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GRAPHICAL SOLUTION OF MULTHOPP'S EQUATIONS
FOR THE LIFT=DISTRIBUTION OF WINGS

ABSTRAGT

A simple graphical method 1s dsscribed facilitating the deter-
mination of the lift-distribution of wings. The basis is Multhopp's
method cof replacing approximately the integro-differential ccuation
for the ecirculation by a finite system of linear equations which

give ithe valuss of the circulation at certain fixed points along the
Spall.

The values of the unknown circulations are represented by scales
in a set of diagrams for the squations. The multiplication of the
approximate values of the unknowns and the constant coefficients of
the egquations is effected by auxiliary scales in the diagrams, The
corrections of the approximate values are transferrsed from the
auxiliary scales to the main scales by a pair of dividers.

The Iift-distribution of a rectangular wing 1s determined as a
practical example.
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INTRODUCTION
1. The determination of the lift-distribution of wings 1s usually carried
out by the method of Multhopp (1) whereby Prandtl's integro-differential
equation 1s replaced approximately by a finite system of linear equations,
These equations permit a solution by :teration which converges rather quickly
in all cases of practical interest,

Za The calculations are usually carried out numerically, but graphical
methods are equally suitable for the procedure of iteration, and their
accuracy 1s often sufficient for practical purposes. ¥ulthopp himself
suggestied a graphical method in which the slope of straight lines represented
the required values of the circulation™**, The practical application of his
method requires a drafting machine, for transferring the directions of these
lines from the diagram of one equation of the system to that of another one.

3 A somewhat simpler graphicsal method 1s deseribed helow, The values of

the cireulation are repr-sented by scales, The multiplication of these
values and the constant coefficients of the equations 1s effected oy auxiliary
scales, The corrections ootained from the auxiliasry scales are transferred
to the main seales by a pair of dividers.

MULTHOPP' S SYSTRM OF RQUATIONS AND
ITS SOLUTION BY ITERATION

4 Consider the equations of Multhopp, for example i1n the ecase of 7 points
along the span of the wing, assuming symmetrical distribution of the
angle of incidence with respect to the centre of the wing.

¥ S

vi 5234 B o= a4 Lol vy, +0.15 v,
) €y Iy
f b )
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€y by
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Ys 12,16 + 2 = 4y +0.91 v, 1+ 0.85 Y.
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z/ b \l
Yo 2,004 2 = o, +0,11 v, + 1,58 va
o Cq t4‘
y 4¢p
S Here, & denotes the span of the wing, cy = 2 E o ( 1.1 n 1n most cases)
the derivative of the lift-coefficient with respect to the angle of
inc:idence, ty the length of the chord of the wing-sectien, oy the angle of
1ncidence (o = L. oy, Yy = ng;zy the non-dimensional ¢irculation at the

87,3 "

point v, The position n, of the points where y, 1s calculated is shown in
Figure 1.

6. In order tg calculate the unknown values Yy from (1) for a given wing,
the method of 1teration 1s used. An estimated Oth approximation is
obtained by neglecting the terms contalning Y, on the righthand side of (1)

Yio = | 8.23 + %1

-~ JL\_I
Cq tj

(2)

The first approximation is then obtained by introducing Yy, 1nto the righthand
sides of (1}. As Y1 and Ys 1n (1) depena only on Ys and Ys and vice versa, a

more rapid convergence 1s obtained by using Yzo and V. only 1n the determination

of Y112 and Ysi, and using these values instead of Yig and Yse for the determination
of Yz1 and Ys1. The first step of the 1teration procedurs will therefore be

ke Germant war—-time report of trhe PFocke~Wulfl Werke, Bremell. Not publistec.
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Yi1 = | 5023 4 -”t (dy + 1,91 Yoo + 0,15 Yao)
E €1 Tq
’ (2a)
- wj___ 1
Yar = 216+ 0 (oty + 0,91 Yoy + 0.85 Yao)
i C oy tsl.f
w1
Yoy = | 2.83 + E_EE ! (oty + 1,04 Ye1 + 1,19 vgq)
. 2 o !
) L, ()
E =
Yei= | 2,00 + 2 ,j (0, + Ca1l Y11 + 1.58 Yar)
. C4 t4

Further approximations are calculated in the same way, After a few steps,
the successive approximations ¥y become practically constant, 1.e. they
represent the soluticn of the system {1).

GRAPHICAL ITERATION QF MULTHOFPP'S SYSTEM

QF EQUATIONS

7 In order to carry out the 1teration of the system (1) by graphical

methods, the values Yyo have flr?t to be determined, 1.e. %4, .... have

to be multiplied by {5.23 + bt ib Y aes This may easily be done by
~ Cl 1,
constructing a right-angled triangle with the sides 5,23 + __ﬁt and 0y 1N
€1 ¥4

suitablé units (independent of each other) and a scale for y, parallel to the
si1de representing 0, {Figure 2).

—

8. Let £, be the unit length of 5,23 + MMEE , {, the unit length of ~, and
€1 Py
#5 a third unit length. A straight line AF 1s then drawn bearing a
scale of unit length {; with the origin at a distance 5,23 {, from A,
Another straight line CD 1s drawn perpendicular to 48 through the point ¢ at
a distance 25 from A.

2. Now let b = 2 1n a particular case. A second line £F | Ak 1s then
€1 ta L
drawn through the point § which corresponds to b = 2 on the scale of
€1 by

Ab. Further a line G# 1s drawn anywhere 1n the plane bearing a scale for o,
of unit length 2., Let ¢y be 1 1n a particular case. oy = 1 15 then
transferred by a pair of dividere from GF to £J along the line EF, and a
straight ling 1s drawn from 4 to J intersecting the line P at the point K,
The distance Cf wi1ll then be

_ AC wy b > Bs _ L2 £s
OF = JE. 2 = 5,23 + . = Yo
AE ¢y 4y £1 @1 (4)
{2 s
The line (D may therefore be fitted with a scale for vyi, of unit length 5T
{

ic. The scales 48, CD and GF are obviously the same for every wing, only the

lines EF and AJ {dotted in Figure 2} have to be drawn in any particular
case. Almost the same system of scales can also be used for the determina-
tion of Yon, Yan &nd Y,,, the only difference 1s that the distance between 4
and the origin of the b/ct - scale must ke 2.83 {41, 2.16 £, or 2.00 ¢4
respectively, 1nstead of 5.?3,61.

11. In order to obtain from Y., the improved valus

! (op + 1,91 Yoo + 0.15 Yao) (5)

_ b~
Y11 & 5,23 + \
€y Iy

P
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the quantities 1.21 Yo &nd 0,15 Y., have to be added to &, and the result has

1
\ -
agein” to be multiplied by  5.23 + -«QZ- . Two auxiliary scales L¥ for
~ 61 1}
1.91 Y, and 0.15 Y, are therefore drawn in addition to the scales 45, (D and
Gf of Figure 2, with the unit lengths 1.91 , for y, and 0.15 f» for v,
(Figure 3).

12, With the aid of these auxiliary scales, the length (1.91 Yau + 0,15 Y.uo)
is trazneferred to J¥ azlong the line JF. The line 4¥ 1s then drawn

in the diasgram intersecting the scale of ¥, at the point ¢ corresponding to the

wmmproved approximate value Yi4 0f Y4,

The improved value of v, Ya1r 15 detemined in exactly the same manner
and then Yz, and Y,, are determined correspondingly by using the improved
values Y44 and Ygzi 1nstead of v,, and Yag.

13. The rext approximation Yy, 18 then obtained by the same process, using

Yo1s Yars Y1z Yas 118te8d OF Yuo, Yaor Y11, Yaa1, and correspondingly
for further approximations. After a few steps, a set aof values yyn 18
abtained which remsin constant 1f the i1teration 1s continued. These values
represent the solution of the system (1) within the range of accuracy of the
method.

14. The scales 45 of E_EE , CO of Y4, GH of 24 and the auxiliary scales L¥
€1 Iy
of Y, and v, 1n the diagram of the first equation, and the ccrrespending

scales 1n the diagrams of the other equations, are obviously the same for all

wings. It 1s therefors convenient for practical applications to use blue-

prints of these scales which can be kept in stoeck (Figure 4). The di1agrams

of the first and third equation of (1), and equally those of the second and

fourth equation, may be designed on theses blue-prints with the use of the

same scale of 2 1n order to obtain smaller dimensions of the whole di1agram,

c

15, A sumilar combined diagram can also be designed for the case of an anta-
symmetrical distribution of the angle of incidence, The eguations of

Multhepp are in this case

y: 15,23+ .0 =0, + 185 v,
-~ €1 by,
‘ )
Yo 2.83 + _.?__‘ = 0y + Y1 + Ys (6)
L. €y ty!
YB 2. 16 +_______ = as -|. 0,77 .Y2
- Cg by

The diagram for this case 1s designed in Figure B; further explenation
appears winecessary.

1lé. It 1s of course not difficult to apply the same method to the cass of
1B points along the span in order to obtain a better approximaticn to
the original integro-differential equaticn of Prandtl. For a still greater
number of points, however, say 31, the graphical methcc becomes too compli-
cated. In such cases, the calculation should be carried out numerically.

A NUMERICAL FXAMPLE

17. A practical example will show the use of the diagrams of Figures 4 and 5,

Consider for example a rectangular wing of aspect ratio 8/t = 2r. Let

d

¢
the value of ¢ = %- d__é be © (theoretical value for symmetrical wing-scctions

o
of infinitely small thickness) and the angle of incidence o be constant

(e.g. = 1) along the wing in the symmetrical case, and be zero in the anti-
symmetrical case at the points nM,, Na ", and 1 at the pcint M., The value
of b

i w1ll then be 2 for all points of the wing.
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18. Consi1der first the symmetrical case. In order to ohtain the Oth
approximation, lines parallel tc the scales of Yy are drawn through the

cints _b = 2, and the points J, are marked on these lines by transferring
P v

€
to them @, = 1 from the scale of o (Figure 4), Straight lines are then
drawn through J,, and the points (yv) of the basic lines of the dragram,
These lines intersect the scales of Y, at the points v, which give the Oth
approximation for the i1teration process

Yio = «145 Yoo = «21L;  Yag = .25 Yao = 26

19, The lengths corresponding to Yao = .21 and Y,, = .26 are now transferred

from the scales (Yy,) toc the dotted line from 5~2% = 2 to J, 1in the upper
1 b

diagram of Figure 4. By this means the point #; 18 obtained. The straight

line connecting ¥, and (Y;) on the basic line intersects the scale of Yy at a

point eorresponding to the improved value Y,4. The 1mproved value y., is

determined in the same manner and correspondingly the values Y,y and y,, are

determined from the lower part of the diagram, using in this case the values

vyq 8nd Y54, 1nstead of Yi, and yg,. The first approximation is therefore

Y11 = +207 Y1 = o345 Yz = #3047 Yaa = .40,

Repeating the prcocedure once more with these improved values, the second
approximatiocn

Y1 o835 Yoo = 368 Yap = 405 Yuz = .42

15 obtained.

After the next step, only the value of y, 18 slightly altered
Yra ™ «2853 Yaa = 367 Yas = 40] Yaz= .42

and further steps will give the same result, within the range of accuraecy
which can be achieved by a graphical method. The values YVa are therefore

the solution of the problem, The exact soluticon of the eguations is

¥Ye= 0.2419 Y= 0,3520 vy5; = 0.4042 vy, = 0.4182.

20, The determination of the values Y, in the anti-symmetrical case 1s
«arried out in exactly the same way with the use of the diagram Figure 5,
and therefore needs no further explanation, The result is

Y1 = o105 ¥ = .03 Ya = 0L Y. = O

In this case only two steps of the iteration process are needed to cbtain the
final result. The exact solution of the equation is

Y1 = 0.1464 Y, = 0.0315 Yz = C.0068 ¥y, = O.

z21. The permission of the Admiralty for the publication of this paper is
acknowledged,

(1) He Multhepp:s Dle Berechnung der Auftrisbsverteilung von Treg fluegeln.
Luftrahrtforschung 15 {1938), 153165,
F. VANDREY
F.V/EL
AR.L., Teddington.
February, 1851.
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SYMMETRICAL CABE .

LIFT —DISTRIBUTION,

, C=%, d=l.)

(RECTANGULAR WING, Ht=2 7
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LFT—OISTRIBUTION. ANTISYMMETRICAL CASE.
(RECTANGULAR WING, &/ =27, CedT , dul, dp= dy= by 70.)
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DIAGRAM FOR THE GRAPHICAL SOLUTION OF
MULTHOPP'S EQUATIONS. ANTISYMMETRICAL CASE,
7 POINTS ALONG THE SPAN. FIG.5.
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