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Incidences

Summary.-The problem of the estimation of the aerodynamic forces acting on two-dimensional aerofoils oscilla­
ting at mean incidences below the stall is considered. A method of calculation is suggested which makes use of the
steady motion characteristics of the aerofoil. At low frequencies, good agreement with the measured aerodynamic
derivatives should be obtained as the method is such that it gives the correct values at zero frequency. A comparison
between the estimated and measured values of the pitching-moment derivatives for a particular aerofoil is made,
and this shows that the method suggested gives better agreement with experiment than the usual vortex-sheet
theory",

The method can be extended for the calculation of control-surface derivatives. To some extent, the influence of
compressibility could also be taken into account.

1. Introduction.-A method for the calculation of aerodynamic derivatives for an oscillating
aerofoil is suggested which takes into account mean incidence and thickness/chord ratio effects.
The main feature of the proposed scheme is the replacement of the aerofoil at any incidence
by an equivalent thin profile which gives, on the basis of linearised theory, the experimentally
determined steady motion lift distribution for that incidence. For oscillations of small ampli­
tude about a given mean incidence, it is further assumed that the equivalent profile changes
shape instantaneously with incidence. In the estimation of the derivatives such variations in
shape are taken into account, and the aerodynamic forces are calculated by the use of the linear­
ised theory for oscillatory motion'. It is also supposed that the superposition principle can be
applied so that the changing lift distribution due to the oscillation can be separated from the
distribution corresponding to steady motion at the mean incidence of the oscillation.

Derivatives calculated on the above basis should perhaps be in better agreement with experi­
ment at the lower than at the higher values of the frequency parameter as in practice the
equivalent profile must lag behind the changing incidence. Some comparisons between experi­
ment and theory for a pitching aero foil are made in Figs. 5 and 6. Measured and calculated
values of the pitching moment derivatives for oscillations of 2 deg amplitude at 10 deg mean
incidence show good agreement over the lower range of frequency parameter values. At very
low frequency, however, the measured stiffness derivative for a 2 deg amplitude oscillation is
much lower than the value given by the slope of the pitching moment curve at 10 deg incidence
to which it would correspond in the case of very small amplitude oscillations. This is due to
the fact that the aerofoil stalls at 11· 5 deg incidence which is within the range of the oscillation
(see Fig. 3). In this case, the effective mean slope of the pitching moment curve over the range
8 deg to 12 deg incidence differs from the slope at the mean incidence. When the frequency
of the oscillation is increased, however, the stall is delayed and theory and experiment then show
better agreement.

* Published with the permission of the Director, National Physical Laboratory.
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For the lower range of frequency parameter values the present method is also an improvement
on vortex sheet theory for oscillations about zero incidence, since the influence of thickness/chord
ratio and the steady motion characteristics of the aerofoil are taken into account.

2. Steady Motion.-It is assumed that the field of steady potential flow around an aerofoil
at any incidence below the stall can be reproduced by an equivalent thin profile.

----iP'~V LE:ii ~[~~E --A
- T._- 6Z

FIG. 1.

Let LE denote such a profile, and let LA and LB represent the limits of the upper and lower
boundary layers respectively. The pressure is assumed to be roughly constant across the boun­
dary layers so that their thicknesses can be neglected. If the lift distribution for any incidence ex
is known, it is then possible on the basis of linearised theory to determine the shape of the
equivalent profile LE which gives theoretically the same lift distribution and the same field of
flow outside the boundary layers. Under certain conditions, curves of lift and pitching moment
plotted against incidence can be used to derive such profiles.

The origin of co-ordinates 0 is at a distance he behind the leading edge L, and it lies on the
line LT joining the leading edge to the trailing edge point T. The x co-ordinate* of any point
is expressed in terms of the angular co-ordinate f} by the relation .

e ex = - (1 - 2h) - - cos f}
2 2'

(1)

so that f} = 0, f} = 11: correspond to the leading and trailing edges respectively. Let it be supposed
next that the lift distribution l(f}) corresponding to incidence ex has been measured, and that it
can be represented by the general expression

(2)

where A, B, C, etc. are functions of incidence only, and where

- f} - . f}
Fo == 2 cot "2' I', ==, - 2 SIn f} + cot "2'

T2 == - 2 sin 2f}, I'" == - sin nf} ; n;?:2.
(3)

At any incidence, the coefficients A, B, C, etc., can be chosen by collocation to make equation (2)
represent approximately the measured lift distribution. On the basis of linearised theory', the
lift distribution l(8) as represented by equation (2) corresponds to a downwash distribution w
given by

V
w = Oz = A (ex) + B(ex)(i + cos f}) + C(ex) cos 2f} + etc.,ax (4)

where z defines the shape of the equivalent profile. By integration, it follows from equation (4)
that the equivalent profile with leading edge at L is given by

* It is assumed that second-order terms in ex can be neglected.
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2z = A + B _ C _ 2h('/. + (A + B _ C) ~ _ B e + 2C e
c 3 2 2 3'

(5)

(6)

where ~ == - cos if, and only the first three terms in equation (4) have been retained for simpli­
city.

The lift and pitching moment coefficients referred to 0 are respectively

C - 2nA ~

_ L- [' 1 B-CJ ~ ...
CM(h) = n 2A (h - 4" + 4 . J

The pressure distributions Fn(n ~ 3) in equation (2) make no contribution to the lift or the
moment. It seems, therefore, that for symmetrical sections sufficient accuracy might be ob­
tained by the use of three or even two terms only. In the calculation of derivatives for cambered
aerofoils and control surfaces, however, a larger number of terms would have to be retained.
If C = 0 is assumed for the symmetrical aero foil case, A(('/.) and B(('/.) can be derived directly
by the use of equations (6) from measurements of lift and pitching moment for each incidence a:

In R. & M. 20641, eM curves referred to the half-chord and third-chord axis positions are given
for a Joukowski aerofoil. From these results the corresponding values of A (('/.) and B(('/.) are
derived. They are used in section 3 to estimate the pitching-moment stiffness and damping
derivatives for the third-chord axis position. A comparison with the measured values given
by Bratt" is made in section 4.

3. Oscillatory Motion.-As a first approximation it is assumed that the equivalent profile at
any incidence ('/. is given by

2z (. B) B 2-=A +B-2h('/.+ A+- ~--g
c 2 2'

(7)

(8)

where A and B are now known (see Fig. 2). If the aerofoil oscillates about a mean incidence 'IjJ

such that

o: = 'IjJ + O(t) ,

where O(t) defines the oscillation, it follows that the corresponding downwash at any instant is

W t = dz = oz + V ~(2Z) ,
dt ot og c

= OZ d('/. + V [A + B - BgJ
o('/. dt 2'

Let A' == dAld», B' == dBjd'1jJ and consider the' part W of WI which arises from the oscillation.
Since A('IjJ + 0) = A('IjJ) + O(dAjd'1jJ) approximately when 0 is small, it can be shown that

(9)
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where

Co = (3~' + B' - 2h) ~~ + A'O ,

C B ' D (A' B') cO
1 = u - +"2 2V'

B' c()C2 = - -_.
8 V

(10)

For a simple harmonic oscillation of frequency p/2n, e = eoeipt can be substituted in equations
(10). Then, by the linear theory for oscillatory motion, it can be deduced that the lift distribu­
tion corresponding to the downwash w of equation (9) is simply

where, in the usual notation,

r, = 2C(w') cot ~ + 2iw' sin {} , 1
{} .. iw'. lr 1 = - 2 sin {} + cot 2" + 'tw' sm {} + 2 sm 2#

(11)

(12)

and r 2 . 2-<1 ., [Sin 3-# . _<1]
2 = - SIn tr + 'tw -3- - smu .

The lift function C(w') is given in terms of Hankel functions by

where co ' = w/2 = pc/2V is a reduced frequency parameter.

The lift L and pitching moment M(h) about the h-axis due to the oscillation are given by

2L J [ , iw'] iw' C C )}CL = pcV 2 = 2n 1Co C (w ) + 2 + 4 ( 1 - 2

+ C1 [1 + i~' - iw'(l - 2h)J + C2 [iw'(l - 2h) -lJl·

(13)

(14)

where Co, C1 and C2 are given by equations (10). The above formulae reduce to those of vortex­
sheet theory when A' = 1 and B' = 0 are substituted in the expressions for Co, C and C2 •

By the use of equations (10) and (14) it can be deduced that the moment coefficient for the
third-chord axis position is
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+ B' - iw' (SA' + B') + ~(l1A' + 17B' _ 16)L
3 12 2 3)

(15)

Similarly, the pitching-moment coefficient referred to the quarter-chord axis position is given by

CM(i) = ~ 0 {B' + W'2 (5:' + B ' - t) - 2iw' (AI + ~')}. (16)

It will be noticed that the damping term in this case is proportional to A I + B 'j4. Hence the
damping will change sign at an incidence "Pc for which

(17)

By equations (6) it follows that when (J. = v, for steady motion the pitching moment about the
three-quarter-chord axis will be a maximum*. On the basis of the present theory, therefore,
one degree of freedom oscillations about the quarter-chord axis would occur at incidences greater
or equal to v., In general, the incidence at which the damping changes sign depends on wand h
and it can be deduced from the relation derived by putting the imaginary part of equation (14)
equal to zero. I t should be remembered that the theory is based on the assumption that the
oscillations are of small amplitude.

4. Experimental Comparisons.-Measurernents of derivatives at high mean incidences have
been made by Bratt", but for the purpose of comparison with the results of the present theory,
the amplitudes of oscillation used in the tests are mostly too large. However, one set of measure­
ments for oscillations of 2 deg amplitude at a mean incidence of 10 deg on an aerofoil which stalls
at 11· 5 deg incidence was made, and in this case sufficient data is given to determine A' and B'.
For this particular aerofoil, pitching-moment curves referred to half-chord and third-chord
axis positions are given in Figs. 3 and 4, and by the use of equation (6) it can be shown that

and

A' = ~ [dEM(t) - dGM(MJ ' 1
11: d"P d"P

B' = ¥: [3.!!:-. EM(~) - ~ GM(t)
11: d"P d"P J

(18)

Hence the coefficients A' and B' can be deduced when the slopes of the pitching-moment curves
for two axis positions are known. It would have been better, however, if the lift and the pitching
moment about quarter-chord had been measured as then A' and B' would be given directly by
equations (6) and not as differences as in equations (18). In the notation of R. & M. 20642

CM(~) == (al + ib1)O == 2(me - w2mo + iwmo)O.

and a comparison between the measured values of a l and b, given by Bratt and those calculated
by equation (15) is made in Figs. 5 and 6. Good agreement is obtained for the lower values of
the frequency parameter. When t» is very small, however, the measured value of the stiffness

* C = 0 is assumed in equations (6).
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derivative at [= 2(mo - w 2m(j)] shows a marked decrease in the 10 deg mean incidence -.2 deg
amplitude case. This is due to the fact that the aerofoil stalls at about 11· 5 deg incidence
(see Fig. 3). It is thought that better agreement would have been obtained if the amplitude of
oscillation had been smaller, as in the limit, when w -? 0, the estimated stiffness derivative
corresponds to the slope of the experimental pitching-moment curve, namely, Ci\1(~) at the mean
incidence. For an oscillation of finite amplitude, the effective mean values of A' and B' should
perhaps be taken. In general, they do not correspond exactly to the values at mean incidence,
particularly for oscillations near the stall.
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