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ST 8ARY

4 brief review is given of a theory, due to Cruceco and Lees
(Ref. 1), which can be used for a wide range of laminar cnd turbulent
boundary layer problems., The results of applying this theory to tho
problem of shock wave boundary layer interactions are described from
Ref'. 3.

The same mithod 1s then applied to the problem of estimating
the extent to which criticul bhach nuaber effects on a wing can be delayed
by boundary layer suction, In this report, a numbcr of crude approxamations
have been made to fand the order of mx nitude of this effect, It 1s found
that a sucked boundsry layer may recuire almosi three tiwes as big a
dasturbance ag an unsucked layer, 1n orucr to causc separation. As this
preliminary result 1s quite encouraging, sone suggestions arc mave for wore
accurete calculations,

1. OQOutlane of Theory

The mixing theory of Crocco and Lees {Ref's. 1 and 2) 1s very
surtable for calculatin, the interactien between shock waves and lamaner
or turbulent boundary layers, becausc it 2., .ble to take into account
boundary layer separation, and compressibility effects,

Pasie assumptions of the theory sre:
(1) constant pressure icross the boundary layer.
(11) =zero heat transfer to a solid surfoce,

(i1i) that the boundury layer velocity profiles form & one-paramcter
family, & quantity >f, defincd as the ratio of mean velocity
in the boundary layer to free strcum velocity, is chosen as the
profiie parameter, It is a measure of the "fullness" of the
velocity profile. The properties of any boundary layer are then
expressed 1n terms of three functions of »2 , which can be shown
to be independent of Mach number and Reynolds number.
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Using these functions, the von KArmAn momentum integral
may be evaluated, and the growth of any boundary layer may be
caleculated, The effect of tne boundary layer on the free
stream 1s also given., In Ref. 4 the theory has been extended
to allow for heat transfer between the fluid and a solid surfaoce,
2, Definitions

If 6 is the boundary layer thickness
m = mass flux in boundary layer = /6 pudy
o

a
I = momentum flux in boundery layer = ]6 pu dy
o
P = pressure = constant across layer
M = wmach number

free stream velocity

&

then mean quantities in the layer mey be defined as

i = &
m
- m
p = ==
ub
F. o2
pR

Dimensicnless ratios are written as follows:

xf = ~= = velocity profile parameter
Ug
Ug
w = == = a reduced free stream vclocity, where
a” a® = stagnation speed of sound = constant
Tw
0 = mwm—— = ratio of momentum'destroyed by skin
(ug-T) gg friction to momentum by mixing from
free stream
y-1 To
t = 1w eweew = == = free stream temperature ratio
2 TO
T 1
¥ = == = =~ t¥_ = temperature function
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Wwe also use the following coefficients:-

w
QF = skin friction coefficient = =—-==- 'y
1
“Pele
ds
QN = mixaing ooefficient = == - ¢ =~ C
[ g
dx
(where ¢ = free stream defleetion angle).

mass sucked/unit ares

CQ = suction ceoefficient = ——cmeemmmvcmcrnn————
Pelle
T m
C = C_=- -- where q - a factor tllowing for variation of
m (] Id
q He friction coeflacient with M,

The properties of any boundary layer may be described by the
quantities o (wmoaentum ratio}, v (temperature function) and
C (mzxaing rate function), which are found emparically to be funetions
only of the velocity profile paruneter vi.. Stewartson's transformition
shows them to be independent of compressibilaty effects, so they mey
be obteined from incompressible boundary layer solutions, or from experiments.
Mean curves may be drawn, see Figs, 1, 2 ena 3.

Bach value of 2“_ corresponds to a particular velocity profile:
for instance

separation : x50 = 0.665
Blasius i T o= CL700
agymptotic

suction s 9K = 0.7%0
3. . watiors
The equat.ons given bclow include terms to allow for an arbitrary

amount of boundary layer suction, but 1f the suction cocfiacient CQ 1s
set equal to zero, the equations reduce to those ol hef, 3.

Continuity:
di
é; = pe U G e (1)
Momentum:
dat. 1 dm CQ v dw
bt = - = (1"‘8{) (1"0'"’ -"'> + _— = s (2)
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h(¥€, w) aw t ty  Cq ;1 1dm l

---------- A (G0 A I iy
wt ! Cm m ! _)‘ j m dx l ( )
~ N K] 3

Rk, W) = y(y'+p’) + Lt(w t) :

k(% W) = v+ ¢ (1-0) (120 - ot(1-30) }

Quter Flow; ~

ViZ-1 )
¢ = e———— (wo-w) + const.(wo~w)" + ... ves (B)
Wo

We have found four eguations, for the variables m, »{, wand ¢

as fupctions of x. If the functions o(2f), C(¥0) and ¥(¥) =are given,
the equations may be solved numerically, A number of simple analytic
solutions have also been found, for special ocases,

4. Shosk-boundary Leyer Interactions without Suction

The complete equations (1) to (4) were integrated mmeriocally,
in Ref, 3 for the case with a_free stream Mech number of 2.0,and an
initial Reynolds number of 10, five dafferent shock strengths were
considered. The results were presented as pressure distribution on
the wall, plotted against distance downstream, and a typical result
is shown in Fig. 4. Some unpublished calculations for the case with
a freegstream sach number of 2,0 and an initial Reynolds number of
5 x 10 , which were carried out at Princeton University, showed that the

pressure patio at separation lay about half way between the values for
Re = 10 and Re = 00,

These results generally appear to agree quite well with available
experimental pressure distributions, although the calculated pressure

gradient at reattachment 1s certainly too small, There 1s a sharp "lknee"
in the pressure curve, at the point where the boundary layer separates, and
the ratio between this separation pressure (Pg) and the initisl pressure
(PCJ 1s found to be a measure of the size of the disturbance reguired to
cause separation, The boundary layer separates more easily, as keynolds
nunber 1s increased,

By cross plotting the results at different shook strengths, the
grapgh of Fig, 5 1s obtained for M = 2,0.

Note that no allowsnoe is made for transition to turbulent flow,
so that these results only make physical sense 1f the separated region
ig quite small, There is experimental evidence which suggests that laminar
reattechment can take place under these conditions, if the Rcynolds number
is =smell,

5. Boundary Lavers with Suction

At the sug;estion of Dr. G. V., Lachmann an attempt was made to
estimate whether weak shock waves are likely to cause separation of, and
hence, early transition in, a laminar boundary layer in the presence of
suction. A number of crude approxigations are made, to find the order of
magnitude of the stabilising effcct of suction on 2 laminar boundary layer,
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We assume flow along & flat plate, with suotion being applied at
a sufficient number of strips for the boundary layer velooity profile
ahead of the interaction to be an asymptotic profile, However, the mass
of air suoked is assumed to be small enough to be neglected in the equation
of momentum (2), That is = O in the region of the interaction.
Any suotion which takes place in the region of the interaction will bave
an additional stabilising effect, and delay separation,

4ds a first approximetion, we will neglect skin friction at the
wall, and the mixing of air between the boundary layer and the free stream
= 0, G¥ = 0). This amounts to assuming that the Reynolds number
approaches inTinity, which is not a very good approximetion for a leminar
layer. Bowever, by making the same assumptions for the cases with and
without suotion, an estimate of the effeoct of suction can be obtained,

With these assumptions, the momentum eguation {2) may be written

al wv(X) a
- = -y Lt P (5)
dx M dx
wherv x = distance along plate
M = Mach number
W = velocity profile parameter
v(30) = a boundary layer function evaluated

in Ref, 3.

The solution of equetion (5) is
J’z& L
M o= M, o, v(X) vee (6)

Where M, is the Mach number, just ahead of the disturbance.

Equation (6) oan easily be evalwated , if ¥(¥() 1is known,
and if the value 2{, of the profile parsmeter when M = M, is given.
By integrating this expression from = ¥ (Blasius) to %
(seperation) and from ¥ = (asymptotic) to € (separation) we
obtain the Mach number retio to ocause separation, starting from a Blasius
profile and an asymptotic profile respectively,

6. Results of Suotion Caloula‘ions, with Rg — oo

The ratio of initial free stream Mach number (M?) to Mach
number at the separation point, is found to be 1,023 starting with a
Blasius profile, and 1,075 starting with an asymptotic profile. Or, if

M x 1, & pressurs inorease of about 3.2K iz needed to separate a flat plate
boundary layer; whereas an 8,68 is peeded to separate an aaymptotic layer.
The asymptotic lsayer will stend almost three times as large a pressure
change as the flat plate laysr, before separating. This result is very
snocouraging,
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7. Suvgpestions for surther Calculetions

The figures wbove apply stractly only to tae case where the
reynolds number approaches infainity, which is not physically attzinable
because of transition. Alsc, the thickness of a sucked boundary layer
is likely to be guirte suall, correspondin to a low .ceynolds number, and
1t 18 therefore desiruble to know the cffect of finrte Reynolds number on
separation of an asymptotic bouncary layer. Zrow iac results of Ref. 3
it seems likely thet, as keynolds numper 1s reduced, shock induced
separation will te further delayed,

Morc acourate calculatious 2t a given Reynolds nunber would
setile this poant, Such calculations would present no special dafficulties,
as the method of wel, 3 could Le used without zlteration, except Lo the
bound=ry ccnuitions; but the comiutation is retner lengthy, and almost
certainly requires an -utomatic wigitsl computer.

It would «lso be inteicstiing to compate the effeect of suction
1n the interacition 1cpson 1tself, instead of just starting with an
asyuptotic rrofile zna theo 1gnoring suction, This would be eaxy enouch
an the case wicre Cp = constant, but 1t would add a little to the cost
of 1ntegration, because of the extra iterms 1n the eqguations. However,
the case where Cp 1s o fuaction ol X 1n tne interaction region would
be very expensive indeed to integrate.

Ancther use of tir eguations of Sectzon 5 woula be to calculate
the growth of a laminar boundary layer wuth suction, with free stream
velocity dastribution (eithce subsonilc or supcrsonic) &nd suction
coefiicient specifaed, Only ecuarions (1) «nd (2) would be required,
the genertl case, with arbatrary free streem velccaty and arbitrary
suclion couwld J¢ -olved nuaericelly vithout too much wifficulty, and 1t
would be interesting to make a cowperison with otner metnods, A
particularly simple solution can . tourd for flos over a flat gplate,
with CQ end QM constant., kL3 w7 be written:

;7 S
f -
V. X 1 { v
Re, = 8O ot (1= ) (1= + Ca /o) o (D)
Ue CI\«I(q"k‘Y@
where YL = (ﬂ; &t the point X = Xg-

Tnis expression will gave Rgg very quickly, if Cn 18 mnown,
However, Cy = constent 15 not a very good arproxmation for e lamipar
layer, A better answer would undoustedly be obteincd by usinr the exact
relation for Gy un which case a solution to the dafferential cguacion

al (=D 1-o(¥)] g (1-%1

%

Eakl = i e e o e + m—— e e (8)

dm A} | C(ﬁf)
1s required, ihis could easily be obtained by numeracal means.

The well known solution for o boundary layer wita as;mptolic
suction is o singular point in equation (&) from whien tue propertic
of the asymptotic .rofilc can be derived yuite simply. For exsmple, 1t
18 casy Lo thow taut

Q
(X%
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8, Conclusions

Simple caloulations suggeat that an asymptotic boundary layer

on a flat plate requires nearly three times as large e pressure change
as a comparable unsucked boundary leyer, to cause separation, This result
is encoureging, beocause it seems reasonable to suppose thet a shock wave,
which is not strong enough to oause separation, will not omuse transition
either; and therefore that no appreciable drag rise should be felt, before
the direot effect which the locel supersconio flow has on the pressure
drag becomes important,

The method suggested here may also be applled to & large muber
of problems conoerning boundary layers with suction, and boundary layers
in interactions with shook waves, with or without heat trensfer.
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