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Summary.—A theory is developed for estimating the effect of wind-tunnel walls on measured values of aerodynamic
coefficients for two-dimensional aerofoils oscillating in an incompressible fluid. The case of an aerofoil describing
translational and pitching oscillations in a wind tunnel of rectangular cross-section is considered, and it is shown
in Table 1 and Figs. 3 and 4 that the damping derivatives associated with the pitching degree of freedom are very
sensitive to wall effects when the frequency parameter for the motion is small, and when the axis of oscillation is not
at, or near, quarter chord. When the axis is at quarter chord, the pitching-moment damping-derivative is hardly
affected by the presence of the tunnel walls.

The values of the derivatives given in Table 1 refer to an axis of oscillation at mid-chord and correspond to a
ratio of tunnel height to aerofoil chord of 4:75. They are used to determine the pitching-moment derivatives for
an axis of oscillation at 0-445¢ for comparison with values obtained by J. B. Bratt from measurements on a 2-in.
chord aerofoil in a 94-in. square wind tunnel. -

The theoretical values corresponding to free-stream conditions differ considerably from the experimental results,
but, as shown in Figs. 4 and 5, better agreement is obtained when an allowance for tunnel-wall interference is made.
The remaining difference between theory and experiment may be attributed to the influence of aerofoil thickness and
to boundary-layer effects. By the use of the method developed in (R. & M. 26541), these effects can also be taken
into account and incorporated in the theory presented for estimating pure interference corrections for the aerodynamic
derivatives. When this is done, the results given in Table 2, and plotted in Figs. 4 and 5, are obtained. A comparison
of theory and experiment then shows satisfactory agreement. :

1. Introduction.—Recent measurements at subsonic speeds of the aerodynamic damping
coefficients for an aerofoil describing pitching oscillations differ widely from the results for low
values of the frequency parameter predicted by theory. As wind-tunnel wall interference
appeared to be the most likely cause of this difference, the method outlined in this note was
developed in order to estimate interference effects on derivatives. The present theory applies
only in the case of incompressible flow, but an estimate of the corresponding corrections in
compressible flow up to M = 0-8 is to be made. However, from comparisons of the experi-
mental results for the pitching-moment damping-derivative at various Mach numbers with the
values given by uncorrected theory, it appears that the correction factor for interference is, for
the case considered, roughly independent of Mach number.

It seems likely that measurements of stability derivatives for oscillating wings of finite span
would only be affected slightly by tunnel wall interference. In order to estimate the effect, the
work described in (R. & M. 1912%) would have to be extended to include lower frequency
parameter values, compressibility effects, and more general plan forms.

2. Theory.—An aerofoil of chord ¢ in a tunnel of height %c/2 is assumed to be describing
translational and pitching oscillations of small amplitude. The downward displacement z at
mid-chord and the angular displacement « are defined respectively by

| | (1)

2 =cz e o= o e?,

*Published with the permission of the Director, National Physical Laboratory.
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where p/2x represents the frequency and ¢ denotes time (see Fig. 1). The downwash w(=We*)
at any point P on the aerofoil is then given by

9 0 :
w:<é—t+v-é;>(z+xa). - . .. . .. .. .. (2)

Let x = %5, where & = — cos @ on the aercfoil. From (1) and (2) it then follows that the

complex amplitude W of the downwash is defined by
W =V[2w's + o'(1 —iw'cosd)] , .. . .- . . .. (3)
where o’ = pc/2V = /2. For convenience, the exponential factor e# is omitted.

As in the theory for an oscillating aerofoil in a free stream, (R. & M. 2026°) the disturbed flow
is assumed to be reproduced by a chordwise distribution of bound vorticity y(=I"e”). This
gives rise to a free vorticity distribution e(=FEe*) over the aerofoil and the wake. It is shown in
R. & M. 20262 that

E — — o' et [ Fewsde ... — l<é<l1
1

-1
:-mvwhmwﬁ.ay e e (4)

Under free-stream conditions the downwash corresponding to the above vorticity distributions
is given by

= (I +E)dé
o e _—7 "
”Wﬁﬂ_ﬁlsf—é"' e (5)
and the general bound vorticity distribution I' may be conveniently expressed in the form

r=vzxcr,, . .. .. .. .- . ce . (6)

n=0
where
)
Iry=2 [C(w’) cot 5 4 1’ sin 19‘} ,
. 9 o sin 29
I''= —2siné + cots + 20’ |sin ¥ + , (7)
2 2
o , ., rsin (# 4+ 1)¢  sin (» — 1)

n>2....]¥:—25mnﬁ—{—m [ P E— },

and the C n’s' are arbitrary constants. The lift function C(w’) occurring in the definition of I, is
@ @ :
given in terms of the Hankel functions H,(»'), H,(o") by

, @ @ RGN
Clo") = Hy{o") [[Hy(o") + tHy(0)] . .. .. .. .. .. .. - (8)
The free-vorticity distributions corresponding to I';, I'y, . . . I', are given by (4) and can be shown
to be respectively,
E,= — 2w sind — 2i0'S,, )
| .. sin 248
E, = —iow (smﬁ-l— 7 ), L (9)

_,ysin(m 4 1)@ sin(w — 1)9
..E,,——Zw( P — ), ]
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where

Vo i 2 v SIn %o
S, =e E[Xoﬁ—}—zngl(—z)Xn 5 } L
=gX,e™¢ ... £=1.
and
X,=C(0") Jo{@) + {1l — C(@")} (o). 1 N
X,=CJ, —i(l —C)J.. J
d]n

The symbol [, represents the Bessel function of nth order and J, =
and (10) that, in the wake,

It is evident from (9)

Ey= — 2izo' X, e, .. .. .. .. .. .. .. (12)
EIZO;
E,=0. .... n=2

By the use of the above formulae, it can be shown that the downwash corresponding to the bound-
vorticity distribution defined by (6) is

W = V[CG 1 Cy(h + cos9) +,,§2C" cos mﬂ O O
Since (3) and (13) must be identical, it follows that the arbitrary constants Co, C 1,. etc., must have
the values

C—-ZZwZ —|—oc<l 1w>‘ 1

Ci,=—10'o, (14)

C,=0. .... n=2. J'
The corresponding amplitude L(x) of the lift distribution is then given by

L(x) = pVI =pV*Coly +CiIy), .. .. .. .. .. . (15)

where I'y, I'; are defined by (7), and C,, C, are éxpféssed in terms of the amplitudes of the transla-
tional and pitching oscillation by (14).

The above formulae apply in the case of an aerofoil oscillating in a free stream. For oscillations
in a wind tunnel, however, formula (13) for the downwash requires modification to allow for the
downwash induced by the system of image vorticity distributions which arise from the presence
of the tunnel walls (see Fig. 1). It can be deduced that the total downwash at a point P on the
aerofoil due to its own vorticity distribution and that of the images is given by

o'+ E ® " o (I' + E)(&, — &)

I W (&) = J_1§1 —eds 23 (1) j T e U (16)

If use is made of the relation
(=g

cosech ¢ = — + 27;»21 c]_?——;@TZ , (17)
equation (16) reduces to .

amWiey = [ LA Eds L s)

j sinh "6 —¢) | '
1 h

To ensure tangential flow over the aerofoil, the vorticity distribution must be such that (18) gives
the values of W(¢,) prescribed by (3).
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8. Method of Solution.—It follows from (5) and (18) that the downwash W,(¢,) induced by the
image vorticity distributions only is given by

. S0 - z ]Z(El —_— (E) 1
2Wi(E) = [ (I + E) [h cosech "=t — 5} de. .. .. .. (9
By the use of (4) and differentiation with respect to &,, it can also be shown that
oW, . 1 gl B nw(f, — &) h
2 [ 5E, + i WI} == L 7 BE [cosech 7 —AE = §)J 3
m? (1 ’
=— = | I .. .. .. .. .. .

g )T % o
when terms of higher order in 1/ are neglected. Equation (20) can be expressed differently in
the form : _

9 1 m? (1 o
— — | T e = .. . . .. ..
3E, {{Wf + g &l df] ¢ } 0, 21)
and it is then evident that
1 m® [t o 1 m? (1 ‘
= | T Ses W T .. 25
Wits) 2min’  6hE [ ST [” O+ o e J . dﬂ (22)

- where W,(0) denotes the downwash induced at the origin by the image system of vortices. When
£, =0, (19) yields, in general,
* 1 7 nf} ‘
= r 1) | = — = — . .. - .. ..
22W,(0) = | (P +E) [5 " cosech 7% | de | (23)

where w
F + E = V ECH(Pil + En) -

n=0

Let 7, represent the coefficient of C, in the expanded form of (23). Then, by the use of (12), it
can be shown that

® 1 7 wé
- F _ — — —_
I, [_1( o+ Eo) <s = cosech h>n‘i5
72 (1 . ., ’ '
— é%‘zj_l(] o 4 Eo)é d 2mie’ Xo(P — Q) , e (24)
where '
P= e___;dy (25)
and
QEJ e cosech ydy, .. .. .. .. .. .. .. (26)
< afh

when y = w'hfn is substituted. The integral P is tabulated in Ref. 4, and Q may be evaluated
from the series expression. ‘

2 iwr § e—-( 2n-+1)nfh {)7
Q =2 R ey mnr ol . .. .. . . - (29)
When o’ = 0,

-~ 1 + cosh (x/h)
¢ —log“< sin}(l)s(n/h) ) -

It also follows from (7), (9) and (10) that
R .
1 » o
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Hence, finally,

Lo _

2% 6kt
The integrals I, I ,, etc., are easier to evaluate since E,, E,, etc., are zero in the wake. It canreadily
be deduced that

[Xe"“’(l—-)——l—{— ]—z’w’XO(P—Q). ()

.’7753
I, = — 1072
%3
Iz - 12]1‘2: (30)

I, =0,...n>23.

For a general vorticity distribution of the form assumed in (6), the downwash at mid-chord
induced by the image system is then simply given by :

2 WH(0) = VIC,Z, + Culy + Cal3] , PO ¢:3))

where I, I,, I, are defined above. It can also be shown that

J‘:F“ e — 27z<C 1 1% ,

jr dt = (32)

[‘11“ if = —
. 2 - 2 b

| rds=o0....n>3.
1
It then follows from (22) (23) (29) (30) and (32) that the downwash at any point P is given by

WI(EI) -’
where
nz i’ Z ren
F=gmX,e (1—;>—mXO(P—Q). S T
Over the aerofoil, &, = — cos ¢, and it is known that
e = Ji(w') + 2 4], (0') cos md . N £ )
1
By the use of (35), equation (33) may be expressed in the form
m:%—{—%ozncosnﬁ, .. .. .. .. .- .. .. (36)
=1
where
n? iC C,—C
dOE_W[C(b(%_;—/)_*_ 14 2}+C0F]0:1\ (37)
n=l,...a,=2"] FC,. J'

When the downwash induced by the vorticity distribution over the actual aerofoil is added to
(36), the following expression for the total downwash is obtained, namely,

=1

W()_V[CJr +a0+2(,,+cn)cosm] N -
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The above formula for W must be identical with (3). Comparison of coefficients yields the
relations

2w’y + o =C, —{— —}~cz0

—zwoc:Cl—l—al .. .. . .. .. . .. (39)
0=C,+a,,...n>2.
By the use of (37) and (39), it follows that

o , ' w?
20’y + o |1+ %5 (1~ )|
Co= D ’
- (40)
Ci= —io'a — 2],C,F,
C,=—2"],FCy,... n >2 J
where I is defined by (34) and
n2
D=1—Gu(io+ 1)+ F i~ il + Rt @
'The required bound-vorticity distribution I" over the aerofoil is then given by
r:V[cr —mar—ocpzz"],, ] O

and the corresponding amplitudes of the lift and the pitching moment about the mid-chord axis
are respectively

L= pcvjfsmﬂdﬁ Y %

M = pCVJI’COS??SlI’M?dﬁ . o .. .- .. .. (44)

4. Aerodynamic Coefficients.—In terms of the standard derivative coefficients I, J;, etc., referred
to the mid-chord axis the force and moment can be expressed in the form

L

pcV=( s+ dol)d + (1, +iol)d, .. L. - . . . (45)
M o)z o) ol | 46
T (m., + tom)s" + (m, + tomy)o . . .. .. .. .. (46)

The acceleration derivatives, Z;, Z;, etc., are here incorporated in the derivative coefficients in
phase with the dlsplacements From equatlons (40) to (44) it follows that

L Z‘/ ’ F z-/ F /2/
Frmefafor g B e g
M 7 . i o 10’ ’
p62V2:Z{C°l:C—ZJ1F:l——2——<1+ T)}, .. .. .. .. (48)

where C, is a linear function of 2" and «’. Comparison of the coefficients of 2’ and «’ in (45) and
(47) then yields

' ) Qntw’ o’ .
L %'l = = [C—l—?(1~¢]1F~]2F)},.. O P12
la—f—Ziw'la‘——-[l + (1 1%2)] [c+ o 4 —iJ.F — JF )} “’:“, . (50)
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where o’ = /2. Similarly, it follows from a comparison of (46) and (48) that

- 14

M4 Zio'my =g (C —i[.F), .. .5
) nw’ 0 Ao’
m, + Zio'm; _4D{1+ Y (1 1%2)} [C—z]lF} -5+, .62
When o’ — 0, it can be shown that
mo' ., o'
C—=1 —%—}—zw <y +1Oge‘2—>,
Pé_y_logew'_i(%;w),' N 5
Q — E — 10ge 2 R
where
3 2 <1 + cosh %)
E =log, - .
‘ sinh 7
It then follows that
D—>(1—6h2>[1+zw (y—#logez)}—mw S .. . (54)
and that
C n® ., niN\ = ,
T)"><1+67{2>[1_“" <1+@)E].. L ss)
Hence, the appropriate limiting forms of the derivatives referred to mid-chord are
2
l,—~0; A Zé_>73<1—|—gh—z>
: 2
e —0 mﬁ%(ljul—g—w) 58

zﬁn<1+é%22>; lﬁ%(ﬂrfzz—;z_ﬁ(“ré%ﬂ
2

o 7 (14 ) s mi> — 5(1+ Fo)E

It will be noticed that both /; and m; tend to finite values, whereas, for free-stream conditions,
they both tend to minus infinity for oscillations about the mid-chord axis (see Table 1).

Applications—The present theory is used to calculate aerodynamic coefficients for a 2-in.
chord RAE 104 aerofoil oscillating in a 94-in. square wind-tunnel. In the first instance, the
aerofoil is regarded as a thin flat plate, and the values of the aerodynamic coefficients obtained for
this case are given in Table 1 for comparison with the theoretical results for free-stream conditions.
It should be noticed that the effect of tunnel-wall interference on /, and . becomes increasingly
large as w—0. According to vortex-sheet theory for oscillations in a free stream, the damping
coefficient —m,, may be negative for positions of the axis of oscillation forward of the quarter-
chord point, but it is shown in Fig. 3 that, in a wind tunnel the damping may be positive for all
axis positions. It should also be noted that the amount of correction due to interference varies
with frequency and axis position. At the higher values of the frequency parameter and for
oscillations about the quarter-chord axis the interference effect is small.

7



Measurements of the aerodynamic damping and stiffness derivatives for an aerofoil of section
RAE 104 oscillating about an axis at 0-445¢ behind the leading edge have recently been made
in the 94-in. square tunnel at the National Physical Laboratory for a range of Mach numbers.
Values of —m, derived by the method here proposed for incompressible flow agree roughly with
the experimental values for M/ =: 0-5 and are higher than the extrapolated values for M = 0
(see T'ig. 4). They are, however, in much closer agreement with experiment than the values
given by uncorrected theory. The remaining differences are due to thickness and boundary-
layer effects and can be allowed for by making use of the steady motion characteristics of the
aerofoil along the lines suggested in R. & M. 2654*. Some unpublished work showed that, for
the particular aerofoil considered in this note, the damping was reduced by about 20 per cent
while the stiffness derivative was hardly affected. These calculations were done by the method
of Ref. 1 for free-stream conditions, and based on experimental data. In the next section of the
present paper tunnel-wall interference, thickness and boundary-layer effects are allowed for
simultaneously by using the scheme suggested in Ref. 1 in conjunction with the theory for dealing
with interference presented in this note.

Thickness, Boundary Layer and Interference Effects.—The main feature of the scheme of calcula-
tion proposed in Ref. 1 is the replacement of the aerofoil at each incidence by an equivalent thin
profile which gives, on the basis of linearised theory, the experimentally determined steady
motion lift distribution for that incidence. For slow oscillations of small amplitude the profile is
assumed to change its shape instantaneously with incidence. In the calculation of the aero-
dynamic forces, the linearised theory for oscillatory motion is used; variations in profile shape
being taken into account.

From N.P.L. measurements of C; and Cy(}) for the RAE 104 aerofoil for a range of Mach
numbers, it was estimated that C; and C () for incompressible flow would be given respectively by

C,=2nA(a) =27 x 0-821«
and

1y — —
CM(4) 4 B(U.) 4
Hence, in the notation of Ref. 1, A" = 0-821, B’ = 02675, and it can be shown that the
corresponding equivalent profile is defined by

2 _ B B
—Z:(A'+B'—2h>a+<A'+7>a§— S8, (88

c

X 0-26750. .. .. .. .. .. .. (5

the axis of oscillation being at /¢ behind the leading edge (see Fig. 2).

Let o = o’ e? asin (1). Then it follows that the downwash at any point on the chord is given
by
ez da 2V oz _
and that the amplitude

W) = V(d, + d,cos ¢ + d,cos 28)a,

where
LB (. 3B _\
odldy = A i (4 2 )
a’dlzB’—iw’<A'+7>,.. e
'/B/
AL ‘
* i



Since (38) and (59) must be identical, the following relations are valid, namely,
o'dy = Cy +% + do,

wd, = Ci + ay, .. . .- . . . .. .. (81)
'dy = Cy -+ as,
n=3...0=0C, + a,
As in Section 4, it then follows that the pitching-moment derivatives for an axis of oscillation at
%ic behind the leading edge are given by '

S o o«'d, tw _ od,
ma+2mma—m{CO(C 1. F) + 5 <1+_4_ _2_}

’

~ =B L [o+ i s oL g -]+ - o} 62)

where, now,
. o o(" d 7!2 .7'62 .
Cozﬁ[do—ilo—lg*hz)—m_zdz}, N

and D is defined by (41). The values of m, and m, given by (62), when h = 0-445 is substituted,
are compared with the corresponding experimental results in Figs. 4 and 5. When allowance 1s
made for interference and thickness effects, theory gives good agreement with experiment.

General Remarks.—In view of the sensitivity of the pitching-moment damping-derivative to
tunnel-wall interference effects, care should be taken in the interpretation of results obtained
experimentally. They should not be used in stability and control calculations without appro-
priate correction. Interference effects may, however, be less important for wings of finite
aspect ratio. An estimate of the effect of the tunnel walls on the derivatives for.oscillating
rectangular wings could be made by extending the method developed in R. & M. 1912? to deal
with lower frequency parameter values, but for wings of general plan form the theory would have
to be modified considerably. ‘ : :

In the present note the effect of compressibility is ignored, but the results shown in Fig. 4
indicate that, for a particular , the ratio of the free-stream theoretical to the experimental values
of m; is roughly independent of Mach number.

Acknowledgment.—The writer is greatly indebted to Mr. J. B. Bratt for permiséion to use his, as
yet, unpublished results for the purpose of comparison with present theory. All the computing
required in the preparation of this note was done by Miss W. M. Tafe.
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TABLE 1

Aerodynamic Derivatives Referved to the Mid-chord Axis (h = 0-5)

(a) Wind tunnel

w ls Ly Lo L Wiy g Mg Wy
0 0 3-20 3-20 —2-49 0 0-793 0-793 —1-009
0-02 0-001 3:19 3-20 —2-48 0 0-785 0:792 —1-:005
0-04 0-005 3-18 3-18 —2-44 0-002 0-785 0-788 —0-998
0-08 0-019 3-13 3-14 —2-23 0-006 0-778 0-778 —0-942
0.2 0-093 2:86 2-89 —1:61 . 0-030 0-708 0-717 —0-784
0-4 0-166 2:41 2-48 —0-441 0-073 0-598 0-620 —0-502
0-8 —0-028 1-99 2-11 0-536 0-119 0-493 0-538 —0-260
2:0 —2-495 1-72 1-89 1-050 0-167 0-426 0-566 —0-133
(b) Free stream
® L, L le Iy Ty i Hiy me
0 0 3-14 3-14 — 0 0 0-785 0-785 —a
0-02 0-003 3-09 3-09 —5-61 0-001 0-771 0772 —1:80
0-04 0-008 3-08 3-03 —4-36 0-002 0-757 0-758 —1-:48
0-08 0-024 2-91 2-92 —3:04 0-007 0-728 0-730 —1-15
0-2 0-077 2-61 2-64 —1-27 0-027 0-653 0661 —0-710
0-4 0-111 2-29 2-35 —0-125 0-059 0-571 0-590 —0-424
0-8 —0-088 1-96 2-07 +0-628 0-104 0-491 0-532 —0-236
20 —2-512 1:69 1-85 1-05 0-158 0-424 0-561 —0-130
Note: The derivatives I, and m, tend to finite values as © — O when allowance is made for interference.
| TABLE 2
Pitching-Moment Derivatives for the RAE 104 Aerofoil (b = 0-445)e
ey Wy
w
Interference , Interference
Free-stream | Interference | and thickness | Free-stream Interference | and thickness
0 0-613 0-617 0-612 —0 —0-833 —0-658
0:02 0-602 0-616 0-611 —1-445 —0-833 —0-660
0-04 0-591 0-614 0:610 —1-210 —0-833 —0-655
0-08 0-570 0-605 0:603 ~—0-954 —0-785 —0-621
0-2 0-517 0-559 0-566 —0-613 —0-664 —0-523
0-4 0-464 0-486 — —0-393 —0-452 —
0-8 0-425 0-429 — —0-249 —0-268 —
2.0 0-475 0-479 — —0-169 —0-172 -
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