , . )  o .o 

7g ~ ~a ~5 
== 92 Io(~) 12 1~3 ~ 1~3~5 ~ etc., . .  . .  (58) 

where Io(~. ) is the modified Bessel Funct ion of the  first kind. The asymptot ic  form of To(a ) 
is given by 

1 ~' 1.23~ 1.23 .z5 ? 
1 + + + ~, + etc . . . . . . .  (59) r . (e)  == ; ~i ea 

By differentiation with respect to c~, (57) yields 

f ~  e-~x dx _ K~(e) - -  iT~(ot) 
J o (x ~ + c,.~) ~l~ 

(60) 

OKo where K, = -- ~ , - - and  T, To 

From }he preceding formulm, it is evident  tha t  q)o,,,' can be: expressed in the form 

' f~ ~o~ = z,  f ( y  - y , ,  z,) d y ,  . . . . . .  

s 

(61) 

where f--+ 0o when z I = 0 and Y - + Y 1 .  The corresponding induced velocity distribution is 
given by 

W o , j =  q- z~ of d y - -  g dy, 
- s  - g 

where g has a singularity at y : -  y~ when z 1 --= 0. The above integral  can be evaluated by the 
method given in Appendix II of Ref. 1. 

The calculation of Wo, .' by the above method would be very laborious. Fortunately,  however,  
the values of Won' are relatively small in comparison to Worn", and they  can be calculated to 
sufficient accuracy by Cicala's method.  The values of Wof given in Table 2 were calculated 
by the lat ter  me thod  wi th / ,  assumed to be constant  and equal to its mean value along the span. 
This is. equivalent  to the assumption tha t  the tapered wing can be replaced by a rectangular  
wing of the same span and area. The calculation of Wof for a rectangular  wing is described in 
detail  in Ref. 2. 
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T A B L E  1 

Values  of  S(#)  ( -  Ko'/C) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

co = 0.4 

0 

0.1195--0.0985i 

0.2410--0.1975i 

i0"3675--0"2955i 

0.5000--0"3930i 

0"6425--0'4885i 

0"7955--0"5815i 

0.9630--0"6700i 

-1.1465--0"7515i 

~ = 0 . 8  

0 

0-0660 --0.0865i 

0.1335 --0.17375i 

0.2055 --0.2620i 

0-2840 --0.3515i 

0.37175--0.44275i 

0.4720 --0.53525i 

0.58825--0-6275i 

0-7245 --0"7175i 

c o :  1.2 

0 

0-0418--0.0725i 

0.0852--0.1458i 

0.1313--0.2205i 

0.1833--0.2978i 

0.2438--0.3785i 

0.3158--0.4628i 

0.4033--0.5503i 

0-5110--0.6383i 

co ~ 1"6 

0 

0.0294 --0.0616i 

0.05925--0"1240i 

0.09125--0"1876i 

0.1280 --0.2540i 

0.1725 --0-3251i 

0-22775--0"40175i 

0.29675--0"48325i 

0.3850 --0.5674i 

1.3475--0-8220i 

1.5675--0"8780i 

t.8055--0"9160i 

2.0605--0-9295i 

0"8850 --0.8005i 

1.07325--0.87125i 

1.2915 --0-91675i 

1.53925--0.9405i 

0.6448--0"7233i 

0.8112--0"7992i 

1.0147--0.8558i 

1.2575--0.8788i 

0.50025--0"6510i 

0.65075--0"7286i 

0'.84275--0"7894i 

1-08075--0"8155i 

co = 2 " 0  

0 

0.0227--0.0534i 

0.0445--0.1073i 

O. 0670--0.1622i 

0.0939--0" 2197i 

O. 1285--0.2827i 

0.1725--0.3530i 

0.2284--0.4294i 

0-3029--0.5091i 

0-4044--0.5899i 

0.5427--0.6677i 

0.7252--0-7316i 

0-9587--0.7608i 

GO~ 



TABLE 2 

Values of Wo,/for Wings* of Aspect Ratio 6 

I 1 2 3 4 5 6 

0 
0.2 

1- 0,4 
0.6 
0.8 
1.0 

0 
0-2 

2 0-4 
0.6 
0-8 
1.0 

0 
0.2 

4 0.4 
0"6 
0-8 
1"0 

0 
0-2 
0"4 

6 0-6 
0"8 

• 1"0 

0-1727--0.2972i 
0"1795--0"2978i 
0-2023.-0-2991i 
0.2489--0.2990i 
0.3438--0.2842i 
0.8384+0-1125i 

0"0363--0"1960i 
0.0411--0"1993i 
0.0584--0"2104i 
0.0979--0.2315i 
0.1929--0.2590i 
0.9193+0.1152i i 

I 
i 
I 

--0"0109--0"0968i 
--0.0092--0-0989i 
--0"0046--0"1077i 
+0.0153--0.1372i 

0.0752--0.1951i 
0.9814+0.0860i 

--0.0161--0.0599i 
--0.0148--0.0602i 
--0.0077--0.0624i 
--0.0031--0.0902i 
+0-0284--0.1515i 

1.005 +0.0617i 

0 
0,1028--0.1323i 
0.2239--0-2665i 
0.3589--0.3908i 
0.5653--0.5001i 
1.224 --0-2068i 

0 
0.0321--0-1009i 
0.0796--0.2086i 

• 0.1434--0.3186i 
0.2843--0.4413i 
1.121 --0.1640i 

0 
--0.0018--0.0555i 
+0.0062--0.1182i 

0.0213--0.1899i 
O- 0905--0- 3005i 
1.064 --0.1000i 

0 
--0.0087--0.0364i 
--0.0081--0.0772i 
--0.0054--0.1236i 
+0.0268--0-21331 

1.049 --0.0698i 

--0.2001+0.1696i 
--0.1626+0.1298/ 
--0.0447+0,0095i 
+0-1727--0.1870i 

0.5398--0-4419i 
1-490 --0.3463i 

--0.0963+0.1580i 
--0.0820+0.1245i 
--0-0337+0.0219i 
+0.0692--0-1559i 

0.2864--0.4112i 
1.300 --0.3211i 

--0-0239+0.1044i 
--0.0230+0.0857i 
--0.0172+0.0250i 
+0.0074--0.0939i 

0.0959--0.2965i 
1-158 --0.2354i 

--0-0041+0-0719i 
--0.0056+0.0606i 
--0.0071+0.0226i 
--0.0056--0.0610i 
+0-0292--0.2202i 

1.107 --0-1835i 

i 

0 
--0.0821+0.0524i 
--0.0911+0.0403i 
+0.0464--0.0918i 

0.4700--0,3791i 
1.723 --0-4859i 

0 
--0-0487+0.0560i 
--0.0625+0-0540i 
--0"0019--0.0619i 
+0-2523--0-3400i 

1.453 --0"4602i 

0 
--0.0187+0.0425i 
--0.0277+0-0491i 
--0"0173--0.0229i 
+0"0944--0.2269i 

1.242 --0"3488i 

0 
--0.0093+0.0302i 
--0"0130+0.0381i 
--0"0116--0.0044i 
+0"0460--0"1482i 

1.161 --0.2756i 

--0"0395+0"0471i 
--0-0663+0"0625i 
--0"1091+0"0764i 
--0.0466--0.0015i 
+0.3683--0.2950i 

1"924 --0.5836i 

--0"0108+0-0388i 
--0"0284+0-0558i 
--0.0620+0.0772i 
--0-0444+0.0131i 
+0.1969--0-2691i 

1.594 --0-5689i 

+0"0038+0"0198i 
--0"0044+0"0348i 
--0.0233+0.0589i" 
--0.0297+0.0237i 
+0-0715--0.1822i 

1-325 --0-4446i 

0"0057 +0"0114i 
0.0012 +0"0233i 

--0"0088 +0"0444i 
--0.01790+0.0235i 
+0"0313 --0.1237i 

1-216 --0-3566i 

0 
--0.0281+0.218i 
--0.0798+0.0514i 
--0"0869+0.0287i 
+0"2711--0.2244i 

2"108 --0"6828i 

0 
--0"0140+0.0217i 
--0-0470+0-0555i 
--0-0669+0.0444i 
,+0"1415--0.1950i 

1.723 --0-6720i 

0 
--0"0043+0-01220i 
--0"0167+0-0430i 
--0"0363+0-0484i, 
+0"0509--0"1189i 

1.401 --0"5348i 

0 
--0.0015+0.0080i 
--0-0061+0.0313i 
--0"0168+0.0458i 
+0"0279--0-0653i 

1.269 --0-4347i 

¢/:)~ 

* For rectangular and tapered wings of the same span and generalized aspect ratio. 



T A B L E  2--continued. 

splV : ' ~ .  ~ ' n, " ~ 1  7 8 9 10 11 

0 
0.2 
0.4 1 0.6 
0.8 
1-0 

0 
0.2 
0.4 2 0.6 
0.8 
1-0 

0 
0-2 
0-4 4 0-6 
0.8 
1-0 

0 
0.2 

6 0.4 
0.6 
0.8 
1.0 

--0-0179+0.02401 
--0.0268+0"030ii 
--0.0668+0"0523i 
--0.1065+0.0554i 
+0.1804--0.1574/ 

2.276 --0-7612/ 

--0.0034+0.0188/ 
--0"0086+0"0252i 
--0-0349+0"0505i 
--0.0720+0.0631i 
@0.0881--0.1354i 

1.844 --0.7583i 

0"0030+0-0089i 
0-0011+0"0138i 

--0.0108+0.0360i 
--0'0356+0-0563i 
+0.0270--0.0786i 

1.475 --0.6112i 

0"0038+0-0051i 
+0.0025+0.0085i 
--0.0031+0.0256i 
--0.0179+0.0457i 
+0.0122--0.0419i 

1-320 --0-4995i 

0 
--0"0122+0"0107i 
--0"0443+0.0321i 
--0"1049+0"0553i 
+0.1034--0.1053i 

2.434 --0.8414i 

0 
--0"0051+0-0102i 
--0"0238+0.0333i 
--0"0703+0"0644i 
+0.0425--0.0817i 

1.957 --0.8431i 

0 
--0- 0020 +0.0031i 
--0.0064 +0.0240i 
--0.0331 +0.0581i 
+0.0067--0.0346i 

1- 546 --0.6877/ 

0 
--0"0002+0"0024i 
--0.0013+0.0164i 
--0-0135+0.0502i 
@0"0043--0"0028i 

1"370 --0"5678i 

--0.0106+0.0151i 
--0.0144+0-0186i 
--0-0371+0.0322i 
--0"0989+0"0592i 
+0"0399--0"0597i 

2.581 --0.9085i 

--0.0016+0.0116i 
--0-0034+0.0152i 
--0"0175+0-0299i 
--0-0627+0.0633i 
+0"0044--0-0409i 

2.064 --0.9165i 

0.0022+0-0054i 
+0"0021+0.0083i 
--0-0038+0.0198i 
--0.0281+0-0528i 
--0.0106--0.0069i 
+1-613 --0.7527i 

0"0028+0.0032i 
+0"0028+0"0055i 
--0-0004+0"0132i 
--0.0t27+0.0412i 
--0-0073+0.0127i 
+1.418 --0.6229i 

0 
--0- 0071 t0.0067i 
--0- 0248 +0.0197i 
--0.0865+0-0508i 
--0.0109--0-0264i 
+2-722 --0.9772i 

0 
--0.0027+0-0064i 
--0"0121+0"0199i 
--0.0551+0-0563i 
--0"0260--0"0070i 
+2.166 --0.9898i 

0 
--0-0017@0.0008i 
--0.0020+0-0134i 
--0.0237+0.0483i 
--0.0252+0.0199i 
+1.678 --0-8199i 

0 
0-0001+0.0016i 

+0-0004+0.0085i 
--0.0083+0.0406i 
--0.0140+0-0364i 
-I-1.465 --0.6838i 

--0"0072+0"0106i 
--0-0090+0"0132i 
--0"0223+0"0211i 
--0"0759+0"0486i 
--0-0495+0-0019i 
+2"854 --1"037i 

--0"0009+0-0080i 
--0"0011+0"0107i 
--0"0095+0"0190i 
--0"0463+0"0507i 
--0-0490+0-0179i 
+2"263 --1"055i 

O" 0016+0" 0037i 
+0- 0027 +0" 0058i 
--0"0012+0"0117i 
--0"0190 +0"0408i 
--0-0352+0" 0363i 
+1"741 --0-8772i 

O" 0022 +0" 0023i 
O" 0032 +0" 0038/ 

+0. 0003 tO" 0073i 
--O" 0076 +0. 0309i 
--0" 0211 +0" 0443/ 
+1- 511 --0" 7326i 

b~ 



TABLE 3 

Values* of Won" along the Mid-chord Axis of Wing A 

1 2 3 4 5 6 7 8 9 10 11 

0 
0.2 
0-4 
0.6 
0"8 
1.0 

2.446 
2.516 
2-630 
2.600 
2.286 
1-316 

0 
0.5504 
1.137 
1.677 
1.981 
1-546 

--0-1059 
+0-0155 

0.3912 
0.9896 
1.638 
1-727 

0 
--0.0269 
+0.1106 

0.5586 
1.328 
1-893 

--0.0139 
--0-0263 
+0-0073 

0,2912 
1.054 
2-043 

0 
--0.0119 
--0.0176 
+0.1385 

0.8235 
2.185 

--0-0062 
--0"0100 
--0.0230 
+0-0505 

0.6302 
2"317 

0 
--0-0045 
--0.0180 
+0.0059 

0.4738 
2.443 

--0.0041 
--0.0054 
--0.0154 
--0.0177 
+0-3463 

2.563 

0 
--0.0025 
--0.0107 
--0.0261 
+0 .2459  

2-679 

--0.0033 
--0-0038 
--0-0095 
--0-0297 
+0.1656 

2-789 

Values of Wo,," along 0.3c and 0.75c of Wing B 

Values along 0.3c axis Values along 0.75c axis 

1 3 5 7 9 11 1 3 9 11 

0 
0.2 
0"4 
0.6 
0-8 
1-0 

2.444 
2.546 
2.635 
2"603 
2-299 
1.239 

--0"0986 
+0"0226 

0"3933 
0.9871 
1-636 
1.618 

5 7 

--0.0134 --0"0060 
--0.0245 --0"0096 

"+0-0117 --0"0208 
0"2954 +0.0562 
1.053 0-6352 
1.907 2.157 

--0"0040 
--0-0053 
--0"0145 
--0"0130 
+0"3553 

2"380 

--0.0028 
--0-0037 
--0"0091 
--0.0262 
+0.1775 

2.585 

2"849 
2"518 
2-619 
2-587 
2-263 
1.112 

--0-0907 
+0"0327 

0"4068 
0.9993 
1.626 
1"483 

--0"0127 
--0-0224 
+0"0190 

0-3100 
1.059 
1-762 

--0"0058 
--0"0092 
--0"0180 
+0"0672 

0"6480 
2.002 

--0"0039 
--0.0050 
--0"0132 
--0-0058 
+0"3718 

2"217 

--0"0028 
--0-0035 
--0"0084 
--0"0218 
+0"1945 

2"414 

* These values correspond to the aspect ratio 5.84. 
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TABLE 4 

Vahles of W~,,~ along the 0.3c Axis of Wing B 

1 

2" 147 

2" 249 

2" 339 

2' 309 

2" 029 

0" 9941 

. D t  

*ll "... 

0 

0.2 

0.4  

0 .6  

0-8  

1-0 

3 

--0" 0581 

O. (}438 

5 

--0-0072 

--0.(}128 

0"3593 

0 '8605 

1'394 

1"230 

+0 .0270  

0"2734 

0-8955 

1.416 

- - 0 '  0033 

- -0 '0053  

- 0 -  0089 

t O- 0680 

O" 5482 

l '580 

7 9 

--  0" 0023 

- -0 .0030 

- -0 .0078 

-t 0.0044 

0.3185 

1.727 

I 

11 

- -0 ' 0017  

--0.0021 

- -0 '0051 

- -0 .0114 

t-0'1722 

1.864 

1 

0 3.230 

0- 2 3.331 

0 .4  3. 420 

0 .6  3.388 

0 .8  3.084 

1.0 2.024 

TABLE 5 

Values of W0, n (" W0./ -+ W°,.") for Steady Motion* 

3 5 7 9 11 

--0"1116 

- -0 ' 1635  

- -0 ' 1745  

+0"2820 

1"810 

4 '558 

- -0 '0551 

0 '0732 

--0"1448 

--0"0969 

+ 1 ' 0 3 5  

5 '348  

- -0 '0347  

- -0 ' 0428  

--0"0880 

- -0 ' 1698  

+ 0 ' 4 9 4 6  

6-031 

--0"4913 

- -0-2759 

+0"3777 

1"443 

2"751 

3-582 

* Values along 0.3c axis of wing B due to circulation ns,q "'- 1 W/i _ 72" 

--0"0243 

--0"0293 

- -0 '0558  

- -0 ' 1518  

+0"1511 

6"644 



TABLE 6 

Fundamental Derivative Coefficients Referred to the Leading Edge. 
ModeI : - -  f = r j ,  F = n  ~~; M o d e I I : - -  f = : ~ ,  F==,q 

Case mo 

0.45 
1 0.9 

1.8 
2.7 

0"9 
2 1.8 

2-7 

- -  o. T- 
0.9 0.22 

3 1-8 1.35 
2-7 0.42 

~ .  

4 ~ O'OC~ 
2-7 0.34 

o.12 
5 [ 0 .9  0"23 

1-8 0.35 
2-7 0"42 

0-9 0.23 
6 1 "8 0"35 

2.7 0.41 

7 2.--7--  !/0 
8 2-7 0.35 

9 2"7 0-36 

0.18 
I0 0.69 

2~ 

~ -116 
.227 

~ -357 
.424 

.808 

.559 

~ -353 
.272 

;t o 

1.691 
1.547 
1.458 
1-435 

2~ 

0.460 
0.985 
1.244 
1.309 

0.025 
0"050 
0"079 
0.095 

0.414 
0-357 
0.309 
0.294 

#o 

0-370 
0.349 
0-371 
0-4~5 

~b Remarks  

0-385 
0.505 
0"566 
0.583 

Wing A, Mode I I - -Symmet r i ca l .  Reference axis at mid-chord 
(~ ---- 0). Values of Wo~" calculated along the mid-chord axis 
and Wo~' neglected. Wire = Woff'. (See Ref. 1.) 

X$ = 0.595. Z b" = 0.2975. /~$ --  0"2975. /~b' = 0. 1675. 

~ -116 
-227 

~ '357 
.424 

~ -808 
.559 

1.353 
1.272 

1.688 
1.541 
1.447 
1,420 

0.396 
0-929 
1.196 
1.265 

0.028 
0.055 
0.087 
0-104 

0.444 
o.383 
0-333 
0.312 

0.411 
0-375 
0"352 
0.345 

~ '390 
.521 

~ .587 
-605 

2~' = 0 - 5 9 5 .  2y = 0 - 2 8 1 .  ~" = 0 - 3 0 9 .  vy = 0 . 1 6 6 .  

0 -116]  1"810 1"976 0.424 0-025 0"419 0"467 0"404 
0"228 I 1"561 1"803 1"044 0-050 0"362 0"426 0"557 
1"358 1"355 1"690 1"357 0"080 0"313 0-397 0-638 
0.425 I 1"274 1"658 1"438 0"096 0"294 0"389 0"660 

~ i "  ~ 0 " 5 ~ - .  ~ b "  - -0"297- -  ,,,~'~ 0"297~- ~ 0 " 1 ~ - .  

o 0-373 0.656 0.342 1.110 1-431 1.360 0.104 0.228 0 ~ ~  

0.122 I 1.746 1.968 ~ 0.031 0.437 0--49210.417 
0.234 1.503 1.801 1.052 0.058 0.376 0.450 0.571 
0.358 1"310 1.689 1"362 0"089 0"328 0-422 / 0"649 
0.420 I 1"237 1.657 I 1"443 0.105 0-309 0 " 4 1 4 i 0 " 6 6 9  

0"121 l ' 732  1~980 0-430 0"030 0"433 0"495 0"416 
0"232 1"492 1"807 1"048 0"058 0-373 0"452 0"571 
0"355 1"300 1"694 1"360 0"089 0"325 0'424 0"649 
0"417 1 "228 1"662 1"442 0"104 0"30710"415 0"669 

~'~---- O ~  ~ ' ~ - 0 "  ~ "  tt4~--- 0 • 294--~-- /*b '~0"  1705- 

0 . 1 4 1  ~ 1"336 1 . 5 0 6 1 " 2 5 0  0 . 0 3 9  0-329 0.371 0.594 
0"359 1"150 1"471 1"398 0"102 0"27410"362 0 '638 

0.360 1.138 1.466 0.363 0.618 

0.181 1-527 1 " 7 5 6  1 .51610"062  0"370 0"437 0.721 
0"697 1 "357 1 "892 1 "663 [ 0-265 0"320 0"502 0"770 

Wing B, Mode I I - -Symmet r i ca l .  Reference axis at 0.3c behind the 
leading edge. Values of Woff' along mid-chord of Wing A used 
and Wo, ~' neglected. WI,~ = Woj. 

Wing A, Mode I I - -Ant i symmetr ica l .  Reference axis at mid-chord 
(~ ---- 0). Values of Wo~" calculated along the mid-chord axis 
and Wom' neglected. Wlm= Wo~". (See Ref. 1.) 

As for Case 3 with W0~' terms included. 

Wing B, Mode 1--Symmetrical .  Reference axis at 0"3c behind the 
leading edge. Values of Wo~" for mid-chord axis of Wing A 
used and Wo~' terms neglected. WI~ = Woff'. 

As for Case 5, but with Wo~" values along 0.3c axis of Wing B used 
and Wo~ terms neglected. WI~ = Wo~". 

As for Case 5 with Wo,~" values along 0" 75c and Wlm values along 
0.3c used ; Wom' neglected. 

As for Case 5 with Wo~' terms included. 

As for Case 7 with Worn' terms included. 

Wing B, Mode I--S3mametrical. Reference axis at 0.3c behind the 
leading edge. Cicala's method used. 

b~ C~ 
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TABLE 7 

Values of ;t~ for Tapered Wings. Parabolic Mode in Flexure ; J ' =  u2 

% Remarks  

Wing A, Mode I I ,  S ; Won' = 0. (See Case I of Table  6.) 

Wing A, Mode I I ,  A-S • Worn' = 0. (,See Case 3 of Table  6.) 
& 

0.45 0 .9  1.8 2 .7  

1.808 1-559 1.353 1.272 

1.81/) 1.561 1.355 1.274 

- -  l ' 2 6 6  - -  1.110 

- -  1.290 - -  1-118 

Wing A, Mode I I ,  A-S ; Worn' # 0. (See Case 3 of Table 6.) 

Wing B, Mode I I ,  S • Wo~'  # 0. Wo~" values along 0-3c axis 
used. 

i 

S ~ symmetr ica l  mot ion • A-S - an t i symmetr ica l  motion.  

( I J [ )  

Z~ 

0.45 

1" 746 

0"9 

1.503 

Linear Mode in Flexure, f = 71 ; Symmetrical Motion Only 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Remarks  

Wing  B, VV0,~' = 0, a n d  Wo~" values along 0 .5c  of Wing A 
used. (See Case 5 of Table 6.) 

1"732 1 '492 As above with Wo~" values at  0.3c of Wing B used. (See Case 6 
of Table 6.) 

- -  As above with W0~" values at  0.75c of Wing B used. (See Case 7 
of Table  6.) 

- -  1 • 336 

1"8 2"7 

1"310 1-237 

1 '300 1-228 

1"237 

1"150 

- -  1.151 

- -  1"138 

- -  1-357 

1" 331 

Wing  B,  Worn' # 0, and Wo~" values along 0 . 5 c  of Wing A used. 
(See Case 5 of Table  6.) 

Wing  B, l,V0~' # 0, and  Wo~," values along 0-3c of Wing  B used. 

- -  1-527 Cicala's me thod"  Wing  B, reference axis at  0.3c.  

Wing  B, Worn' # 0, and  Wo~" values along 0" 75c axis of Wing B 
used. 

* In Cicala's method  tile values of Wo,~" corresponding to K0" A ~  are assumed to be given by  A~. (See § 4.) 
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