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Suarary.

The alr flow and the air force created by all elements of
the propmeller blades lving in a ring loceted between two concen-
tric circles around the propeller axis are independent of what
héppens in other rings. The aerodynanic equations of such blade

elements are established and tkeir application is discussed.

- Since thg air forcss of wellédesigned nrorellers are uniform-
ly dlstributed along the blades, the blade slements in each con-
centric ring azound the propeller axis have properties practical-
ly independent of those in other rings. Hhence the design oz thé
analyéis of a propeller has To be performed by designing or anas-
lyzing consecutiively the elements of a number of such iings. I
rroceed immgdiately to the discussion of this problem.

One such short piece of the blade is generally considered
as a wing moving on a spiral path. The angle of sach blads ele-
nent may always be measured from its direction of zero 1ift.

There are itwo important angles: The angle e of inclination to -
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the -propeller plilane and the angie B of avtaczk relative to the
air. The air force of the blade elewnent has orne compousnt in Tre
direction of the relative motion and snother one at right angie
to i%. The foruer is due to the viscosity of the air and will be
cons:dered later. It is emall in gereral and dées not materially
alter the character of the air flow, btub it can Tty no means be
nsgesosed. v way be called drag, and the other fsrce may be call-
ed 1lift. By dividing tne 1ift by the area of the blade element
and by the dynamical pressure of the relative.velocity between
tlade element and air, a 1ift coefficient C; may be defined.
The 1ift coefficient thus obtained obeys the laws established in
the ordinary wing theory for infinite aspect ratic, In pazrticu-
lar, it is never very different from 2T B.

The 1ift of the blade element, the relative velocity between
i1t and the air, and the absolute velocity of the blade elements
may be divided into components parallel and at right angles to
the pfopelier axis. The ccmponents of the relati%e'velocity may
be ¥ritten u and f, and those of the absolute velocity, U end V,
where v and V are parailel to the axis. It may be assumed that
V at the same time is tﬁe velocity of flight. The two components
of the 1lift may be called thrust T and tangential force P.

Let 6 finally be the angle between the direction of the 1lift and

the axis, so that
T =1L cosd, P=1L¢giné, " v/u = tan§ .

The angle of inclination of the blade element to the plane of the



propeller is then
€ =6 + B.
The problem is to deduce the values of U and V 1f 6,
Cr,, u, and v are given. This is done by the application of the
momentum theorem. The mass of air to waich momentum is imparted
is the mass of air passing the ring of radius = and breadth dr
with the velocity v. Hence it is per unit of time

217 r dr v.p.

Momentum is imparted by both the thrust and the tangential force,
and it has to be assumed that half the total gain in veloclity has
been made when the air passes the propeller. Thsreforé, half tais

gain in velocity is

1

2 C
il T, . R . .
v —= in the tangential direc d
ST 4 sin & g Tection, an
C
P T 91_’5’.2_5._ in the axial direction, where 1
8 Tr 4 8in®d Jgenotes the number of blades and

¥ +the breadth.

Hence, writing m for

i % EL

anr 4
(1) V =v{(l - m cos 8/8in®8) .
(3) U =u(l + m/sin§),

From which it follows that

(2) V- tans L—m cosd/sin’s
1 +m/s8ind

o]
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The propeller coefficients, defined by

T P
Cm = and CL =
- 2 mzrdr Va'g R 2mr dr V® %
therefore is
(4) Orm 4mcosd ; € = COp . tan 5.

f(l ~ m cos &/sinz §° ’ Q

There remains still the drag to be considersd. Its infiu-
ence on the thrust and on the acceleration can be neglected.

The cocefficient GQ is increased by -

on L 4 m cos QD/CL
Q@ (1 - m cos 8/sir°5)?
as-fqllows from the consideration that the tangential component

‘of the drag is D cos 8 and by applying the same conclusions as
before. Hence the complete coefficient of the tangential force

is

| | = 4 m cosd ( 4 o

The equations thus obtained are sufficient for the design

and the'analysis of the blade element, but they are not vet in
such a form that they can be used oonvenientl&. For this purrose
the equations have to be transformed. For purroses of design,
generally CT, GL and V/U are given, and also the number of

blades. From OCp, B and Cp can be derived directly from the

knowledge of the wing section and are to be considered as known



-5 w
too. The three unknown Juantities to be determirned are the
breadth of the blade element, %, 3its angle of inclination, ¢,
and CQ’ the coefficient of the tangential force. These can

easily be found if the two quantities & and m are known. They

are to be determined first. F-om equation (3):

R tan § - V/U
8 = .
(8) m= sinb ——y

This may be substituted in equation (4)

4 8ind cos § tan§ - V/U

o = 1 +V/G .
T 1 - _tand - VA N’
( tan 8§ (1 + V/U

or, otherwise written

_ 2sin?®§ _ 28in®5N° _ -
(7) tané =V/U + tans (1 +V/U){1 +————-—GT /(l+ GT> _L}.

The negative value of the square Toot bas to be taken, because
otherwisge, if GT is small, the second term on the right hand

side becomes very great.

This equation now can be used for the determination of tan$.
It is true that the right hand side contains the unknown quantity
too, but it contg.ins it in such a way that its value is not great-
ly affected by a small error in tans. . The procedure is there-—
fore to estimate tand at first. It is slightly greater than
V/U, say 10% for high velocities of flight and 20% for low
speeds. Hence 1,1 to 1.8 V/U 1is to be substituted for tan d



in the right hand side of the equation, thus giving a second im-—
proved valve for tan §. Often this improved value will be cliose
enough to the first estimation and to the final resuls. If not,
this improved second approximation may be substituted In the
right hand side of equation (7) giving a third improved approxi-
mation, and so on.

After the determination of &, m is found by substituting

& in ejuation (8). Finally,

:(8) % =-%§ 20z
€=8+56 and G cén be foundlby substituting m and 6 in
the right side of equation (5).

Thus all gquantities needed for purposes of désign are deter-
mined.
| The analysis of a given blade element, that is, the calcula-
tion of the air force if the width cf the Dlade elerment, t; its
inclination, €, and its velocity, U/V, are given, is perform— _
ed similarly. The same equations are to be arplied of course.

- E

It may be assumed that U/V, €, and B%Wbr

tion, the relation between g and CL mist be known and mav te

re given. In addi-

assured to be -

GL =231,

Cp and Cn are to be determined. In order to be able to determine
them, 8 and m are calculated first.

The three equations for the determination of the unknown



Guantities are now

m=-tt L
a nr 4
¢
Y et )
6 =¢ - =7

V/U = tan§ L.— 1 ccss /sinfs
1 +m/sind

with the three unknown quantities m, &, and CL.

The first equation can be written
2 10T
Cr = ==
L= AmTTY
and this can be substituted ;n the second equation, giving _

_ 2m 21 T
S’E"n i%

Apply the function tan on both sides, taking into coneideration

shat the last term is small

= _Bm 2 1mr

' tan & e u L5
anec = 23 31z ¢
1 + ps % tan €

or transformed
_ tane ~ tan b
T3 3wz

-7 53 (1 +tane tand)

Now the value of m, as derived from the third eguation, is given
by equation (6). The two expressions have to be equal and Lence
they give an equation which contains.only the one unknown quantity

. ten §. . The resulting equation can be written
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- - . 4-1 .
(9) tan s ='tan§ {1 +7V/C) sin 6+ V/U §% (tane tand + 1)

(1 + V/U) sind + if—‘% (tane +tand + 1)

This equation can be used for the determination of tan 8 in thse
same way &8 was ejuation (). Tan® has to be assumed to have
a value between tane¢ and V/U.

- If tar § is found, O is quickly calculated by neans of

u

(10) 6, = 3m (e~ 8)

and

(11) m =it %L = it J(e-g8m "
2amzr 4 2 3 |
and thue 211 quantities occurring in equations (4) and (5) are
known and, being substituted, will give the values of Cp and CQ
I wish to0.add some remarks referring to the actual soluticn
of equations (7) and (9). The determination of tan{ can be made
in less 'than-one minute if the following rules are observed.
In both eguations o.ccu:r: tand and §in6 .a.nd. it would take
too much time to look',for sing in'a table after +tand is given
or assumed. The sine can be cietermined. from the tangent much

more quickly by means of the slide rule.. For

ein§ = ten § _,

/1 + tan?§

This can be solved bv one move of the runner and the rule.

The reader is reguested to take his slide rule and t0 compute tae

following example in order to convince himself how much moTe
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quickly he can perform the calculation than I can explain it.

(See figure). .

Suppose, for example, that -tand = .40. Place the runner
on the graduation .40 of the lower rcale D, fhen_the Tunner in-
dicates .16 on the upper scale A.. Aad 1 to this: 1 + .16 = 1.16
and move the rule so that its upper scale B shows this 1.16 under
the mark of the runner. Then the leit end of the runner gives
8ing = .372 on the lower scale D and sir®§ = 3138 on the upper
scale A. ;

In the solutipn of equation (7), the following expressions

are to be computed, in the order given, by means of the slide

rule: Given V/U,nGT, and tand,  approximately

(a) = —3—ng"——13-§ | . | (6) =1+ (a)
) () = /(®)° -1
(@) = (v) - (c)

(e) = tand (1 + V/U) - (4)

tg8 = V/U + (e)

If (b) is considerably greater than 1, (d) has the value

2 () .

H

For the solution of equation (9): Given V/U, tane¢ , £Z
' i

and tan & approximately (it lying between V/U and tane).

ct
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(a)

1l + tane +tan

(b) = (1 +V/y) sin s (¢) = tan e (b)

(@) == (a) (e) = V/u {d)

(£) = (v) + (&) (g) = (c) + (e)
_ L=

Scale A
n B
.2 1.3 L4 L5
1.1
4 c




