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SUMMARY

An approximate method of calculating the turbulent boundary layer
in a conical nozzle with isothermal wall is described. The momentum integral
technique is used together with a skin~friction coefficient which is assumed
to depend on the Reynolds number based on the momentum thickness. Following
an analysis by Spence of the experimental data of Lobb, Winkler and Persh, a
1/9 power veloclty profile is assumed for the boundary layer and the effect
of the transverse curvature of the wall is taken into account. Calculations
related to the conditions in the R.A.R.D.E. No.3 Hypersonic Gun Tunnel are
presented and the results are compared with experimental pitot-survey data.

Notation
a speed of sound
Co skin-friction coefficient
H boundary-layer form parameter, &,/
Hﬁ value of H in incompressible flow

Hp value of H in two~dimensionzl flow
pii 5,/0
M Mach number cutside boundary layer

i/n
n power of velocity profile, = - ( P_)
Ue A
poa/'p01 ratio of stagnation pressures across normal shock
T radial distance from axis of nozzle
R radial distance of nozzle wall from axis

Re/
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nozzle throat radius

radius of uniform core of flow in nozzle
distance measured along nozzle wall
temperature

longitudinal velocity (without subscript denotes velocity
in boundary layer, distance r from axis)

distance measured along nozzle axis
co-ordinate normal to nozzle wall
ratio of specific heats

boundary-layer thickness

b pu
boundary-layer displacement thickness, j‘ (1 - ) dy

[+] <

transformed boundary-layer thickness, /. £ dy
pm

o

o

y
transformed co-ordinate normal to wall, /. Ji-dy
pm
0

&
boundary-layer momentum thickness, /. e (1 - jL—) dy
o)

Pelle
[ ()
R poug Ue

o]

parameter defined by equation (17)
viscosity

density
recovery factor, defined by equation (8)
angle between axis and wall of nozzle

Subscripts /



Subscripts

e conditions at outer edge of bhoundary layer
n conditions at intermediate temperature, Ty fequation (11)}
o tunnel stagnation conditions
P boundary-layer parameters in two-dimensional flow
r recovery conditions, given by ;%-z 1 +-§'(y~1) M2
e
tr parameter transformed according to equation (k)
w wall conditions

1. Introduction

A characteristic of hypersonic wind-tunnel nozzles is the development
of a thick boundary layer along the walls, thus severely restricting the core
of wniform flow which 1s available for testing models. The thick boundary layer
1s due tc the high temperature generated by the deceleration of the
boundary-layer flow from hypervelocities, causing the density in the layer to be
low. A pitot survey of the working section of the R.A.R.D.E. No.3 Gun Turmel
was made by Bowman (Ref.1) and the object of the calculations presented here
was to compare the results from approximate theory with experimental data.

Using the momentum integral equation for axisymmetric boundary-layer
flow, Sivells and Payne (Ref.2) calculated the boundary layer in a
continuous-rumning hypersonic wind tunnel in which the walls were adiabatic.
In an intermittent wind tunnel with a very short running taime {(e.g., the
hypersonic gun tumnel) the wall temperature does not change appreciably during
the run and for this case an isothermal "cold" wall is assumed. An analysis
15 given here of the turbulent boundary layer on an isothermal wall using a
transformation similar to that employed by Sivells and Payne. However, these
authors used a skin-friction law in a form whach implied that the skin-friction
coefficient varied only with x, the longitudinal co-ordinate. Whilst thas
simplifies the integration of the momentum integral equation, 1t 1s more
realistic to assume that the skin friction depends on 6, the momentum
thickness. Accordingly, the present analysis is made with this assumption.

Associated with the use of the momentum integral equation for the
boundary layer is the assumption of a mean velocity profile. Spence (Ref.3)
analysed the experimental boundary-layer data of Lobb, Winkler and Persh
(Ref.4) which was cbtained over a Mach number range of 5 to 8. The velocity
profile which resulted from Spence's analysis was a 1/9 power law profile,

i.e.
? 1/9

-;—1- = (-E) eee (12)
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In the absence of any other data the above profile has been
assumed for the present calculations.

When the thickness of the boundary layer in axisymmetric flow
approaches radius of curvature of the walls the modification of the momentum
and displacement effects of the boundary layer must be taken into acoount and
the approach of Michel (Ref.5) has been followed here.

The howndary layer has been assumed turbulent from the start of the

flow since the Reynolds numbers are high throughout (of the order 1 x 10%/ft
at the throat).

2. Analysis
2.1 Formulation and transformation

The von Kirmin momentum equation for sxisymmetric boundary-layer
flow (Refs.2, 5) is

i _ 2-M*4+H a¥ 1 ar .
[ —_—t—_—— | = 2t eee (2)
2

—t D
ds ll(‘I +y;1 lla) ds R ds

where Cp is the skin-friction coefficient and E, H are defined by

6r

D = f Pt 1:1 -——-]dy ees (2a)
b R Pu

_ &

H = — e (2D)
5]

_ 5

where &, = [ ( )dy ees (2¢)

o PeVe

For a conical nozzle with expansion angle 2w, ds = dx sec w and if w is
small so that sec w » 1, ds = dx. Therefore equation (2) may be rewritten

e 2-M*+H ad 1 ar Co
_+e[ — e = e——— sae (3)
x 2

ll(‘! +17-1M°> dx R d&x
2z

In/
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In order to simplify the coefficient of dM/dx, equation (3) is
now transformed as follows

y+1 Y+l

+ M’:}

i

|
i
@

= B
Y""1 a
— N
*3

-— [ v=1
H = H 1 + —
tr L 2

RN (llb)
- — T
i.e., He1 = (H_+14)=2
tr T
&
and the following equation is obtained
el
i,  ©, aM _ 8, dr c. T —Rly-1)
—£+£—(2+Htr)+£_ = i[_ﬁj . vee (5)
dx M & R dx 2 Ty

The above transformation is similar to the generalisation of the Stewartson-
Illingworth transformation, used by Spence (Ref.§).

2.2 Evaluation of the form parameter, H

In his analysis of the data of Lobb, Winkler and Persh (Ref.l)),
Spence (Ref.3) found that the guadratic temperature-velocity relationship was
a good approximation to the true variation in the boundary layer. Using this
relationship the two-dimensional form parameter, H.p 1s given by

T Tp
Hﬁ +1 = —H; +—. ees (6)
T. p T,

For an isothermal wall with temperature Tw specified, since

Lo oy +-—::’--,M9 , equation (6) becomes
Te 2

4
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where o is the turbulent wall recovery factor defined by

T -T
o = X£__°% ves (8)
Ty - Te

and is observed to be about 0:89 for azxr.

Dividing by To/T, and using equation (4b), equation (7) transforms,
for y = 14, +to

T 1+ 0-178 ¥¥
H +1 = —H; +
try T, P 1+ 0.2 K

ee (9)

The foregoing relationships apply to two-dimensional boundary layers
but it is shown by Michel (Ref.5) that even for quite large values of &/R,
for a turbulent boundary layer, 'H/H? is within a few per cent of umity.

Therefore equations (7) and {9) may be used to evaluate H and .ﬁtr in
axisymmetric turbulent boundary layers.

n+2
The incompregsible form parameter, Hi is given by Hi = and
n

for n=29, H;=11/9.

2.3 Expression for the skin friction

The Blasius turbulent skin-friction coefficient, modified for
compressibility, is (Refs.3,6)

-2
n+1
Tw _ Pm L .I: Pele p:]
Pelle Pe Hm
and for a 1/9 power-law profile this becomes
i
C T B o8
T u
—*—1'? - j— =] —E' . ()'OC)88['£)£‘E“‘B ") (10)
Pelle 2 Tn Hm

T
since pressure 1s constant across the boundary layer, so that o EQ .
Pe m

Once/
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Once again this formula 1s for two-dimensional boundary layers
and writing equation (10} in terms of axisymmetric boundary-layer

parameters gives
- i
Pel,® 6 —°
GP

o 2 127 j [sjﬁéf

~ Ple 8 H + 11
H + 11 eoo {102)

for a 1/9 power-law velocity profile and small ., The last two terms in
equation (10a) are close to unity and writing it in terms of the transformed
momentum thickness leads to

L] o

]

Ce
2

e

i

5
C p.u 8
LA 00088--[ ] [ eetr] . ere (100)
2 u

i3

2.4 The intermediate temperature, Tg, and calculation of viscosity, u

The commonly used defanition of the intermediate or reference
temperature T, is that due to Eckert (Ref.7) and is

Tm =1 0'5 (TW + Te) + 0‘22 (Tr - Te) [3 saw (11&)

For an isothermal wall, T, is specified and T is written in the form

T T
2 = 05 (1 + 0078 U?) + 05 -F (1 + 0.2 M) eee (11B)
T T

e o

for alr with y = 1°4, o = 0.89,

The viscosity, u, may be calculated from Southerland's law
which is, for air, with T in °K,

v/
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3% « %.059 x 107°

!,L = tae (12)
T + 114

measured in slug/ft sec. There is no need to introduce a simpler approximate
relation when integrating numerically on an electronic digital computer, as
has been done here.

2.5 Integration of the momentum equation

From equations (5) and (10b) the momentum equation may be written

UH'"

a,. @ Gi:} V1 Po U, 6.
., Sur W (2 B ) + —E_ = 00088—[ Jﬁ !: tr
R dx

(1_3)

o

3 H, 42
—E %
If both sides of equation (11) are now multiplied by getr RM ] ,

the left-hand side of the equation becomes a perfect differential if Htr + 2

can be assumed constant over the interval of integration. Fig.1 shows the
variation of Hyp + 2 with M and demonstrates that this is a reasonable
assumption. Therefore equation (11) simplifies to

s y+1

- o 22T ]

(211 o

eee (14)

The parameters in the above equation are functions of Mach number M
and so it is simpler to integrate w,r.t.M. The one-dimensional theory for the
unif'orm core gives

y+1
+y__ 2 _ Lk(y-1)
J_[1 . :I eee {15)
(y + 1)/2

from which
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Y1 4(y-1)
( - 1) ( + iy M )
a& 4, R, ’1 2
T I ver (16a)
aM aM 2 M‘?‘ _Z.+_1__
4(y-1)
(%)
2
dr
and since P tan w = w, equation (16a) becomes
5=3y
. vt s 4(y-1)
R* 1 (M - 1) 1 + —:-2— M ) dﬁ* au
dx = = — -d-M+‘——-—c aww (16b)
20N M3 y+1 am w

( y_;}_ >4(y-1)

Substituting equation (16b) in equation (43) and since

3
4 -

s S (1402 u%)
() = (pyar) 2 1)

Y
B

M

for y = 1+4, equation (13) becomes

-]
)

H, +
= tr
I:etr RY Z:I
6H
0-0106 T, [hl: 1+ 02 u? M( tr+11)/5 (i)
i + 6] - L] -
m(pba ) \f"" 1.2 ) (1 + 02 M2)* T,

%
R, ’ T (M - 1)(1 + 02 ¥%) s,
x[ 2 __un (1.2)% + d“ ]dM ® as0 (1?)

Since the geometry of the conical expansion has been included in
equation (17), the equation is only valid for the supersonic region downstream
of the throat and so the limits of integration are a =1, b = M. Using a
similar expression applied to the subsonic contraction an estimate may be made
of the boundary-layer thickness at the throat.

b
= ¢

a

mid
ol

With/
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With equations (11b) and (12) substituted into equation (17), the
latter may be integrated numerically to obtain ¢.
a0y s s .
Since 6§, and o ore not initially known, it is necessary to

assume that they are zero initially and then by iteration a true solution can
be obtalned.

2.6 Calculation of the boundary-layer thicknesses

To cbtain © from ¢, equation (4a) and (15) are substituted into
the left-hand side of equation (17) to give

5
(1 + 0.2 M2P¢°

Hy+2
RMtr

it

(1 + 0.2 U?)® ¢°
= ees (18)

I:R,[ 1+ 0.2 M"f ] H, +2
— ] — ! +5, |M
i’ 1.2

evaluated at M = Mp(x) .

The value of 6* i

ta

given by (under the assumptions made in §2.2)

_ _— T

8, = HO = eI:J-'LU + 02 M?) H; + 0178 u’]. ees {(19)
To

The true momentum and displacement thicknesses, © and &,, are
obtained from the expressions (Ref.8)

3 = 0- 6® cos w
2R
eee (20)
E* . 83 cos w ]
2R

It may not be possible to allow for the variation of H, with

pressure gradient in the present application without making wildly speculative
assumptions (Ref.6), but for most purposes Hi can be assumed to remain

constant (Refs.6,8) and in particular for a 1/9 power velocity profile,
Hi = 11/9-
From/
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From equations (1) and the definitions of the momentum and
displacement thicknesses, which are

o e e e
LN N ] 21
s ) (21)
8, = [ (1 --F > d;
o Pelle
EY
" 0
it can be shown that for (F) = (-E) s the thickness of the boundary
e
layer & 1is
11
5 = & (1 + —->
* H
vee (22)
= e (H + 11) -

It will be seen from equation (419) that as M becomes large H also
becomes large. Thus, at high Mach number &, dis of the same order as 6
whereas © is a smaller fraction of & compared with the value at low Mach
numbers. This 1s because the gas in most of the boundary layer is much hotter
than in the uniform core and so the density is lower. Thus, in equations {21)

the term —£~ is small in comparison with unity across most of the layer.
Pelle

3. Results

Equation (17) was integrated numerically with the aid of an electronic
digital computer AMOS (Ferranti Mark 1*), using a 16 point Gauss guadrature
formula, for the conditions in the nozzle of the R.A.R.D.E. 10 inch hypersonic
gun tunnel.. The tunnel has a conical nozzle with a 4° semi-angle and the Mach
nunber is varied by interchangeable throat inserts. The conditions considered
were as follows:

Table 1 /
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Table 1

Nozzle Nominal Stagnation Stagnation
Throat Mach Temperature Pressure T
Diameter Number ©
(an.) (°K) (pesei.)

0-599 8 1000 2290 65
O« 345 10 1300 2580 57
0-200 13 1400 2490 i1

The working gas was air.

Figs.2, 3 and 4 show the calculated inviscid and oundary layer -
modified Mach number variation down the nozzle for the three cases., 4Also
included are the measured centre~line Mach numbers (Ref.1). Four 1terations
were required to obtain the Mach 8 results and seven for the other two.
Estimates of the boundary-layer thicknesses at the throat were made and
although the displacement thicknesses were very small, they were taken into
account in the calculations. It will be observed that the agreement between
experiment and calculation is best at the lowest Mach numbers., Figs.5, 6 and 7
show the calculated boundary-layer displacement and total thicknesses and
Figs.8, 9 and 10 show the calculated total thicknesses in the working section
plotted on the pitol traverse results. It will be seen that it is dafficult
to decide exactly the position of the edge of the boundary layer from the pitot
traverses but 1t can be seen that the calculated values give a good estimate.

survey station
throat

measured Mach numbers in the core a mass defect thickness can be calculated
which should correspond to the boundary-layer displacement thickneass. Since
the measured and calculated axial Mach number variations did not exactly
correspond, the "measured" displacement thicknesses may be compared with
theory either at the same value of x or of M as in Table 2.

By calculating the area ratios ( ) necessary to give the

Table 2 /
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Table 2
Throat o* Calculated &* {in.)}
Diameter M x expt. at value of
(1n.) (in.) (in.) ¥ (Co1.2) | x (Col.3)
8.3 702 Q74 100 09y
0+599 8:5 73+2 Q.72 1410 1-00
8.7 762 0466 1+20 1.+07
10.2 7244 1404 1470 143
0345 104 751 099 4482 1451
107 78 +1 0-95 2 -0 1460
1247 732 1492 286 1498
0-200 1249 762 122 300 2+10
130 792 4434 309 2422

The analysis by Spence of the data of Lobb et al has already been
mentioned as the basis of the theory used here. The expression for the form
parameter H {equation (6)} has been based on the fact that the quadratic
temperature-velocity relationship appeared +to hold. However, if the measured
value of &,/80 from Ref.k 1s compared with that calculated from equation (6)
there is a strong disagreement as shown in Table 3.

Table 3

Refﬁl'- Eq.n" (6)

Moo TW/'Too 8,/0 H = s
6

493 Heh2 1142 10+96
575 6+19 12-92 1345
6.83 634 13.92 16.05
7.67 594 12447 1773
8-18 6+60 11+52 19+97
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A further example of the failure of equation (6) at hypersonic Mach
numbers is provided by the following comparison of some results from the
hypersonic tunnel at R.A.E. Farnmborough (Ref.9).

Table 4
Ref.9 Eqn.(6)
Fiow Start | M | msm, | S8 | w22
sec) - ' 8
15 8+41 7:86 15-0 22:25
60 842 675 147 20°85

In the light of this any agreement between experiment and theory in
the present or any other calculations based on equation (6) must be regarded
a8 fortuitous.

Equation (6) is based on assumptions regarding the incompressible
form parameter H; and the turbulent recovery factor o {giving the recovery

temperature T,.). Both H, and o may vary considerably instead of remaining

constant as is usually assumed. The difficulty of allowing for the variation
of Hj with pressure gradient has already been mentioned. This is because

the pressure gradients developed in hyperscnic nozzle expansions are far in
excess of any encountered in incompressible flow.

If it is assumed that the recovery factor remains at gbout 0-89 at
high Mach numbers, then the parameters H; and Hypr can be calculated from

equations (6) and (9) using the experimental values of H = 6,/0 from the
N.0.L. and R.A.E, results, It is then evident that Hy and H¢p are not

constant, as has been assumed. It was noted, however, that the factor
Hi + T,/T, was approximately constant for all the results considered,

T o} T - Tn

liee, -—3(1 +—:-) + 2 —— =~ const. = K(say) .
T 8 T
w w

This leads to the approximate empirical formula

T T, - T
H = 2K-—L -
T T
e €
where K-N-Z'Ll-o
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A simpler empirical formula was noted by Lee (Ref.10)., This was

and in fact the N.0.L. and R.A.E. results are all near this figure, the
arithmetical mean being 2-4.

However, it is clearly most unsatisfactory to propose empirical
laws of this kind, with no theoretical backing, and it is plain that there
is considerable scope for both theoretical and experimental research to
improve our knowledge of turbulent boundary layers in hypersonic flow.

L. Conclusions

The turbulent boundary layer in the nozzle of the R.A.R.D.E.
10 in. gun tunnel has been calculated using the momentum equation and an
assumed power-law profile based on experimental observations. Good agreement
hetween theory and experiment was obtained for the total boundary-layer
thickness but because of discrepancies in the theory this is regarded as
fortultous. There was a definite inconsistency between the experimental and
calculated boundary-layer displacement thicknesses,

In order to design high Reynolds number hypersonic wind tumnnels

with confidence, there is a need for more experimental and theoretical
research in turbulent hypersonic boundary layers.
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