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Introduction.~ The prediction of the "off-design" performance
of a low hub-tip ratic campressar stage is difficuli, but if an estimate
may be made of the radisl location of the initial stalling, then it may
prove possible to medify the design and improve the perfermance at lew
flow rates.

This paper gives two approaches to the problem.

The first section deals with the direct problem of the
bPerformance of given ocampressor stages end indicates h~w the blade
sections of various designs approach the stall point.

In the second part, a method is presented which canbines the
solutions of the indirect and direct problems. This method enables a
designer to determine stages which will satisfy the imposed design
canditions and to prediot their off design perforimnoe up to the stalling
point. These stages differ in the distribution of pressure rise between
rotor and stator. This oholce of reaction is investigated in the off
design performance and may enable the designer to choose the optimmua
blading.

In both mections actuator dise theory is used in the derivation
of the equationa of the flow,

Yart T - Prediction of Off-Design FPerformmance of a Given Stage
(The Direet Problem)

1(a) General Theory.- Reference (1) has derived the equations of
motion for the incompressible flow through closely spaced actuator discs,
each diso replacing a blade rrw.

An equation derived ty Bragg and Hawthorme (Reference (2})
is used:-

aH 1 a8
......:--(nr-i-@-——-) "'(1)
dy r? dy
where H is the stegnation enthalpy
r 1is the radius
n is the tangential vorticity
A = ro, is the tangential veloocity (oy) =~ radius product.

v 1is a streamline funotium in the axially sgymwetric flow,

The /
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The tengential vertioity n, upstream or downatream of a diss,
may be expressed in terms of the axial velocity far upstream or far down-
stream of the diso. (Oxg,)s

N = o e—— ess {2}

For a compressor stage oonsisting of two closely spaced blade
rows, & stationary inlet guide vane row and a roter rew, equatioms may
be obtained for the axial velocity distribution that would exist far
downstream of these rows,

Pig. 1 shows the axial locations (02, 03) of the disc, located
at the exial centre~line of the blades. The trailing edges are denoted
by suffixes Ze, 3Je.

Acrosgs the guide vane row

dﬁ:. ma
13—---2-=n1r+61-—-=n2r+62—-—-=0
dy dy dy
-d—.ucz—x—g = ceife—-a-l ...(3)
dr r dy

where ox, 1s the axial velocity that would exist far downstream of the
rov, and ), = r oge tan a,, where o, is the trailing edge air
outlet angle from the guide vans row,

Aecross the rotor row

dH, a a0,
P 2 = P — (aW) = 7, T 40 ——
dy dy dy

where AW d1s the work done on the fluid by the rotor and is given by
the product of blade speed (U) and the change in tangential velooity.

Whenoe
d”x,, 8, 4f, d [ ( )]
PR SR ) -
o = dr r & Yo T e
d d
= (Ouee - 1) ;[63] +U;;[62] oee (4)

where/



where

Cuyg = U= Oxe tan Fye

8 = roy, = r (U-ox tang,)

D
h

N ::'::51,.m = roxne tan o,

1(b)} Linearization ¢f the Rquations.~ Up to the stall point, it ia
usvally assumed that the exit alr angle from a blade row is unchanged with
varying incidence, s¢ that

tan o, = f£(r)

ten B, = F(r)
Equationa (3) and (4) are linearized by writing
dy = ~Troydr

The value of oy used in this linearization should be the local axial
veloocity at the diso stations (cxm y Ox,, ) tut snce

x = Ox1

(c ) is always mmall, little loss of acocuracy ls obtained if the
Gxi

following values of oy are assumed in the linearization;-

Tn equation (3)

%o T~ ®Xze

In equation (L)

U U
——— E w1 AT
on. °x1
Then
do,, f(r) 4
e T - T B ) il a [ XX 5
= - = [r £(z) og, ] (5)
a0y 4 F(r) a a
= —fr (U - X0 P(r)] =x = [z 2(z) o"ae] vee (6)
dr r d4dr dr

The,/
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The velocities Oxgyg+ Cxgg 1Y be expressed in terms of the
“nfinity" uxial velocities Oxy, Cxa, Oxs (Reference 1, Equation (8)).

Cxa ~ Cx1 Cxs = Oxa
Oxe = Ox - ( i ) e"kb/l-r(w-—-——-—xs )e"kb/l
] X
2 2
Sya ~ Cxq
cl‘f-ae = C’Xa - (——-—;———) E}_kb/l see (7)

vhere b o1s lhe axral dastance between tho disc and the leading or
traaling edgcs of the row, and 1 1is the length of the blades, 1.e.,

Oxne = Yoy, + (1 - ZY) Cxz * ¥YCxa

o}
[t}

X3g (1 - Y) Cys + YC!-Xs Y (8)

where 2y = 1 .

If guide vane and rotor are far apart, then interference
effects may be neglected and

a

I

Xpe = Cxa (1 = ¥) + Yoy

ox exs (1 = y) + oxg vea(9)

ae

Fauations (5) ard (6) are thus similtansous differential equations in
terms of tw» unkrowns o©xg, Cxa Or nmore conveniently o©xs, Cxgse

The simplest method of solutzon 1s %o determine oxs approxamately as
a function g(r) by putting Cxge = ©Cxa 1n equation (5).

Equation (6) may then be expressed in the form

----- ~+ P(I‘) Oxae = Q(I‘) .Ul(10)
the solution of whioh is

QeIPdr dar

Ox = meemme—e— 4 Oonstant eee(11)

39
of T

which may be solved when the angle distributicns tan a,q = f(r)

and tan B, = F(r) are specified. Oxges Cxs may be determined when
Cxas Ox,q B8Te known, fram equations (8) or (9).

1(e)/
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1(e) Some Partioular Solutions.- Equation (10) may be molved
analytioally for certain distributicns of air angle with radlus

1) 2(x) = ar

F(r) = Br
&,
0 =2 ol
2 a, + A'r?
a r®+a,) 1
Ox. = (a.r + 3 (-—-—-—-—-m ) + A8 ...(12)
1 + A’r’ a, + a,r?
A
(12) #(r) = -
r
B
() = ~
r
Ogg = Oxg

og = b log (b +Dbyr®) 41,

se

ox , = by + b, Ox,, voe(13)
. A
(314) £(r) = -

1
7 = o(x-)
Oxs ™ Oxq
r‘ - 10 o]
ox,, * % lar):.’ ooe(1h)

o.-i-o‘ (r-—-—)
r

where a,, b, o, are oonstants.

Various/
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Various combinations of these angle distributions may be
eonsidered. In particular, if a free vortex guide vane row
A
(‘ca.n Gog & = 5 Oxy = °x1> is used, the following solutions for
r

different rotors may be obtained, neglecting interference effects

(iv) F(r) = Br
a, +4d,r?
S L eal15)
d, + 4, r
(v) F(r) = B
ox , = e;,_r"a’a + e, +6,r ve.{(16)

where d, e, are constants.

A
The crmbination of f(r) = -, F(r) = PBr is used later in
r
the analysis of the indirect problem of design., (Sectien 2.)

A
For a free vortex design in which f(r) = ~ and
r
o
F(r) = Br + - a graphical sclution of the equations may be obtained,
r
ag indicated in Reference 5.

1(d) Off Design Performance.~ Once the distribution of air outlet
angle is specified then it becomes possible to prediet the radial
location of the initial stalling of the rotor row.

A. R. Howell (Ref. 3) bas shown that the performance of a
oascade is most easily expressed in terms of nominal conditions - that
inoidence at which tne deflection is 0.8 of the stalling deflcction.

For each radius, onoce the radial distribution of f,, i=a
specified then the nominal air outlet angls fg, 1s fixed, an% the
ncmnal deflection e* 13 fixed by Howell's data, if the Reynolds
number and spece chord ratis are known., The nomnal entry air angle
to the rotor i1s then calculated.

&
Ple = Ple *°¢

At any flow thc inlet aar angle to the rotor is calculated
from the relation;

tan ﬁae = - tan a.g'e

Tha/
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The deflection ¢ = B - Ay and the difference fram nominal
incidenae Pg = F% = 1-1% are alsgo found.

Thms for selected distritutions of op , B¥,, Reynolds number

i = i* €
and space chord ratio, plots of ————~ against - may be compered
c* e*

with the general shape of the ourve given by Howell, for any rotor blade
section,

It should be noted that there may be no flow at which all
sections are at nominal oanditions, if the space ohord ratio is
predrtermined,

1(e) Caloulations.~ Such calculations have been made for the
incempressible flow through a atage of hub-tip ratic 0.k, in which the
mean Reynolds number is 3 x 103, and the space chord ratio has a value
of 1.0 at a hub tip radius ratio of 0.7, It is assumed that the blade
chord is oonstent, i.e., that the pitch chord ratio s/o varies
linearly with madius, The ratio of blade height (1) to blade axial
spacing (b) is taken as 2.1.

I L e
Fig. 2 shows plots of —ww——w , -= at root, mean and tip
c* €*
sections for a stage in which f(r) = Ar, F(r) = Br. Calculations
were made for seversl values of A and B (3 <A<t, <B<1), but
in every oase it was clear that the blade tip would stall first as
U

A = ——- increased, although the tip seotion was generally furthest
TOxs
from the stall at low values of A\,
A
Similarly for the angle distribution in which f£(r}) = =,
r

B
F(r) = =~ +the stall would be expected first at retor tip, for a

r
similar renge of valuss of A and B, and the off design performance
graphe sre similar tn Figure 2.

For two free vortex etages (for which graphiecal solutions were
obtained) one with, one withrut guide vanes (Ref. L), the reverse
process ocours, the root section stalling firet,

Part IT - Selection «f a Design on the Basis of Off Design Performance

2(a) Introduction.- The radial dlstribution of the outlet air angles
from a row ocan be expressed generally as

a FP» O
tan a er tan A = -+ bre
pad q3 0

For well inown designa such as the "free vortex" the cutlet alr angle
varlations axe:

for/



a
far the stator and guide vanes tan o = ——
r

a
for the retor tanp = - +hr
r

and for a "oonstent a ) design, approximately

tan o = a1+'b=_r

tan S a,+br

It has been seen in Part I ~f this paper that actuator diso equations
nan be snlved when

tan & = AX®

with

norm=2331,0

In this section, it is shown how these sclutions may be used
te determine gemeral ourves relating the constants A and B to the
stage temperature rise orefficiant and the flow coefficlent. This set
of ourves enable the designer to salrulate the different coupling of the
cmstents A and B required to satiafy the desmign conditions. (The
indirect problem).. The same set of ourves may be then used to
predetermine the overall stage temperature rise ocharacteristio. ({The
direct problem). In this respect, dirsoct and indireot problems are
combined. In the cases ocnsidered, the overall temperature rise
charaoteristios up to the stall point were very little different for
different cruplings of A and B that defined blading satiafying the
game design conditions. In mrder to choose the beat blading, a further
more detailed analysis must be made of the flow through the stage, to
obtain an Insight on hew and why a cortain section of row will stall.

2(b) Design Curves for Blading of Chogen Vortex Flow.- As it has
been shown in Part I, the astuabtor disc equationa can be sclved for
particular vortex flows, and from these solutions

°%i6  “Xap . ox
- , == are known functions of tan gy, tanfe, —— and r.
Un Un Um

The/
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The temporature rise coefficlent may be written

n U fo T  ox o
[*Z [...’E_es(___ aemﬁw>,(3ag)tmne]m

KPAT _ 'y Un " U L Uy U B ()
[ /I‘t Ox1
I‘h Um
%%, 6 04
Introducing in this rclation the solutions for —22 and 322 the
Ui U
A
integration can be earried out, and for the exemple fan o, = -,
I
tan §, = Br the final relation msy be written
AT Cx1 Oxy
K’-i-—+a.a-—-=f(-—-,3) ees(2)
Wn Un Um
Ox1
in which a is a constant. The iunction f | —- , B can be
Ui
Ox1
represcnted iy a set of curves for which B 18 the variable and -
U
a paramoter.
These curves wore drawn (Fig. 3) for the case in which
A
tan ayy = = and tan f,q = Br for a stage with an Hub/tip ratio
T
Ox4
oqual to 0.8, The analyticsl function £ (—E- s B) can be devermined
Uny

but its actual form is s0 cumberscme that it is of no practiocal use and
tho set of curves such as given in Fig. 3 enables the designer to
dotermine different blading (i.es, different values of A and B) to
mateh glven design oonditions, and to caloulate the overall characteristio
for the stage temperature rise as long as the satage is not stalled.

AT
In the example ocwnaidered, the design oconditions were -IEP-—— = 0,25
m
Sx
pnd —— = 0.65. Using Pig. 3, these conditions ocan be matohed by
U

different bladings for which the values of B: 0.6, 0.8 and 1,0 were
ohogen and the respective values of A: 0.222, 0,387 and 0.553 were
calculated.

Knowledge of A and B +thon enables the determination of the

off~design values of —— +t0 be made from the mame set of curves,

U
T Cxs
and oangequently the characteristic of --[-I-;-» related to ——— may be drawn,
1,
m m

In/
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In this respcot, the soluticn of the direcot and indirect problems are
combined. In Pag. 4 it 1s seen that the characteristic i1s the same for
the three stages up to the stall point, but the overall characteristic
of Fiye 4 deces not gLve any information as to the stalling of the
indavidual blade secticns.

Thas information can be given by the more precise analysis of
Section 1(d) which tells how the different stages will stall.

This analysis was carried out for each row as follows:-

(1) as the outlet air angle fram a row at any radius may be
assumed ccnstant as long as the row 1s unstalled, from the data
given in Ref. 3 the nomanal deflectzon can be deduced at any radius
if the ratio 8/c and the Reynolds nuwiber are known.

(2) As the axial velocaty profiles (Appendix 1) and the air
rutlet angles are known for various flows and at dafferent radial
soctions, the actual deflection can te calculated. Consequently
the operating points can be plotied for different radial secticns

€ i - 1=
tn Howell's curve relating =-- to - -
c# €

This was done for the different rovs at radial sectiona
T
e = 0.8, 0.9 and 1,0 and the results are shown in Figs. 5, 6 and 7.

Ttip
2(c) The Behaviour of Stages Matchang the Same Design Conditions

(1) with the desagn B = 0.6 and A = 0.553, the rotor will
be stalled first for a fiow cocfficient = 0.5,

(2) with the design B = 1,0 and A = 0.222, the stator root
will stall first for a flow coefficient slightly less than
Cdbo

(3) wath the design B = 0.8 and A = 0.387, the rotor fap

and stator root 111l stall at the same flow coeffircrent
(less than 0.5).

irom the restricted point of view of a delgyed stall, the latter design
vaeld scem Lo e the most attractive,

2(d) The Couse of Early Stalling.- In order to obtain a better
mmsight of the stall amecharasm, 1t 1s interesting to point out the
reasans wiy a guven stage section stalls earlier.

It appears that there ars two basin reasmnas:

(1) the leading of the blade at the design conditions which
determine the inatial opcrating poant on the Howell's
curve; 1f the leading 1s hagh tais prant wall be nearer
the stall,

() tre rate at which the incidence increases on a certain
tlade section when the flow decreases,

This may be studicd as follcws.

£ 1s the air inlet angle rclative to a row and a 1s the
leavang air angle relative €9 the preceding rov. It is assumed that

a 18 independent of the flow coefficient as long as the row is
unstalled/
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unstalled, and it is alao aseumed that the variation of the axial
velooity between the rows may be negleoted.

o and £ are related by the relation

) Cyx
~— = e tan o
Up Un
m
tan g = o-0(3)
Oy .
Un
Ty differentiatiom:
d tan B r 1
ki = [T Y m—-; ...(l‘_)
1 X o (-’.‘)
U Un
or
T 1 Oy

& (1 + tan®g) = - — .

o« d - eas(5)

If 1 is angle of inocldence

il = a°
and
dai r 1 r costp
—— - e o =2 = e 030(6)
g x b o
2 RE e
U U U

This relaticns shows wiioch factors are important in explaining oocurremos
of the stall,

(1) the redinl position of the blade section considered.
Aocording to' (6), all ofher omnditiona being the same,
the tip msction will tend to stall eexlier than the
other seotions.

(2) ths form of the axial velocity profile.

(3) the magnitude of the inlet sangle relative to the row.

With/
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With these reasons in mind, the cccurrence of stall in the stage
considered can be explained., The rotor tip stalls farst for tlie design

B = 0,6 and A = 0,553 boecause the rotor tip soction is more
heavily lcaded for this design.

Taoe stator root stalls earlier in the desagn B = 1.0 and
A = 0.222 than for the two others. In this case the loading at the
stator roots is almost the same for the three designs but the outlet
angle from the rotor is the largest and the slope of the velcoity
pProfiles is also the steepest for the design oonsidered.

2(e) Conclugion.~ The gpethod followed in this paper gaves the
deszgrer information relative to the performances of a new design which
may enable him t¢ caoose the best blading to match specified design

conditions, or to know the effect of a change in the blading on the
stage performence.
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FIG.l. AXIAL LOCATIONS |IN COMPRESSOR STAGE.
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FIGS. 384. TEMPERATURE RISE CHARACTERISTICS.
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FIG.5.PREDICTED OPERATING POINTS PLOTTED ON IOim_..mm CURVES
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FIG.7. PREDICTED OPERATING POINTS PLOTTED ON HOWELL’S CURVES /
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